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i^REFACE 


The present volume is designed as a textbook in mechanics for 
the use of students in our colleges and universities, particularly 
those students who are interested in astronomy, physics, or 
mathematics. It is not designed primarily for the student of 
engineering, particularly those who are interested only in the 
technical aspect of engineering: but it should make an appeal to 
that relatively small group of engineers who wish to extend their 
knowledge beyond the mere rule of thumb into the deeper foun- 
dations and developments of general theory. 

The treatment of the subject is elementary in the sense that it 
begins at the beginning by developing the concepts and postu- 
lates which are peculiar to mechanics. The chapter devoted to 
vectors requires a knowledge of geometry only. Velocity, 
acceleration, and force require the notion of a limit, and work 
that of a definite integral. While this is true, an extended knowl- 
edge of the calculus is not required in the first part of the book. 
The second part, on statics, draws somewhat more heavily on the 
calculus, while the third part, on the dynamics of a particle, 
requires a thorough working knowledge of it. It is evident, there- 
fore, that if the student is not already familiar with calculus, a 
study of this volume must be supplemented by studies in pure 
mathematics. The two studies can go on together, however, 
and it is even desirable that they should, for progress in both 
subjects will be slower, and more time will be allowed for a 
proper assimilation of the ideas which have been received. 

Mechanics is not an easy subject: not only is it not easy for 
the student, it has proven to be a difficult subject for the entire 
human race, as is evidenced by the fact that it came into existence 
two thousand years later than its allied subject, geometry. 
Philosophers are not yet satisfied with its foundations, and 
doubtless will not be for some time to come. The difficulties 
of the subject make many problems desirable, and many problems 
have been furnished in the text. Familiarity is gained only by 
much practice, and much material for this practice is necessary. 

V 



VI 


PREFACE 


Inasmuch as students are rarely certain of their results, the 
answers are given to all of the problems. 

An adequate treatment of the entire subject of mechanics 
cannot be given in a single volume. The present volume con- 
tains those subjects which are usually taught in our colleges and 
universities, namely statics, and the dynamics of a particle. 
It is the intention of the author to deal with the theory of the 
potential and the dynamics of rigid, elastic, and fluid bodies in 
future volumes. 

The author ^s colleague. Dr. Walter Bartky, has very kindly 
assisted in reading the final proofs. 

W. D. MacMillan. 

The University op Chicago, 

AprU, 1927. 
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STATICS AND THE DYNAMICS 
OF A PARTICLE 


PART 1 

THE FUNDAMENTAL CON( EPTS OF 
MECHANICS 

CHAPTER I 

VECTORS 

1. Directed Quantities. — Certain quantities occur in nature 
which are not completely characterized by magnitude alone. 
When speaking of four dollars or of ten tons, the quantities are 
Completely characterized by the numbers four and ten. But 
in speaking of the wind, it is not sufficient to say that the wind is 
blowing six miles per hour, for the direction from which the wind 
is blowing may be more important than its rate. It would be 
quite sufficient, however, to say that the wind was blowing six 
miles per hour from the northeast (Fig. la) or nine miles per hour 
from the west (Fig. 16). Forces and accelerations also can be 
completely characterized only by giving both their 
magnitudes and directions. Quantities of this 
kind can be represented geometrically by an 

arrow, or a directed segment of a straight line, » 

the length of the arrow being equal (on a suitable 2^ 

scale) to the numerical value of the quantity in 

question, while the direction of the arrow is, of course, the same 
as the direction of the quantity which it represents. 

2. Definition of a Scalar. — A scalar • is a quantity which 
possesses magnitude but not direction. It can be measured by 
means of a suitable scale. The ordinary numbers of arithmetic 
or algebra are typical scalars. They are measures of length, 
time, weight, etc. 
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3. Definition of a Vector. — A vector is a directed quantity which 
combines with other directed quantities of the same kind in 
accordance with the parallelogram law. Its position is not 
material, so that it can be moved about freely provided its length 
and direction are not altered. 

Velocities, accelerations, and forces are typical vectors, as will 
be shown later in the proper place ; but a directed quantity is not 
necessarily a vector. 


4. The Parallelogram Law. — If two directed quantities of the 
same kind taken together are equivalent to a single directed quan- 
tity of the same kind which in mag- 
nitude and direction is the diago- 
nal of the parallelogram of which 
the first two quantities form two of 
the sides, then the two quantities 
are said to combine in accordance 
wi t h the parallelogram law. Thus, 

in Fig. 2, if the directed quantities AB and AD taken together 

are equivalent to AC, which is the diagonal of the parallelogram 

formed on the two sides AB and AD, then AB and AD are directed 
quantities which obey the parallelogram law and are therefore 
vectors > 



— > — > — > 

If the lengths of AD, AD, and AC are 6, d, and c, respectively, 

and B is the angle between AB and AD, then from the c osine law 
of trigon ometry applied to the triangle A CD it is found that 

= 62 _|_ ^2 2bd cos 6. (1) 


The vector AC is called the resultant of AB and AD. 


6. Composition and Resolution of Vectors. — The process of 
combining two or more vectors into a single one by means of the 
parallelogram law is spoken of as the compbsition of vectors. It is 
readily verified that the result of the composition is quite inde- 
pendent of the order in which the vectors are combined. 

Conversely, a single vector can be resolved into two or more 
components, and this process is called the resolution of vectors. 
Any set of vectors, no two of which have the same direction. 



6] VECTORS 3 

which taken together are equivalent to a single vector is called 
the components of the single vector. Thus, in Fig. 3, AC and 
AD are components of AB] but so also are AE and AF com- 
ponents of AB, If the directions of the components are specified, 
the resolution is unique, but if nothing at all is specified a vector 
can be resolved into components in an unlimited number of 
ways. 


y 



6. Vectors in Three Dimensions. — Vectors which lie in three 
dimensions can be combined into single vectors just as they are 
in two dimensions, for the resultant of any two vectors can be 
combined with .a third vector even though the third vector does 
not lie in the same plane as the first two. The resultant of the 
first three vectors can be combined with a fourth vector, and so 
on. The number of the dimensions is not material. 

The resultant of three vectors which do not lie in the same plane 
is the diagonal of the parallelepiped of which the three vectors 

form three of the edges. Let AB, ACy and AD (Fig. 4) be three 
vectors not lying in the same plane, and let ABEC-DGFH be 
the parallelepiped constructed on these three vectors. Then 


the resultant of ABj AC, and AD is AF, for the resultant of AB 


and AC is AE, and the resultant of AE and AD is AF, 


7. Miscellaneous Properties of Vectors. — A vector can vanish 
only if its magnitude vanishes, and in this event direction ceases 
to have any meaning. 



4 


STATICS AND THE DYNAMICS OF A PARTICLE 


Two vectors are equal if, and only if, they have the same 
magnitude and the same direction. 

Since position is not material, a vector is completely specified 
by giving its projections upon three intersecting axes which have 
different directions, provided the three axes do not lie in the same 
plane. If the end points of a vector are the points Xij 2/1, ^1 and 
2/2, respectively, the projections of the vector upon the axes 
of reference are 


- rci, 2/2 — Vh 22 - Z \, 
and these three numbers determine the vector. 

A vector is specified in polar coordinates by giving its length r 
and the polar angles of its direction (p and 6 . 

If A is a vector, the point A is called its origin and the point 
B is called its terminus. 


D 


8. Example. Displacements are Vectors. — Perhaps the sim- 
plest example of a vector is the displacement of a point. If a 

point P moves from the position A to the position P, the length A P 
is the magnitude of the displacement, and its direction is from 
the origin A to the terminus P. 

That such a displacement can be represented by an arrow is 
evident. To prove that it is a vector it is necessary to show that 
two such displacements are equivalent to a 
single displacement which can be obtained by 
taking the diagonal of the parallelogram of 
which the two given displacements form two 
of the sides, 

B In Fig. 5, let AB and ilC be two displace- 
ments. Let the point P move first from A 
to B and then be displaced from B by an 
amount which is equal in magnitude and 

direction to AC. It arrives then at the 
point D. Or, the order of the displacements 
can be reversed by letting the point move first from A to C and 
then be displaced from C by an amount which is equal in magni- 
tude and direction to AB. It arrives again at the same point D, 

since ABDC is a parallelogram. But the point P could be moved 

— > — > 

from A to D by a single displacement AD, and furthermore AD 
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is the diagonal of the parallelogram of which AB and AC are two 
of the sides. 

Hence, the displacement of a point is a vector, since it satisfies 
all the requirements of the definition, v 

9. Vector Notation. — The symbol AB which has been used to 
denote a vector is convenient when it is desired to indicate the 
origin and terminus of a vector. But since a vector is essentially 
a single concept, independent of position, it is desirable to repre- 
sent vectors by means of single letters. Since, however, they 
differ in their nature from ordinary magnitudes, it is customary 
to represent them by bold -face type in order to call attention to 
their vector character, italic type being used for scalar magni- 
tudes. Thus, A is a vector and A is its length, or numerical 
value; a is a vector and a is its 
length, etc. This practice will be 
followed throughout the book when- 
ever vector notation is in evidence, 
as it defines once for all the scalar 
magnitude of a vector. 

10. The Vector Sum. — In Fig. Fio. 6 . 

6, the vectors B and C taken 

together are equivalent to the vector A. This suggests the 
notation 

A = B + C, (1) 

where the + sign means the vector sum, i.e,^ compounded 
according to the parallelogram law, and not according to numeri- 
cal addition, which would have no meaning. No confusion arises 
from this use of the addition symbol as the vector notation itself 
indicates the vector character of the sum. 

With such a notation, it would be desired also to have 
B + (~B) = 0, 

so that —B would have to be interpreted as differing from B 
only in that its direction is exactly opposite to that of B. If, in 
Fig. 6, A is imagined to diminish in length, the triangle remaining 
always closed, it is evident when A vanished that C = — B, 
and then Eq. (1) becomes 

B + (-B) = 0. 

11. The Vector Difference. — In Fig. 7, the vectors A, B, and C 

form a closed triangle, so that 

A — n -L. r 
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With the same origin as A, draw the vector — C. On compound- 
ing the vectors A and — C, that is, taking their vector sum, there 
results 


A - C = B; 


but this is just what would have been obtained had C been 
subtracted from both sides of Eq. (1) just 
as in ordinary algebra. 

Rule. — To form the vector difference of 
two vectorsy reverse the direction of the sub-- 
trahend and then take the vector sum; or^ if 
the minuend and subtrahend have the same 
origiuy draw the vector connecting the two 
termini from the terminus of the subtrahend 
to the terminus of the minuend, 

12. Commutative and Associative 
Laws. — In a similar manner, it is very 

simple to prove that 

A + B = B + A (commutative law) 
and 

A + B + C = (A + B)+C = A + (B + C) (associative law), 



which are equivalent to the statement that the order of com- 
pounding vectors is immaterial. 

13. Multiplication of Vectors by Scalars. — It is evident that 
a vector can be multiplied by a scalar and that the result is again 
a vector. The multiplication alters the length of the vector, 
but not its direction. Thus, if a is a scalar, oA is a vector whose 
length is aA and whose direction is the same as that of A. 

If m and n are two scalars, it is simple to prove that 
m(nk) ~n(?nA) = {mn)k (associative and commutative laws), 
(m + n)k = mk + nk (distributive law of scalar factors), 
m(A + B) = mk + mB (distributive law of vectors), 

— (A+B) = —A — B (distributive law for negative sign). 

Each of these statements should be worked out carefully by 
the student. 

It follows, therefore, that the laws which govern additiony 
subtraction, and scalar multiplication of vectors are identical with 
those governing these operations in ordinary algebra. This fact 
permits the use of the notation and the operations of algebra for 
the corresponding operations with vectors. 
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14. Example. — Suppose there are given the vector equations 

2A + B - M, 

A + 2B = N, 

nd it is desired to express A and B in terms of M and N. The 
quations can be solved just as though they were algebraic, with 
he result 

A = + |m-|n, 

b.-1m + ?h, 

kvhich the student should verify geometrically. 

Vectors that are parallel to the same straight line are said to 
be collinear. Two collinear vectors differ only by a scalar factor. 

Vectors that are parallel to the same 
plane are said to be coplanar. Any 
two vectors are necessarily coplanar. 

16. Three Coplanar Vectors. — If A, 

B, and C are coplanar vectors and A 
and B arc not collinear, it is possible to 
express C in terms of A and B. 

The vector C can be resolved into 
components Ci and C 2 parallel to A and B, respectively, so that 

C = Cl + C2. 

Since Ci and A are collinear, 

Cl ~ u A I 

where a is a scalar. Similarly, 

C 2 = 6B, 

and therefore C = a A + bB. 

Hence, between any three coplanar vectors there exists a linear 
relationship of the form 

aA + 6B + cC = 0, 
where a, 6, and c are scalars. 

If C == 0 and A and B are not collinear, then a == 0 and 6 = 0. 

16. Vector Equation of a Straight Line. — If A and B are two 
given non-collinear vectors with the same origin 0 and the lines of 
these vectors are cut across by a third line Z, the three sides of 
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the triangle so formed (Fig. 9) can. be regarded as the thr< 
vectors aky 6B, and D ; so that 

D = aA — 6B. 

Now let C be any vector whose origin is at 0 and whose terminus 
lies in 1. Evidently, 

C = 6B + <D, where t = 

LN 

= 6B + t(,aA - 6B), 

= tak + (1 — if) 6 B. 

If t is regarded as a variable parameter, C is a variable vector; 
but its terminus always lies in the line Z. Hence, 

C = ZaA + (1 - t)hB ( 1 ) 

is the vector equation of the straight line L 

The vector equation 

C = xk + yB 



will bo a straight line if x and y satisfy the algebraic equation 


which is obtained by eliminating t between the equations 
X = at, y = {i — t)b. 

If the line I is parallel to the vector B, the parameter b is 
infinite. In this event x = a and y is arbitrary, so that the equa- 
tion of a line parallel to B is 

C = aA + yB. 

17. Four Non-coplanar Vectors. — If A, B, and C are non- 
coplanar, any vector in space D can be expressed in terms of A, B, 
and C ; for D can be resolved into three components Di, Dj, and 
Da parallel to A, B, and C respectively, Fig. 10, so that 

D = Di D 2 + D 3 . 
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Since Di is collinear with A, D2 with B, D3 with C, there exist 
three scalars o, 6, and c which satisfy the relations 
Di = aA, D2 = 6B, Ds = cC; 
and therefore 

D = aA + 6B + cC. 

Hence, between any four vectors in space there exists a linear 
relation of the general form 

aA -f- 6B + cC + dD = 0, 

where a, 6, c, and d are scalars. 

18. Relations Independent of the Origin. — Suppose the system 
of vectors Ai, A2, A3, • • • has a 
common origin 0 with the termini 
at the points pi, p2, Pa, * • • , and 
that between these vectors there 
exists the relation 

aiAi -f- a2A2 asAa . =0. (1) 

Suppose further that this equation 
holds wherever the origin may be, 
provided the points pi, p2, Pa, • • • 
remain fixed. Under these con- 
ditions the vector equation (1) is said 
to be independent of the origin. 

If the origin is changed from O 
to Q (Fig. 11 ) and if the vector 

OQ is denoted by Q, Qp, by B,, then 

Ai = Bi + Q, A2 = B2 + Q, A3 = B3 + Qi * • V 

and Eq. ( 1 ) becomes 

ai(Bi + Q) + ^2(62 + Q) + aaCBa + Q) + • • • = 0. 

But, by hypothesis, 

aiBi -f- a2B2 asBs “b * • * =0. 

Therefore, 

(ai + ^2 + Gfa + • • ')Q = 

from which it follows that 

ai + + ^3 + • • • =0. 

From this the following theorem is obtained ; A necessary and 
sufficient condition that the vector equation 

aiki + 02^2 + asAs + • • • =0 



O 

Fig. 11. 
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shall be independent of the origin is that the algebraic equation 
«! + a2 "h tts + ' • * =0 

shall hold. 

It has been proved that this condition is necessary. It will be 
left to the student to prove that it is sufficient. 

19. Examples. — It has already been seen that if the vectors 
A, B, and C have the same origin and the terminus of C lies in the 
straight line which passes through the termini of A and B, 

C = <A + (1 - t)B, 

or <A + (1 — 0® ~ C = 0. 

For a given set of terminals it is evident from the manner in which 
this equation was derived that it is independent of the origin, and 
it will be observed that the sum of the coefficients is zero. 

More generally, if A, B, and C are coplanar vectors with the 
same origin, and if 

ak + bB+cC == 0, 
and a + "h c = 0, 

then A, B, and C terminate in the same straight line, for, since 

fe = ~(a + c), 

it follows that 

aA — (a + c)B + cC = 0, 
or a(A — B) = c(B — C) ; 

that is, the two vectors (A — B) and (B — C) are collinear, and 
since the terminus of B is common to both of them they lie in 
the same straight line. 

The converse of this proposition also is true, that is, if A, B^ and 
C have the same origin and terminate in the same straight line 
then there exist three numbers a, fe, and c such that 

ak -f- bB -f" cC = 0, 
and d 6 c = 0. 

A similar argument shows that if four vectors in space A, B, C, 
D have the same origin, a necessary and sufficient condition that 
their termini lie in the same plane is that 

ak “f- 6B -f* cC -f- dD = 0, 


with 
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20. Centroids. — ^Let there be given in space a set of points 

t = 1, • • • , n. From any point O draw the vectors A< = Op*. 
Let the vector C be defined by the relation 

C = ^(Ai + A 2 + • • • + An). (1) 

The terminus of the vector C defines a new point p. If all of the 
terms of Eq. (1) are taken to the same side of the equality sign, 
then the sum of the coefficients of all of the vectors is zero. Hence 
the point p, thus defined, is independent of the choice of the 
origin. It is called the centroid of the set of points pf. 


21. Rectangular Coordinates of the Centroid. — ^I^et i, j, and k 
be three vectors each of length unity and each perpendicular to 
the other two. Each of the vectors A, can be resolved into its 
components in these three directions. Thus 


A, = xA + pj + ZsK s = 1, 2, • • • , n, (IJ 

where the scalars p,, Za are nothing other than the rectangular 
coordinates of the point pa. On adding together all of the equa- 
tions of Eq. (1) and then dividing by n, it is found that 




iCi + a;2 + 


+ (Vl 


+ 


C' 


+ 22 + 


n / 


i 


which says that the rectangular coordinates of the centroid p, vtz,f 


X Z=Z + ^2 + • ‘ _ Vl + y2 + • • • + 

n ' ^ n 

- _ * ' * + 2n^ 

n 

are>the averages of the corresponding coordinates of the points pi, 
whatever the orientation of the vectors i, j, and k may be. 


22. The Weighted Centroid. — Suppose each of the points p, is 
to be counted times. The vector analogous to Eq. (20.1)* is 

^ IW-lAi “f“ “f" * * * ^nAn 

mi + m2 + • • • + nin 


* In references to previous equations the integral part of the reference 
number is the section number and the decimal part is the equation number. 
The section number is not given when the reference is to the current section. 
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The numbers nti are called the weighting factorsy and the terminus 
of the vector C, thus defined, is the centroid of the set of points 
Pi for the weighting factors It is evidently independent of 
the choice of the origin. 

In terms of the rectangular components, it is found, just as 
before, that 

C = + ^2^2 + — ■ + ninXrX. 

y Ml + m2 + • • • + nin / 

( miyi+m2y2+ - • • +mnyn \> . /miZi+m.2Z2 + • • • mnZn\, 

+ m2 + • • • + mn ) ymi + m2 + • * • + mn/ ’ 
which gives the rectangular coordinates of the weighted centroid. 

23. Application of Vector Methods to Geometry.— For the 
purpose of obtaining familiarity with vectors and gaining facility 
in their use, it will be helpful to apply vector methods to the solu- 
tion of problems in elementary geometry, a subject with which, 
it is assumed, the student is already familiar. 

L 


Fig. 12. 

Example 1. — The line which joins one corner of a parallelogram 
to the middle point of an opposite side trisects the diagonal and 
is trisected by it. 

Let the parallelogram be LMNO, and let the point Q bisect 
the side MN , Let the lines LN and OQ intersect in the point P. 
It is desired to show that PN /LN = PQ/OQ == 1/3. 

Let OL = A, ON = B, OP = R, and OQ == S. Since R and S 
are collinear 

R = xSj 

where x = OP/OQ is some unknown number. 

Since the terminus of R lies in the diagonal LN y 

R = <A + (1 where t 

LN^ 



also 


S =iA + B. 
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On multiplying the second of these equations by x and sub- 
tracting from the first, there results 

R — a;S = 0 = — 2 ^^^ + (1 — < — .t)B. 

Since A and B are not collinear, 

^ — 2^ = 0, 1 — a; = 0. 

Therefore, 


Hence, 

M ^ PQ ^ 1^ 

LN OQ 3' 

and the lines LN and OQ trisect each other. 

Example 2. — If through any point within a triangle lines be 
drawn parallel to the three sides, terminating at the sides, the 
sum of the ratios of these lines to their corresponding sides is 2. 



Let ABC be the triangle (Fig. 13). Through the interior 
point 0, draw 

ay parallel to AC^ 
hot parallel to BA, 
and CjS parallel to CB, 

It is desired to prove that 

ay xpat,c& ^ ^ 

AC BA CB * 

Let ip = L, ^ = M, ic = N, io = R, 


Aa 

A u 


= m, 


A a 
aC 


n. 
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Then 


Now 




ay aB . 
'AC~AB~^ 


ba aC , 
BA~ AC 


R = mL + nN 

= (m + n)L + n(N - L) 
= {m + n)L + nM. 


But, taken directly from the figure, 

R.r«+w-^|L+^ 

” Ic“' 

On comparing these two expressions for R, it is seen that 

^ = m + n, 

and, therefore, 

"** ~ ~ 


Example 3, — If through any point within a parallelogram two 
lines be drawn parallel to the sides, the diagonals of the smaller 
parallelograms thus formed intersect upon the diagonal of the 
given parallelogram. 



Let ABCD be the parallelogram and let LN and KM be drawn 
parallel to BC and C/), respectively. It is desired to prove that 
the diagonals LM and KN intersect at a certain point P on the 
diagonal AC. 

For this purpose, let 

S = Ib, ad, m = ~, 


n 


AK 

A& 



23] VECTORS . ir, 

Since the intercepts of line LM on the lines o' ;.ne ectors S and T 

771/71 

are mS and — respectively, any vector, V, whose origin is 

at A and whose terminus lies in the line LM car be written (l>v 
Sec. 16) 

V = a:wS - (1 - 

1 — m 

Likewise, the intercepts of the line KN are — 7 nn/(i — 7 i^ S and 
7iT. Hence, the equation of any vector W whose origin is at A 
and whose terminus is in the line KNy is 

W = - 2 /i^S + (1 - y)nT. 

At the intersection of the lines LM and KN the vectors V and 
W are identical and, therefore, the corresponding coefficients in 
the two expressions are equal. That is, 


7)171 .. V 

mx = - 1 ”“ 7 ^ 2 /, (1 


mn 


= -(I - y)n. 


I — m 

The solution of these equations is 

n 71—1 

X = — 2/ = - — i — 7 - 

7)1 + 71 — 1 7)1 + n — I 

These values substituted in the expression for either V or W 
give for the vector AP 

AP - AS + T), 

7)1 + 71—1 


which shows that AP is collinear with .4(7 = S + T; and since 
they have the same origin A, they lie in the same straight line. 

In a similar manner it is proved that the diagonals KL and MN 
intersect on the diagonal BD. 


Problems I 

1. The vectors A and B have a common origin. A is one component of 
a rectangular resolution of the vector P, and so also is B. Show how to 
construct the vector P. 

2. Three vectors, A, B, and C, arranged so that the terminus of each is 
the origin of the next following, form a closed triangle. Show that 

A + B + C = 0. 

Generalize to n vectors. 

3. Prove the converse of problem 2. 
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4. Show that the vector equation of a line through the origin has the form 

C = t{ak + bB) 

and interpret the parameters a, fe, and t. 

5. Using vector methods, prove that the diagonals of a parallelogram 
bisect each other. 

6 . Prove that the medians of a triangle considered as vectors can be 
arranged in the form of a closed triangle. 

7. Prove that the medians of a triangle meet in a point which trisects 
each of them. 

8 . Prove that the components of a sum of vectors are equal to the sum 
of the components of the individual vectors. 

9. If A and B are the lengths of the vectors A and B, respectively, and if 
A, B, and C have the same origin, then the vector 

C = BA + AB 


bisects the angle between A and B. 

10. The bisectors of the angles of a triangle meet in a point. 

11, If A, B, and C form a closed triangle and R has the same origin as 
A and B, then 

Ti _ _ .A I ^ p 


bisects the angle between A and B and terminates in C. 

12. The sides of a right triangle are a, y with the right angle opposite 
a. The perpendicular from the right angle to a is 6 . If b, c, and d arc^ 
unit vectors along the lines ft 7 , 5, show that 

b c ^ d 

y 6 * 


13. If A, B, C form a closed triangle, the vector P which has the same 
origin as A and B, is perpendicular to C and terminates in C, is 


P = 


+ - A\ A2 4- C2 - B2 

2 C 2 ^ 2(72 


14. Prove that the perpendiculars from the three vertices of a triangle 
to the opposite sides meet in a point. 

16. If, in problem 13, the vector P terminates at the intersection of the 
three perpendiculars (the orthocenter) its expression is 


^ ^ (B2 4 - - A2)A + (A2 

\£> T ^ /o A 2 »2 I O I?2/^2 _L 0/^2 A 2 . 


+ C^ - B2)B 
'''2A2B» + + 2CM* - A* - B* - C* 


16. The vector to the center of the circumscribing circle terminating there 

^ ^ B2(A2 4- (72 - B2)A 4- A2(B2 + C* - A2)B 
* 2A^ 4- 2B2C2 ^ 2C2A2 - A* - B* - C* * 


17. If the angle between two vectors A and B is 2^, and if the angle 0 is 
measured from the bisector of this angle, then any vector C which makes 
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an angle 0 with this bisector is represented in terms of A and B by the 
formula 

C _ sin (y -f 0) A , sin( y — 0) B 
C sin 2v> A sin 2^ B 

18. The intersecition of the three medians of a triangle is the centroid of 
the three verti(;es. 

19. The origin O of a system of vectors F* is at the centroid of their termini. 
The lines U in which the vectors lie are cut by any transversal at distances 
Li from O. A distance Lk is to be takc'ii ncgativ(;ly if the transversal cuts 
Ik on the opposite side of O from Fit. Show that 



20. If A, B, and C are the vertices of a triangle with sides a, h, and c, 
and I is the center of the inscribed circle, then I is also the centroid of the 
points Af Bf C for the multipliers a, 6, and c, respectively. 
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VELOCITY 

24. Motion. — The concept of motion involves both the notion 
of speed and the notion of direction. The simplest type of 
motion is uniform motion along a straight line. The average 
speed of a particle moving in a straight line is defined to be the 
quotient of the distance covered by the time required in covering 

, distance 
average speed = — - • 

If this quotient has the same value for every segment of the 
straight line, irrespective of the length of the segment, the speed 
is constant. The motion, therefore, can be represented by a 
directed straight line, the direction of which is parallel to the line 
of motion and the length of which is equal to the speed. This 
directed quantity is the velocity of the particle. 

26. Composition of Constant Velocities. — A particle may have 
two or more such velocities at the same time. Consider, for 
example, a small bug crawling along a sheet of paper with a con- 
stant velocity Vi. Suppose the sheet of paper also, is being trans- 
lated (but not rotated) with a constant velocity V2, with respect 
to the table on which it lies. With respect to the table the bug 
has two velocities; for, evidently, he partakes of the motion of 
the paper. 

Consider a short interval of time dt. During this interval the 
bug has two displacements Di = Y\dt and D2 = Y^dt, These two 
displacements are equivalent to a single displacement (Fig. 16) 

D3 = Di + D2 

of the bug with respect to the table. If the velocity Vs is defined 
by the relation D3 = Vadi, it is evident also that 

V3 = Vi + V2, 

and V3 is the velocity of the bug with respect to the table. Since 
Vi and V2 are constant it follows that V3 also is constant. The 

18 
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parallelogram of velocities differs from the parallelogram of dis- 
placements only in scale, for the velocities and the displacements 
differ only by the scalar factor dt. Since displacements are 
vectors (Sec. 8), it is evident that constant velocities also are 
vectors. 

26. Variable Speeds. — It may happen for straight-line motion 
that the quotient, distance divided by time, depends upon the 
particular segment that is chosen for measurement. In this 
event, the speed is certainly not constant, and the quotient merely 
gives the average speed over the segment measured. 

Imagine the point P at the center of a segment AB (Fig. 16 ) 
of the line. The shorter this segment the more nearly will the 
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average speeds over subsegments, which contain P as a center 
point, agree. The speed of the particle at the point P is defined as 
the limit of the average speed over these subsegments as 
the lengths of the subsegments tend to zero. If the particle is 
at the point P at the particular instant tpy this limit is also called 
the speed of the particle at the instant tp. The velocity of the par- 
ticle is variable, for even though the direction of the motion is 
constant the speed varies from one point P to another. 

In the notation of the calculus, if x is the coordinate of P and 
Xi and X2 are the end points of the subsegments which contain 
P, then the speed at P is 

Speed = limit ( 1 ) 

27. Curvilinear Motion. — If a particle is moving along a curved 
path its speed at a point 0 is defined in a manner analogous to the 
speed at a point in a straight line. 

Suppose the particle is moving along the curve 0^1.42^3-44 
and that it arrives at the points Ai, A 2, A3, A 4 after passing the 
point 0 at the expiration of the intervals of time <1, ^2, h, Uj respec- 
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tively. The average velocity during the interval of time is the 
displacement vector OA4. divided by the time ^4, namely, the vector 
OB^; for if the particle had had the velocity OB^ when it was at 
the point 0, and had maintained that velocity constantly, it would 
have arrived at the point A 4 after the interval of time U. 

Similar statements hold for the points As, A 2, and Ai. Since 
ts < /4, it is evident that OB 3 compared with OA3 is longer than 
OB A compared with OA4. The points 7?4, B3, • • • lie upon 
some curve L. As the time intervals tend toward zero, the aver- 
age velocity vectors tend toward tangency to the curve OA4, while 
the terminus of the average velocity vector moves toward the 

point Bq where the tangent at 0 inter- 
sects the curve L. This limiting value 
of the average velocity vector is, by 
definition, the velocity of the particle 
at the point 0. 

28. Definition . — Velocity is the rate 
of change of position, and is a directed 
quantity. 

29. Composition of Variable Veloc- 
ities. — A particle may have two var- 
iable velocities. Suppose a small bug 
is crawling on a sheet of paper with 
variable speed along a curved line. At 
the same time the sheet of paper is 
being translated along the surface of 
the table with variable speed along a 

curved line on the table. The bug partakes of both motions. 

To analyse the motion with respect to the table, consider the 
positions of the bug with* i’espect to the table at the instants t and 
i + dL Let it be supposed that the interval of time dt is very 
small. During this interval the bug will have undergone two small 
displacements Di and D2, which together are equivalent to the 
single displacement D3 = Di + D2. If these small displace- 
ments are divided by the small interval of time dt, the average 
velocities obtained are Vi, V2, and V3; that is, velocities which, 
had they been constant, would have produced the displacements 
Di, D2, and D3 in the interval of time dL Evidently 

V3 = Vi + V2. 
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If a sequence of such small intervals of time, dt, which have 
the limit zero, and the corresponding set of diagrams are imagined, 
it will be seen that the displacements Di, D 2 , and D 3 not onl}’^ tend 
toward zero, but also tend toward definite directions, namely, 
the directions of the tangents to the two curves mentioned at 
the instant L The average velocity vectors Vi, Vo, and V 3 tend 
toward definite lengths and directions; Vi and V 2 tend toward the 
velocities of the bug and the paper, respectively, at the instant ^ 
and V 3 tends toward the velocity of the bug with respect to the 
table. But at all stages of the sequence, V 3 = Vi + V 2 . That is, 
at the limit the velocity of the bug with respect to the table is 
the vector sum of the velocity of the bug with respect to the paper 
and the velocity of the paper with respect to the table. 

It is evident therefore that velocities are tni(/ vectors. They 
compound according to the parallelogram law. 

Rule I. — If the velocity of B with respect to A ts Vi and the 
velocity of C with respect to B is then the velocity of C with respect 
to A is 

V 3 = Vi + V 2 . 

Rule II. — If the velocity of B with respect to A is Vi, and the 
velocity of C with respect to A is V 2 , then the velocity of C with 
respect to B is 

V3 = V2 - Vi. 

30. Units. — Many systems of units are in common use for 
expressing speeds. The speed of a runner may be expressed in 
yards per minute; the speed of a railroad train in miles per hour; 
the speed of a rifle bullet in feet per second, etc. In the scientific 
or c.g.s (centimeter-gram-second) system, it is expressed in 
centimeters per second. 

It goes without saying that in compounding velocities, all 
velocities must be expressed in the same units. 

Example 1 (Numerical), — ^Thc steamer Selwyn is making 18 
knots on a course 10° north of east. The steamer Bernice 
is making 14 knots on a course 30° east of south. What is the 
velocity of the Selwyn with respect to the Bernice? 

Let S be the velocity of the Selwyn^ and S its speed, 

B be the velocity of the Bernice^ and B its speedy 
and V the velocity of the Selwyn with respect to the Bernice, 
Then, by rule II, 


V = S - B. 
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The lengths of the sides of the closed triangle (Fig. 18) are 
= 18, i5 = 14, 7 = ? 

The angle between S and B, (^), is 70°. Consequently 
72 =: + 52 _ 28B cos 70°, 

= 324 + 196 ~ 2 • 18 • 14 • 0.3420 = >347.6, 
and 7 = 18.64 knots. 

Also, 


== 18.66 
sin a sin jS sin 70° 

Hence, 



Fiq. 18 . Fig. 19 . 


With respect to the Bernice^ the course of the Selwyn is north, 
35°10.'5 east, and its speed is 18.66 knots. 

Example 2. — What is the velocity of a point on the rim of a 
rolling wheel if the center of the wheel is moving forward with a 
speed 7? 

With respect to its axle the wheel is merely turning around, 
and all points of the rim have the same speed in this motion, 
although different points move in different directions. The 
speeds are the same but the velocities are different. 

Let G be the point in contact with the ground, and therefore 
at rest with respect to the ground. Its speed with respect to 
the axle is 7, since the speed of the ground with respect to the 
axle is 7. Hence, in the rotation about the axle, all points of the 
rim have the speed 7. In the diagram the wheel is supposed to 
be rolling toward the right, and therefore the wheel is turning 
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clockwise with respect to the axle. A point P on the rim has a 
velocity Vi with respect to the axle, the length of Vi being V 
and its direction is tangent to the rim. The axle, however, has 
a velocity V2 with respect to the ground. By rule I, therefore, 
the velocity of P with respect to the ground is 

V3 = Vi + V2, 

the magnitude of V2 being the same as the magnitude of Vi, 
namely V. 

The vector Vi is perpendicular to the radius OP, and V2 is 
perpendicular to OH. Since V3 bisects the angle between Vi 
and V2, it is perpendicular to the bisector of the angle POH and 
therefore perpendicular to PO. That is, the point P is moving 
just as though it were pivoting on the point G. 

If 6 is the angle which PG makes with the vertical, it is easily 
verified that 

Vz = 2F cos 0. 

The highest point of the wheel, for which ^ 0, has the 

greatest speed with respect to the ground; in fact, just twice the 
speed of the axle with respect to the ground. 

Example 3. — Three horses in a field are at the vertices of an 
equilateral triangle. Their motions relative to a person riding 
along a road with a speed V are in the directions of the sides of the 
triangle (in the same sense) and with the same speed F. Show that 
the three horses are moving with respect to the ground along 
concurrent lines. 

Since the velocities of the horses are given relative to the man, 
and the velocity of the man relative to the ground, rule I applies. 

Let V be the velocity of the man relative to the ground and 
let L, M, and N be the velocities of the horses located at A, 
P, and C, respectively, relative to the man (Fig. 20), with 
L = M = iVT = F. 

Then the velocities of the horses relative to the ground arc 
Vi = L + V, V2 = M + V, V3 = N + V. 

It will be assumed that the length of the side of the triangle is s, 
and it will be proved that the lines of the vectors Vi, V2, and V3 
meet at a point P. 

First Solution , — At A draw a vector K = and let K 
and L be the fundamental vectors in terms of w^hich the other 
vectors are to be expressed. Let the angle beween V and K 
be 2a, Let F be the position of the man. At F draw lines parallel 
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to L and K, and at G draw GH parallel to L. Let FG = V. 
In the triangle FGH 


FH 


Hence, 


sin (60° — 2a) 


HG 
sin 2a 


FTJ - sin (60° - 
' sm l2()° 


^ _ sin 2a ^ 

Ij.\J — . 1 

Sin 120 



Since V is the sum of these two vectors and Vi == V + L, 
_ 2 sin 2a_ 2 sin (60° — 2a)-_ 

Vs Vs 

.. /i , 2 sin 2a\- , 2 sin (60° — 2a)~ 

+ — vs — ^ 


Vi - 


vs 


cos (30° ~ a) [sin (30° + a)L + sin (30° — a)K]. 


It is readily verified that V3N = 90° — a. Let D be the point 
where the line of V3 intersects AB extended. Then from the 
triangle ACD^ it is found that 


AD 


s 
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and therefore AD == — t- 

sm (30 + a) 

Consequently the general expression (Eq. (16.1)) for the vector 
whose origin is at A and whose terminus lies in the line CD is 


R = 


fs cos a 


.L + (l 


V 


V sin (30° + a) 

Similarly, since V2 makes an angle of 90° + a with the side 
BA, and E is the point where the line of V2 intersects the side 
AC extended, 


AE = — 

sin (30° - 


a) 


The general expression for the vector whose origin is at A and 
whose terminus lies in the line BE is 


T 


= a;®L + (1 - a;) 


s cos a 
V sin (30° — 



At the intersection P of the two lines CD and BE, the vectors R 
and T are identical. Hence, on comparing coefficients, 


s ts co s a 

2; sin (30° + a)’ 




x) 


s cos a 


V sin (30° — a) ' 


and therefore 

t = ^ sin^ (30° + a), ^ ~ f 

On substituting these values in the expression for either R or T, 
it is found that 

AP = P cos a[sin (30° + a)L + sin (30° - «)K], 

O V 


_ 1 s cos a 

~ ^ V ^3sl30°~ ~a) 

It is therefore collinear with Vi and, since it has the same origin A , 
the two vectors lie in the same straight line. The line of Vi, there- 
fore, also passes through P and the lines of the three vectors Vi, 
V2, and V3 are concurrent. 

Second Solution , — The angle BCP equals 30° — a, and the 
angle CBP equals 30° + a. Therefore, the angle CPB = 120°. 
Regarding the direction of V as a variable, the angle a is a vari- 
able, and so also is the position of the point P. The points B 
and C, however, remain fixed, and the angle CPB = 120° remains 
constant. Hence, the point P lies on an arc of a circle which 
passes through B and C, and since the angle at P is always 120° 
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the circle also passes through the point A, Hence, the lines of 
V2 and V3 intersect on the circle which circumscribes the triangle 
ABC, 

Likewise, the linos of Vi and V2 intersect on the circumscribing 
circle, and so also do the lines of Vi and V3. Aside from the points 
A, B, and C these lines cut the circle but once each. Hence, they 
must all cut in the same point, and the lines therefore are 
concurrent. 


Problems II 

1 . A certain distance is covered by a man walking 4 miles per hour 
in 18 min. less than by a man walking 2.5 miles per hour. What is the 
distance? Ans. 2 miles. 

' 2 . A passenger on a railroad train observes that a train 528 ft. long on a 
parallel track requires 6 sec. to pass him. If the two trains are traveling in 
opposite directions with equal speed, what is the speed of each train? 
Ans. 30 miles per hour. 

^ 3 . A particle moves with constant speed around the circumference of a 
circle in the same time that a second particle moves uniformly across a 
diameter. Compare their speeds. Ans, As tt is to 1. 

4 . What is the speed of a particle on the surface of the earth in latitude 
I due to the rotation of the earth, assuming the radius of the earth to be 3960 
miles and the length of the sidereal day to be 86,164 sec.? Ans, 1524.7 
cos I ft. per second. 

6. A man standing on the top of a train, which is moving at the rate of 
30 miles per hour, throws a ball with a speed of 22 ft. per second in a direc- 
tion perpendicular to the train. What is the speed and direction of the ball 
with respect to the track? Ans, Speed = 22 X \/5 ft. per second; angle 
= tan""^ 1/2. 

6 . When a steamer is in motion it is found that an awning 8 ft. above the 
deck protects from rain the portion of the deck which is more than 4 ft. 
behind the vertical projection of the edge of the awning; but when the 
steamer comes to rest the line of separation of the wet and dry parts is 6 ft. 
in front of this projection. If the speed of the rain is 20 ft. per second, what 
is the speed of the steamer? Ans. 20 ft. per second. 

-7 7. If a wheel is rolling along a horizontal road, is there any point of the 
rim which has a velocity which is straight up or straight down? Ans. No. 
i 8. In what direction must a boat be steered across a river which flows at 
the rate of 3 miles per hour by a man who rows 4 miles per hour in order to 
make a course at right angles to the bank? Ans. At sin*”^ 3/4 upstream. 

9 . Two particles move uniformly in straight lines. At a given time the 
distance between them is D and their relative velocity is V, the components 
of which in the direction of D and perpendicular to it are Vi and V 2 . Show 
that when they are nearest together their distance is DY^jV^ and that they 
arrive in this position after the interval of time DVi/V^, 
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10 . A steamer sailing by compass has a velocity of 20 knots due south in 
a current making 3 knots to the east. The wind is blowing 15 miles per hour 
from the southwest. Assuming that the smoke does not partake of the 
motion of the steamer, what is the velocity of the smoke with respect to 
the steamer? (A knot is 1 nautical mile = 6080 ft. per hour.) Ans, 50.4 ft. 
per second in a direction N. 12° 17' E. 

11 . A balloon which is rising with a speed of a/JI ft. per second is carried 
northward by the wind with a speed of 8 ft. per second. What is the 
velocity of the balloon with respect to a person who is walking westward 
with a speed of 6 ft. per second? Ans, Speed = 11 ft. per second; direction, 
altitude 24° 37', azimuth N. 36° 52' E. 

12 . If an aeroplane flics at the rate of 100 miles per hour in still air, 
how long will it take to fly aroimd a square each of whose sides is 6 miles, 
(a) when the wind is not blowing, (h) when it is blowing 28 miles per hour 
parallel to two of the sides of the square, (c) when it is blowing 28 miles per 
hour parallel to a diagonal? Ans, (a) 14.4 min.; (b) 15 5/16 min.; (c) 15.31 
min. 

13 . If a bicyclist rides faster than the wind, show that the wind will 
always seem to be against him in whatever direction he may ride. 
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ACCELERATION 

31. Definition . — Acceleration is the rate of change of velocity. 
In ordinary language, an object is said to be accelerated if its speed 
is increased ; it is retarded if its speed is diminished. In mechanics 
the single term acceleration takes into account not only the change 
in speed but also the change in the direction of motion. 

It will be observed that it is not the rate of change of speed. It 
is the rate of change of velocity. If a particle is moving in a 
straight line, its velocity changes only as its speed changes, the 
direction of the motion being constant. In this case the rate of 
change of speed, and the rate of change of velocity are identical. 
If, however, a particle is moving uniformly in a circle, its speed is 
constant, and therefore its rate of change of speed is zero; but its 
velocity is always changing since the direction of the motion is 
always changing, and therefore its rate of change of velocity is 
never zero. 

In mechanics acceleration always refers to the change in the 
vectors and not, as in common conversation, to the change in 
the scalars. 

32. The Hodograph. — Consider a particle which is moving 
with constant or variable speed along a curve, and imagine a 
vector with a fixed point O as origin to represent the velocity of 
the particle. As the particle moves along its curve C, the veloc^ 
ity vector changes its length and direction, so that its terminus 
decribcs a curve H, which is called the hodograph of the particle. 

For a particle which is moving uniformly along a straight line 
the velocity is constant both as to magnitude and direction. Its 
hodograph, therefore, is merely a point. For a particle which is 
moving with constant speed in a circle, the magnitude of the veloc- 
ity is constant but, as the direction is always changing, the hodo- 
graph, too, is a circle. The hodograph of a ball which describes 
a parabola under the action of gravity is a straight line. The 
hodograph of a planet in its motion about the sun is an eccentric 
circle, etc. 
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33. Accelerations are Vectors. — ^Let Vi (Fig. 22) be the velocity 
of the particle at the instant and let V2 be the velocity at the 
instant t + The change in the velocity during the interval 
A^ is 

V3 = V2 - Vi, 

and the average rate of change is Yz/At, which also is a vector with 
the same direction as V3 but of different magnitude. It will 
be relatively much longer if At is very small with respect to unity. 



Fia. 21. Fiq. 22. 


If the instant t be kept fixed and the interval At be diminished 
the terminus of the vector V2 will move along the hodograph as V2 
approaches Vi. The magnitude Vz diminishes, but Vz/At tends 
toward a limit. The direction of V3 also tends toward a limit 
which is evidently the direction of the tangent to the hodograph 
at the terminus of Vi. Thus the vector Vz/At, the average rate 
of change of the velocity during the interval At, tends toward a 
limit which may be denoted by A, and which is 
called the acceleration of the 'particle at the instant L 

It will be observed that the acceleration of the 
particle A is simply the velocity of the terminus of 
the velocity vector in the hodograph. Since veloc- 
ities are vectors, so also are accelerations. It is not 
necessary, therefore, to repeat the arguments which 
were used for velocities. Fig. 2.3. 

34. Resume. — If a particle is moving along a curve C (Fig. 23 ), 
at each point 0 of the curve it has a velocity V which is tangent 
to the curve and an acceleration A which is directed toward the 
concave side of the curve. The magnitude of V is the speed at 
O. The magnitude and direction of the acceleration A depend 
upon the speed of the particle V and the curvature of C at 0 . 
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36. Constant Acceleration ^for Straight-line Motion. — The 

simplest case of accelerated motion is the motion of a particle in 
a straight hne. If the change in the speed is proportional to the 
time elapsed, the acceleration is constant; for, the direction of 
the acceleration is in the line of motion, which is constant, and its 
numerical value is 


A = 


V2 - Vi 


( 1 ) 


<2 ~ 

where vi is the speed at the instant h, and is the speed at the 
instant U, which also, by hypothesis, is constant. 


36. Variable Acceleration for Straight-line Motion. — If the 
quotient (Eq. ( 35 . 1 )) is not constant, that is, if its value depends 
upon the segment chosen, then the acceleration is the limit of 
A in Eq. ( 35 . 1 ) for decreasing values of the interval — <i), that 
is 


A = 


limit 

ti “ 


^2 - Vl 
£2 


dv 

di 


( 1 ) 


But since (Eq. (20.1)), for straight-line motion. 


PIq. (1) becomes 


V 


dx 

~dt' 


dv _ 

~dt ~ ~df 


Hence, if the position of a particle which moves along a straight 
line is given as a function of the velocity and acceleration can be 
obtained by differentiations. 


37. Example. — The position of a particle is given by the formula 
X = a cos nL 


Find its velocity and acceleration ^t any instant. 

By differentiation, it is found that 

V = -’an sin nt = ±ny/a^ — x^ 


and 



—an^ cos nt = —nH, 


U 0 <t < irln, the particle is moving toward the left (according 
to the usual conventions) and the velocity is negative. If tt / n 
< t < 2Trln, the particle is moving toward the right and the 
velocity is positive. 
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If the particle is on the right side of the origin, the acceleration 
is directed toward the left. If it is on the left side of the origin, 
the acceleration is directed toward the right. Thus, whichever 
side the particle may be on, the acceleration is always directed 
toward the origin. 

38. The Acceleration of Gravity. — Experiments, carefully 
conducted, show that the numerical value of the acceleration of 
all bodies freely rising or falling in a vacuum near the surface of 
the earth is approximately 32.2 feet per second per second. That 
is, if a body is dropped from rest in a vacuum, at the end of the 
first second its speed will be 32.2 feet per second; at the end of 
the second second its speed will be 64.4 feet per second, and so on. 
In general, denoting by v the velocity (positive if directed upward) 
measured in feet per second, by t the number of seconds which 
have elapsed from the initial instant, by the velocity at the 
initial instant (wliich may be positive, negative, or zero) then 

V = — gty 

where g = 32.2. The corresponding vector equation is 

V = Vo + g^ 

where g is a vector directed towards the earth and represents the 
velocity change in one second. The constant g is called the 
acceleration of gravity. 

For heavy bodies, such as a stone, and for speeds that are not 
too high, the resistance offered by the air is usually not important 
and can be neglected, the motion being regarded as occurring in 
a vacuum. For light bodies, such as a bit of paper or a fluffy 
feather, the resistance offered by the air is very important, and 
the motion of such bodies in the air is very different from what it 
would be in a vacuum. 

)t39. Uniform Circular Motion. — A simple and very common 
type of motion is the motion of a particle in a circle with constant 
speed. It is desired to examine the nature of the acceleration in 
this case. 

Let EFB, in Fig. 24, be an arc of the circle of which 0 is the 
center. Let E and B be any two points on the circle, and let Vi 
be the velocity of the particle at Ej and V 2 be the velocity of the 
particle at B. Since the speed is constant, 

Vi = V2 = V, 
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The change in the velocity is 


V3 = V2 — Vi. 


If Vi and V 2 have their origin at E, and C is the terminus of 
Vi and D is the terminus of V 2 , then the parallelogram ECBD is a 

rhomb. Its diagonals bisect each 
other perpendicularly, and since BE 
is a chord of the circle, the line of CD 
passes through the center of the cir- 
cle, wherever the points E and B 
may be. 

Suppose the point B is close to the 
point E and that the particle moves 
from E to B in the interval of time 
dL In the limit, as B tends toward 

E, 

EB = vdtj V 3 = CD = kdt. 
Also, if 0 is the center of the rhomb, 

GD BG 1 EB 

J)ii bo’ 2 ^^ 2' no' 



Let a be the radius of the circle and A the magnitude of the accel- 
eration. The equation 


CD.fg^-DB 


becomes 


or 


Adt = • vdtj 

a 



Hence, the acceleration is always directed toward the center of 
the circle; its magnitude is constant and is equal to the square 
of the speed divided by the radius of the circle (see Sec. 34). 

If the angular speed be denoted by w then 

0 — ao) and A = aco^, 
which is another form of this very useful formula. 

40. Vector Equations. — ^Let i be a unit vector along the a:-axis, 
and j a unit vector along the 2 /-axis. Let the particle be at the 
extremity of a radius which makes an angle 6 with the oj-axis. 
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Then the vector equations for the velocity and acceleration of a 
particle in uniform circular motion are 

V = ?;( — sin 0 * i + cos 0 • j), 

A — — cos ^ • i — sin ^ • j). 

a ' 


Problems HI 

1. A stono dropped over a eliff strikes the ^^roinul in 5 sec. With whnt 
spee d did it strike and how high was fh(‘ cliff? Ans. 161 ft. per second; 
402.0 ft. 

2. The brakes are applied to a train running 60 miles per hour. Assum- 
ing the retardation to be constant and equal to 4 ft. i)er secjond per second, 
how long does it take to bring the train to rest, and how far will the train 
go? Arts. 22 sec.; 968 ft. 

3. A brick sliding on the sidewalk with a speed of 12 ft. per second conu's 
to rest after sliding 21 ft. What is the retardation, assuming it to be con- 
stant? Ans, 3 ft. per second per second. 

4. If the acceleration of a train is .3 ft. per second per second, how long 
will it take to increase its speed from 15 miles per hour to 60 mil(\s pi'r hour? 
Alls, 3 min. 40 sec. 

6. Wliat is the acceleration of gravity, (a) when the units arc eentiinetcTs 
and seconds, (b) miles and minutes? Ans, (a) 981.5; (b) 21.95. 

6. Five stones in succession are dropped over a clilT 1 sec;. a])art. What is 
the distance between the stones 2 sec. after the last one is dropped? Ans, 
16.1 ft. multiplicid by 11, 9, 7, and 5, rc'speetivel^ . 

7. The speed of a parti(;l(; in uniform cir(;ular motion is 4 ft. per second. 
The radius of the wheel is 2 ft. What is the acceleration? Ans. 8 ft. per 
second per second. 

8. \ windmill 12 ft. in diameter turns 40 times per minute. What is 
the acceleration of a point on the rim of the wlmel? Ans. 32^2/3 ft. per 
second per second. 

9. A and B are two points on a spoke of a whc'el that is turning with 
uniform angular speed. »Show that the motion of A with icsi)cct to B is 
uniform circular motion. 

10. A horizontal disk is spinning uniformly and falling freely in a vacuum. 
Write the expression for the acceleration vector of a particle of the disk. 
Ans. A — — ao)* cos 0 * i — aco* sin 0 • j — 0k, where a is the distance of the par- 
ticle from the center of the disk, w is the angular speed, and k is a unit vector 
directed upward and perpendicular to i and j. 

11. Wliat is the acceleration of a particle on the ecpiator, assuming that 
the diameter of the earth is 7927 miles and that there are 86,164 sec. in a 
sidereal day? Ans, 0/289.4 = 0.1113 ft. per second per second. 

12. Assuming that the earth is perfectly rigid, what would be the length of 
the day if the acceleration at the equator were just equal to 0? Ans. 

24™ 27“ = 1/17 of present day (nearly). 
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13 . Assuming that the orbit of the moon is a circle of the radius of 238,000 
miles and that its period is 27.3 days, what is the acceleration of the moon 
towards the earth as compared with Ans» ^/3611. 

14 . What is the acceleration of the earth toward the sun, if the distance 
of the sun is 92,900,000 miles and the year is 365 1/4 days? Ans. flr/1656. 

16 . A particle A moves uniformly across the diameter of a circle from 
l(jft to right with the speed V. A particle B moves uniformly around the 
circle counterclockwise with the speed V, If the radius to B makes an angle 
0 with the given diameter, what is the velocity of B with respect to A ? 

Ans. V = y[ — (1 + sin 0)i + cos 0 • j]. 

16 . Prove that the acceleration vector is always directed toward the con- 
cave side of the curve of motion (Sec. 34). Suggestion: Use the hodograph. 

17 . J3y means of the hodograph, show that in uniform circular motion 
the acceleration is always directed toward the center of the circle. 
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“rHAPTER IV 
MASS AND FORCE 

41. The Nature of the Mass. — The mass of a body corresponds 
to the idea of the quantity of matter which the body contains. 
It is independent of the body^s position, of its state of motion, and 
of the forces which may be acting on the body. How the- quan- 
tity of matter contained in a body shall be measured is not a 
simple question. If two bricks are physically alike, it is easy 
to see that taken together they contain twice as much matter as 
either one of them. But how can it be determined that they anj 

physically alike/^? Given a cube of clay and a cube of lead of 
the same size, what is the ratio of their masses? If, as modern 
theories would indicate, all substances are merely different 
arrangements of electrons which are all alike then the ratio of 
the masses is merely the ratio of the number of electrons which 
the bodies contain. There are difficulties, however, not the 
least of which is the uncertainty that idl electrons are alike. 
Nature docs not seem to produce any two things which are just 
alike. The question will be passed over for the moment and taken 
up again in Sec. 47. Evidently mass is a scalar quantity. 

42. Definition of a Particle. — A particle is a portion of matter 
which is sufficiently small for our purposes. It may be the size 
of the earth, or it may be the size of an electron, depending upon 
circumstances. Ordinarily it is desired to exclude the notion of 
its rotation, and also it is desired to be able to assert with sufficient 
exactness that it is located ^'at a certain point.” The statement 
that ‘‘a particle is a material point” would be ideal, if only 
it had any sense. 

43. Definition of Momentum. — The momentum of a particle 
is the product of its mass and its velocity, 

momentum = mass X velocity. 

It corresponds to the notion quantity of motion.” Since 
velocity is a vector and mass is a scalar, momentum is a vector. 

35 
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44. Undefined Concepts. — No effort is made to define time, 
force, or mass. It is assumed that the student knows their 
meaning from the way they are used. But it is important that 
it should be known how to measure them. This is accomplished 
by means of three postulates known as Newton^s laws of motion. 

46. Newton’s Laws of Motion. — The science of mechanics rests 
primarily upon three statements: 

I. Every particle continues in its state of rest or uniform motion 
in a straight line unless it is acted upon hy some exterior force, 

II. The rate of change of momentum of a particle is proportional 
to the force impressed upon it, and is in the direction in which the 
force is acting, 

III. To every action there is an equal and oppositely directed 
reaction, 

46. Discussion of the First Law. — If a body slides along a rough 
horizontal board with a certain initial speed, it will travel a 
certain distance and then will stop. If the same experiment be 
tried with a smoother board and a smoother body, but with the 
same initial speed, the body will again stop, but it will have 
traveled farther than the previous one. If a third body be 
mounted on wheels to still further reduce the friction, it will 
travel much farther than the former two, but eventually^, too, 
will stop. From such simple experiments Galileo inferfed that 
if the resistance of the air and the force of friction could be elim- 
inated altogether, the body would not stop at all, but would 
continue to move along a straight line and would eventually pass 
any assigned point of the line that was in the direction of its 
motion, however remote the point might be. This was not 
exactly an induction; rather, it was an inference drawn from his 
observations. 

There was no basis for the inference that the motion along the 
straight line was uniform, because uniform motion means equal 
distances in equal times. As no means of measuring time has, 
as yet, been assigned, there is no criterion for telling when two 
intervals of time are equal. Thanks to the Euclidean postulate, 
it is known when two intervals on a straight line are equal. 
For the purposes of mechanics, an analogous postulate is needed 
to tell when two intervals of time are equal. 

Imagine a particle moving along a straight line subject to no 
force whatever, and consider two intervals of equal length along 
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that line. Geometrically, there is nothing to distinguish one 
interval from the other save the difference of location ; and mechan- 
ically there is nothing to distinguish the passage of the particle 
across the two intervals, save that one is subsequent to the other. 
It is natural to assume, therefore, that the corresponding inter- 
vals of time are equal. Accordingly, it is made a part of the 
postulate that this is so by the introduction of the word “uni- 
formly.” It follows then from the first law that the distance 
traveled by the particle along the straight line is proportional 
to the interval of time during which it was traveling; and this is 
the postulate by means of which time is measured. 

47. Discussion of the Second Law. — Since momentum is a 
vector, the rate of change of momentum, that is, force, also is a 
vector and is equal to mass times acetderation, the mass being 
a mere constant and acceleration being the rate of change of 
velocity. Accordingly, the second law states that 

Force = mass X acceleration. 

It must not be supposed that this expression tells what force 
is. It tells merely how forces are measured, namely, by the 
accelerations with which they are associated. F orce, however, is 
always thought of as a push or a pull. 

It will be observed that Newton's second law says nothing 
about causation. Since the force and the acceleration are 
simultaneous, there is no more reason for asserting that force is 
the cause of the acceleration than for asserting that acceleration 
is the cause of force. The fact that force is commonly spoken of 
as the cause of acceleration merely shows that in the order of 
our thoughts, force is commonly placed before acceleration. 
In the philosophical sense, nothing is known about causation. 
The common language, however, is convenient, and will do no 
harm if it is properly understood. 

If two forces act successively upon the same mass, then the 
two forces are proportional to the accelerations produced; and 
thereby the forces are measured if the mass is known. The 
second law of motion would serve as a means of measuring masses 
if we had some independent means of knowing when two forces 
are equeJ; for, if two different masses are acted upon by forces 
which are equal, the accelerations can be measured and then the 
masses are inversely proportional to the accelerations. It is 
natural to supriose, for example, if a given elastic string is 
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stretched to half again its original length (supposing such a 
stretch to be possible) that the force required to stretch it the 
first time is the same as that required the second time, but though 
this is commonly done it is easy to see that a new postulate is 
used and should be stated explicitly. 

In a sense the first law of motion is a corollary ox the second 
law; for, if the rate of change of momentum is zero, the second 
law reduces to the first. But the rate of change of momentum 
cannot be measured until a criterion for the measurement of time 
has been established, and for this the first law is necessary. 

The first two laws were known to Galileo, although he did not 
state them explicitly. 

48 . Discussion of the Third Law. — ^The words action’’ and 
‘‘reaction” are here to be understood as forces. The law states 
that in nature forces always occur in pairs, the two components 
of which are equal in magnitude and opposite in direction. If 
the particle A acts upon the particle B, then the particle B also 
acts upon A equally but in the opposite direction. A force, so 
to speak, cannot hitch itself to nothing. 

The third law of motion is due to Newton. The law of gravita- 
tion also is due to Newton, and on account of its importance it 
will be given here. 

49 . The Law of Gravitation. — ^As stated by Newton: 

Every particle in the universe attracts every other particle with a 
force which is directly proportional to the product of the masses of 
the particles, and inversely proportional to the square oj the distance 
between them, 

f = 

where / is the magnitude of the force, mi and m 2 the masses of 
the particles, r the distance between the particles, and is 
a constant which depends upon the units which are emploved. 
In the English system of units (Sec. 51) = 1.068 X 

In the e.g.s. system of units k^ = 6.66 X 10“*. It ^11 be 
observed that the law of gravitation is stated only for particles, 
but it can be shown that it holds also for uniform spheres, the 
distance being measured from the centers of the spheres/, 

60. Weight and the Acceleration of Gravity. — As a particular 
consequence of the law of gravitation, the earth sttracts all bodies 
near its surface with a force which is called the w nght of the body. 
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The acceleration toward the earth due to the attraction of the 
earth is called the acceleration of gravity and is denoted by the 
letter g, so that, if w is the weight of the body and m is its ma.ss, 
by Newton^s second law, 


w == mg y gr = 32.174 — 0.085 cos 2Z, 

where I is the latitude. This is the value of the acceleration of 
gravity for an observer who is at rest with respect to the surface 
of the earth at the place where the acceleration is measured. 

If the earth were a sphere and not rotating and gro were the 
corresponding value of the acceleration, it would follow upon 
applying the law of gravitation that, 


whence 


y mE 
mgo = ¥ 



where E is the mass of the earth and R is its radius. 

The rotation of the earth does not affect a body which is freely 
falling near its surface, but the oblateness of the earth does affect 
it. Denoting the acceleration of gravity for a freely falling body 
by Gy it is found that 

G = 32.225 - 0.020 cos 21 

This would be the value of the acceleration for an observer at 
rest relative to the center of the earth. 

The effect of the oblateness of the earth upon the attraction 
near its surface belongs to the theory of the potential which lies 
beyond the scope of this work; but the effect of the rotation of the 
earth will be considered in Sections 265 and 360. 

Since, by the law of gravitation, the force of attraction of the 
earth upon any body is proportional to the mass of the body, it 
follows that the acceleration of gravity g is the same for all bodies 
at same place on the earth, and therefore, the mass of a 
body is 'proportional to its 'weight at any given place, 

61. Systems of Units. — Among English speaking people, there 
are two systems of units in common use. 


THE ENGLISH SYSTEM 
In the old English system 

the unit of length is the foot. 



40 STATICS AND THE DYNAMICS OF A PARTICLE 


the unit of time is the second, 
the unit of mass is a mass 
which weighs one pound. 

The standard of mass is a certain mass of platinum which is 
kept in London and which weighs one pound in London. 

The standard of length is a certain bronze bar on which two 
lines are engraved one yard (equal to three feet) apart. The 
yard is defined to be the distance between these two lines when 
the bar is at a temperature of 62°F. Accurate copies of these 
standards are kept in the United States Bureau of Standards at 
Washington. 

By the second law of motion, force is proportional to mass times 
acceleration. It is convenient to choose the units so that force 
equals mass times acceleration. If gravity acts upon a one-pound 
mass, it follows that 


force = 1 X 32.2 = 32.2 units of force. 


and that this force is equal to the weight of a one-pound mass. 
The unit of force is called a poundal and, therefore, 
the weight of a one-pound mass 


the poundal = 


32.2 


and is approximately equal to the weight of one-half an ounce. 
A constant force of one poundal acting on a mass of one pound for 
one second will generate a speed of one foot per second. The 
poundal is called the absolute unit of force. 

In statics it is usually more convenient to use the weight of 
a one-pound mass, namely one pound, as the unit of force, or even 
the weight of a ton mass. This is a gravitational unit of 
force. But when motion is involved, the unit of force is 
the poundal and the unit of mass is the mass of a one- 
pound weight. 

A mass of one pound and a weight of one pound are very differ- 
ent concepts. Mass is independent of position while the 
is not. 


THE SCIENTIFIC OR C.G.S. SYSTEM 

The second system of units is the scientific system, since it is 
used by scientists the world over. In this system 

the unit of length is the centimeter, 
the unit of time is the second, 
the unit of mass is the gram. 
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The gram is defined as the mass of one cubic centimeter of pure 
water at a temperature of 4°C. The unit of force is the dynCj so 
that a force of one dyne acting for one second upon one gram will 
generate a speed of one centimeter per second. 

Between these two systems of units the following relations 
exist : 

1 foot = 30.18 centimeters, 

1 pound = 453.50 grains, 

1 poundal = 13,825.5 dynes. 

“Since the unit of time is the same in the two systems, the 
acceleration of gravity in the e.g.s. system is 32.18 X 30.48 = 081 
centimeters per second per second, and the weight of one gram is 
equal to 981 dynes. 



CHAPTER V 


WORK AND ENERGY 

52. Definition of Work. — If a man drags a weight along a level 
surface, or if he raises a weight against the force of gravity, he 
is conscious of doing work. In the first case, assuming the fric- 
tional, resistance to be constant, the amount of work done is pro- 
portional to the resistance which the surface offers and the 
distance through which the weight is dragged. In the second 
case the work done is proportional to the weight raised and to the 
height through which it is raised. In each of these cases the 
resisting force is constant and its direction is the same as that of 
the motion of the body. Under these conditions then, 

work = force X displacement. 

If the unit of force is one pound and the unit of length is one 
foot, the unit of work is one foot-pound. If the unit of force is 
one poundal, the unit of work is one foot-poundal. One foot- 
pound is equal to 32.2 foot-poundals. 

If the unit of force is one dyne and the unit of length is one 
centimeter, the unit of work is one erg. One foot-poundal is 
equal to 421,400 ergs. Since the erg is a very small unit, of 
work, it is sometimes convenient to have a larger unit which is 
called the joule. One joule is equal to ten million (10^) ergs. 

63. The Force and the Displacement are Oblique. — If the 
displacement is perpendicular to the force which is acting, then 
there is no work done, e.g., moving a body along perfectly smooth 
ice against gravity. Of course, perfectly smooth ice doj|||||fiot 
exist in practice. There is always a certain amount of friction, 
and the work done against this friction is not zero. The friction 
is in the line of the displacement, however, and is not perpendic- 
ular to it. The work done against gravity is zero. 

If the force F makes an angle 6 with the displacement D, it can 
be resolved into two components, Fi in the line of the displace- 
ment and F 2 perpendicular to this line. The second component 
does no work, since it is perpendicular to the displacement. The 

42 
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work done by the first component is the total work which is done 
by F ; hence, 

F = FiD = FDi = FD cos 0. 

Stated in words, the work done by a force is the product of the magni- 
tudes of the displacement and the component of the force in the direc- 
tion of the displacement; or 

The work done by a force is e(jual to the product of the magnitudes 
of the force and the component of the displacement in the direction of 
the force; or. 

The work done by a force is equal to the product of the magnitudes 
of the force and the displacement and the cosine of the angle between 
them. 


64 . Positive and Negative Work. — If the displacement is in the 
direction of the force which is acting, the work done by the force 
is positive. If the displacement is in the opposite direction, the 
work done by the force is negative, that is, work has been done 
against the force. Thus, if a weight w is raised through a height 
h, the work done by gravity is IF = —ir/i and, if it is lowered 
through the same distance, the work done by gravity is W 
= -\-wh. Hence, the total work done by gravity on a weight 
which is raised and then lowered to its original position is zero. 

66. Vector Products. — Both the force F and the displacement 
D are vectors. These vectors enter symmetrically in the expres- 
sion for the work done; nevertheless, work is manifestly not 
a vector. It is an example of what is called, in the algebra of 
vectors, the scalar product of two vectors^ and is expressed by the 
formula 

IF = F • D = FZ> cos 0. 


cal 


It is also called the dot product. 

T^e exists also a second kind of multiplication of vectors 
^HKfthe vector product of two vectors or the cross-product^ 

A = F X D, 


where the direction 
and, in magnitude. 


of A is perpendicular to the plane of F and D 
A = FD sin 6, 


There will be an occasion in Sec. 133 to notice an example of 
this second type of multiplication. 
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66. Resolution of Both Force and Displacement.— Let the force 
and the displacement both be resolved into their components 
with respect to any rectangular set of axes, and let 

F = X + Y + Z, 

D = X + y + z. 

The work done by the force F in the displacement x is xX, for 
the components Y and Z are perpendicular to x and, therefore, 
do no work. Similarly, the work done by the force F in the dis- 
placement y is yY, and in the displacement z it is zZ. Hence, 
the total work done in the displacement D is 

F = F • D = FD cos 0 = rrX + + zZ. (1) 


67. Example in Which the Force is Constant. — A weight of w 
pounds is dragged up a smooth (frictionless) plane which makes 

an angle a with a horizontal plane 
through a distance r. How much 
work is done? 

The component of the weight 
(force) in the line of the displace- 
ment "D is w sin a pounds. Hence, 
the work done is wr sin a foot- 
pounds. But since r sin a = h, the 
height through which the weight is 
raised, the work done is wh foot-pounds and, as this expression 
is independent of a, it makes no difference how far the body is 
moved horizontally; it is only the height through which it is raised 
that counts. 



Fig. 25 . 


68. The Work Done by a Variable Force. — If the force varies 
from point to point either in magnitude or direction, or both, the 
Eq. (56.1) will hold only for an infinitesimal displacement dx, dy, 
dz. Therefore only an element of work is obtained, viz.^ 

dW — F • ds • cos B = Xdx + Ydy + Zdz. ) 

The total work done is the sum of all the elements of work, tn^s, 
W = J^F cos B ^ ds = fxdx + fYd!/ + f Zdz, 
the integrals being taken along the path of motion. 

69. Example in Which the Force is Variable. — ^How much 
work is required to raise a one-pound weight from the surface of 
the earth to the distance of the moon? 
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According to the law of gravitation, the force varies inversely 
as the square of the distance from the center of the earth. I^et 
the radius of the earth expressed in feet be Ry and let the distance 
of the moon be 6072. If the unit of force is one pound, then at a 
distance r from the center of the earth, the magnitude of the force 
is 

f = pounds. 

The work done in an infinitesimal displacement dr is 


dw = ^dr 


foot-pounds, 


and, therefore. 


^60/2^2 KQ 

^ ^ j ^ 60^ foot-pounds. 

Taking the radius of the earth to be R = 20,908,800 feet, it is 
found that 

W = 20,560,320 foot-pounds. 

60. The Work Done in Stretching an Elastic String. — It is 
required to find the work done in stretching an elastic string of 
natural length I from a length a to a length b, ^ 

It is found from experiments that the tension of a stretched 
string is proportional to the amount of the stretch; that is, if x is 
the stretched length of the string, T is the tension, and fc is a 
factor of proportionality, 

T =k{x - 1). 

Hence, the work done in stretching the string from a to 6 is 
W = f^Tdx = k f^(x — l)dx 

Ja Ja 

= - a) = - a), 

where Tm is the tension of the string at the point midway between 
x = a and x = b, 

61. Work Represented by an Area. — If the displacement is 
measured along the ar-axis and the force F{x) is a function of x, 
the work done in moving the body from a to 6 against the force is 

w = £F(x)dx. 
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This integral evidently is the area included between the curve 

y = Fix), 

the x-axis, and the two ordinates at a: = a and x = b. In the 
example of the preceding section, 

Fix) = kix - 1), 

that is, a straight line. The work done in stretching the 
elastic string is the area of the trapezoid A BCD, which is evi- 
dently equal to the product of the middle ordinate Tm by the 
base AB. 



Q2. Power, — The rate at which work is being done is called 
power. The ordinary unit of power is the horsepower, which was 
defined by James Watt to be 33,000 foot-pounds per minute, or 
550 foot-pounds per second. It requires an unusually good horse 
to wprk at this rate continuously, but even a poor horse can work 
at this rate for a short interval. In electrical measurements the 
term watt is used, one watt being equal to 10^ ergs (one joule) per 
second. It is the rate of working in a circuit when the e.m.f. is 
one volt and the current is one ampere. One horsepower is equal 
to 746 watts, approximately. 

The rate at which work is being done is evidently equa^^ the 
product of the force and the rate of displacement, if the d^fece- 
ment is in the line of the force, that is, 

power = force X speed. 

If the displacement is not in the line of the force, the general 
formula, derived from Eq. (58.1), is 

dW „ ds ^dx , 

dt dt dt dt dt 
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63. Example. — At what rate can a steam roller of 30 hp. 
and of a weight of 3 tons move along a road if the horizontal 
resistance to its motion is equal to its own weight? 

Since the horizontal force is 6000 lb., it requires 6000ft.-lb. of 
work to move the roller 1 ft. If the amount of work available is 
30 hp., or 990,000 foot-pounds per minute, it can move 
990,000 
6000 

or 1 7/8 miles per hour. 


= 165 ft. per minute, 


64. The Force Function. — Returning to the formula for the 
element of work (Eq. (58.1)), 


dW - Xdx + Ydy + Zdz, 


the components of the force X, F, and Z are functions of the 
coordinates x, y, and z; that is, the force acting depends upon 
the position of the body. They may also depend upon the com- 
ponents of the velocity, 


X = 


dx 

~dt 



dz 

- i 

dt 


as is the case when friction enters. They may also depend upon 
the time t. 

There is a very important class of cases, such as gravitation 
for example, in which the force depends upon the position 
of the body alone. Suppose X, F, and Z are single-valued 
functions of x, y, and z which do not contain x, y, z, t; and 
furthermore, that there exists a function, t/, z), such that 


X = 


dU 

dx 



dz 


Then, for reasons that are obvious, U (x, 2/, z) is called the force 
functiouj or sometimes, for reasons that are not quite so obvious, 
the 'potential function. If these conditions are satisfied, the for- 
mul^H^r the element of work done by the forces becomes 


dU . , dll. . JTT 

dW = , dx + dy + ~^dz = dU, 
dx dy dz 


which is an exact differential. It can be integrated from any 
point rci, yi, zi, to any other point rc2, yi, 22, without any knowl- 
edge of the path (Sec. 58) along which the motion occurred, pro- 
vided U also is a single-valued function of or, y, z. Thus 
W = U{X 2 , 1/2, 32) - U{xi, 2/1, Z\)j 


( 1 ) 
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whatever the path may have been. The work done is independent 
of the path. 

If X, F, and Z are single-valued functions of x, ?/, and z, inde- 
pendent of Xj i/j Zf tj the necessary and sufficient condition that a 
force function U (Xy ?/, z) exists is that 

dX ^ SY^ dY ^ dZ dZ ^ dX 

dy dx ^ dz dy ^ dx dz 

66. The Force Function is Not Single Valued. — If the force 
function is not single valued, Eq. (64.1) does not have a precise 
meaning, since there would be doubt as to which value of U to 
take. Suppose, for example, for the motion of a particle, 


U = tan-^ 

X 


so that 


Z = 




Y 


+ t/ 


Notwithstanding U is multiple valued, X, Y, and Z are single 
valued at all points, except the origin where X and Y are not 
defined. The element of work is 


dw . 

x^ + y^ 

or, if 

X = r cos Oy y = r sin 0, 
in polar coordinates, 

dW = de. 


Since this expression does not depend upon dr, no work is done if 
the particle is moved along a radius vector, either away from or 
toward the origin. The work done is equal to the angle about 
the origin through which the particle turns. 'It is equal to 2t for 
each complete circuit about the origin. Hence, the work ^ne in 
moving the particle from ^ to ^ depends upon the nuiflifer of 
circuits about the origin made in the path from A to B, 

Such uncertainties do not arise if U is single valued. If Z, 
Yy and Z are not single valued, the physical situation is not 
uniquely defined. 

66. Energy. — It is commonly stated that energy is the capacity 
for doing work, or that work is the measure of energy. In reality, 
energy cannot be defined. Along with space and time it is one 
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of the fundamental concepts in terms of which an attempt is made 
to interpret nature and, therefore, it lies beyond the reach of a 
definition. Energy is recognized in two forms, namely, potential^ 
the energy which a body possesses by virtue of the position which 
it occupies, and kinetic^ the energy which a body possesses by 
virtue of the fact that it is moving. Energy is either kinetic or 
potential; we know of no other form: and it is assumed that 
energy j 0 f(h be neither^perated nor destroyed. 

Conservative and Dissipative Force^?^^t W be the work 
required to move a system of bodies from a certain configuration 
4 to a certain other configuration B against the system of forces F 
which are acting upon the system of bodies. ' If the work done by 
the system of forces upon the system of bodies when it is returned 
from the configuration B to the configuration A also is equal to 
Wf then the system of forces F is said to be conservative. The 
energy which was absorbed by the system in the displacement 
from A to ^ is restored, or given back, in the displacement from 
B to A. All gravitational forces, for example, are conservative. 

If, on the other hand, the work done by the system of forces 
F in the return displacement from to A is less than W, then F 
is said to be a dissipative system of forces. Frictimi and viscosity 
are typical dissipative forces. When such forces occur, a certain 
amount of the energy passes from the mass to the molecules 
where it is recognized as heat, which is radiated away, and some 
of it, doubtless, becomes submolecular; at any rate, it is not 
available in restoring the system of bodies from the configuration 
B to the configuration A. 

Under no circumstances is the work done by the forces F in 
the return from B to A greater than the work done against them 
in the displacement from A to B. It is this principle which denies 
the . possibility of what is commonly called perpetual motion. 
Since friction cannot be eliminated in any terrestrial experiment, 
no teirestrial mechanism can be made to run indefinitely without 
supplying it with energy from the outside. 


68. Potential Energy. — Suppose that the system of forces is 
conservative and that there exists a force function U*,' If the 
function U were multiple valued, it would be possible to move the 
system of bodies from a configuration A around a certain circuit 
back to the configuration A in which JJ changed from one of its 
values at A to another one of its values at A. If it were necessary 
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to do work upon the system in order to make it go around this 
circuit, then, on account of the fact that the forces are conservative, 
work would be done by the system if the circuit were reversed. 
Since, by hypothesis, the system has returned to its initial con- 
figuration, it could go through the reversed circuit a second time 
and therefore do some more work, and so on. Perpetual motion 
would be possible and the delightful situation would exist of being 
able to get something out of nothing. Since this is manifestly 
impossible the force function U must be single valued for every 
physical situation. 

The potential energy of a system of bodies in a configuration 
B with respect to a configuration A is the amount of work which 
must be done upon the system in order to bring it from A to J?, 
and this is independent of the path. It will be observed that 
potential energy is always relative, that is, one configuration with 
respect to another. 

Let m be the mass of a particle, rco, 2/o, 2^0 its initial position, x, y, z 
its terminal position, and U (a;, i/, z) the force function. Then the 
potential energy of its terminal position with respect to its initial 
position is 

Vi yo, Zo) - U{x, y, z), 

since the work is done against the forces of the system. Its 
potential energy with respect to any other position Xi, ?/i, 2 i, will 
differ from this only by the constant value 

t 7 (xi, 1/1, Zi ) - C 7 (xo, 2/0, Zq )- 

From these relations, it is seen that the potential energy differs 
from the negative of the force function (Sec. 64) only by an addi- 
tive constant. Therefore, if V is the potential energy, the com- 
ponents of force can also be written 


Z = - 


dx ' 


Y = 


dV 
' dy^ 


Z = - 


dV 

dz^ 


Stated in words, the x-, y-, and z-components of the force at 
any point are the values of the negative derivatives of the potential 
energy with respect to x, y, and z, respectively, at that point. 


69. Generalization. — More generally, it is true that the negative 
derivative of the potential energy at any given point in any specified 
direction is the component in the assigned direction of the force 
acting at that point 



69 ] 


WORK AND ENERGY 


51 


In order to show this, let a:o, 2/0, ^obe the given point and let f 
be a set of rectangular axes with origin at Xoy ijo, Zq and with the f-axis 
in the given direction. Then the coordinates of any point in the 
two systems are related by the equations 

a; = To + ai^ + 0127J + 

y — Vo + 01^ + P2n + 

Z = Zq + + 721? + 73f. 

The coefficients oji, and yi are the direction cosines of the 
angles between the various axes as indicated in the table : 



f 

V 

f 

X 

ai 

«2 

0(3 

y 




z 

y\ 

T2 

73 


Since f enters the expression for V only through the coordinates 
Xj y/, and Zy it follows that 


and, since 


dV^dV dx dV ^ , dF 


_ 


ay ^ _ 


dx 


sy 

d;^ ’ 

dx 


dy _ - 

dz 




di ^ 


it follows that 


dV 


= aiX + ffiY + yiZ, 


Let the components of the force along the ri-, and f- 
axes be 2, //, and Z, respectively. Then since ai, /3i, 71 are the 
cosines of the angles between the ^-axis and the T-, ?/-, and z- 
axes, respectively, it follows by projection that 


Therefore, 


and similarly 


2 = otiX + PiY + yiZ. 



dF 

dr 

Z 


dV 


which proves the proposition. 
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observed that the kinetic energy vanishes with the speed and that 
it is never negative. 

If / is a function of x alone, that is, it does not depend upon x 
or t, and is an integrable function of Xj then there exists a function 
V (x) such that 


m = 


dx 


In this event the forces acting are conservative, and V {x) differs 
from the potential energy only by an additive constant. Hence, 
the- integral of Eq. (1) can be written 

^mx^ + V(x) = constant; (3) 

or, in words, the sum of the kinetic and potential energies of the par- 
ticle is constant. This result, which is proved here in a very simple 
case, is characteristic of conservative systems, however compli- 
cated they may be. The energy equation (Eq. (3)) obviously 
does not exist for a dissipative system. 

71. Dimensions. — When it is said that the line AB is of length 
a, what is meant is that a unit of length L has been chosen and 
that the length AB a times the length L. That is 

AB = a - L. 

The unit of length having been adopted, the unit of area is 
J? and the unit of volume is L^, that is, a square and a cube each 
of whose edges is equal to L. When it is said that the area of a 
rectangle, whose sides are aL and 5L, is equal to a6, it is meant 
that the area is equal to ah times the unit of area L^; and similarly, 
the volume of the parallelepiped whose edges are oL, 6L, and cL 
is the product abc times the unit of volume From this explana- 
tion it will be clear what is meant when it is said that a line has 
the dimension L, an area has the dimension L^, and a volume 
has the dimension A product of four lengths would have 
the dimension and so on. The quotient of a volume by an 
area is of the form (aL^)/{bTJ) = cL, that is, its dimension is L. 

In mechanics there are three fundamental units, length, time, 
and mass, denoted respectively by the letters L, T, and M, and 
therefore the mechanical concepts, velocity, acceleration, momen- 
tum, force, energy, power, etc., have dimensions which are 
expressible in these three units. Thus 
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velocity = length 4 - time = Lr~S 

acceleration = velocity 4 - time = 
momentum = mass X velocity = MLT-^, 
force = mass X acceleration = MLT-^j 
work (or energy) = force X length = ML^T-^y 

power = work 4 - time = 


72. Homogeneity. — A mechanical quantity, which with respect 
to the fundamental units is of the form is said to be 

of dimensions i in mass, j in length, and k in time. Two quanti- 
ties that are alike, that is, of the same mechanical nature, must 
have the same dimensions. By an elementary principle of 
arithmetic, only quantities that are of the same nature can be 
added together. From this principle it follows that the terms 
of an equation must all have the same dimensions in the funda- 
mental units. That is, the equations of mechanics are homogeneous 
in the fundamental units. This principle is frequently of value 
for the detection of errors. 


73. Changing the Units. — It is desired occasionally to trans- 
late the numerical value of a physical magnitude, given in one 
set of units, to its equivalent numerical value in another set of 
units. Let X be a mechanical magnitude; let Li, Afi, and Ti be 
one set of units, L2, M2, and r2 be a second set of units, and, finally, 
let 

and X = X2L2^M2’T2\ ^ ^ 


where Xi and X2 are the numerical values for the two sets of 
units respectively. Evidently the first equation of ( 1 ) can be 
written 


X = 



k 

L2^M2^T2^] 


and, on comparing this expression with the second equation of 
( 1 ), it is seen that 


X2 = 

or, on setting 



the simpler expression 





M2' 


T = 


Ta 

T2' 


X2 = • Xi. 
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74. Example. — The value of the gravitational constant in 
astronomical units is log = 6.4712 — 10. What is its value 
in c.g.s. units? 

In the astronomical system, the unit of mass is the mass of the 
sun(= 1.990 X 10^^ g.). The unit of length is the mean distance 
of the earth from the sun ( = 1.493 X lO^^ centimeters), and the 
unit of time is the mean solar day (= 86,400 sec.). 

From the law of gravitation is derived. Sec. 49, 

force = 

.^2 

or, dimensionally, 

MLT-2 = 

Hence, from the point of view of dimensions, 
k^ = 

Also, 

X = 1.493 X 1013, ^ == 1 990 x 1033, r = 86,400, 
i = +3, j = -1, k = ~2. 

Therefore, 

log [X>'T^] = 6.3504 - 10, 

and the value of the log kP' expressed in c.g.s. units is 
log = 2.8216 ~ 10. 

Problems IV 

1 . A man weighing 150 lb. runs up a flight of stairs 55 ft. high in 30 sec. 
How much power does he develop? Arts. 1/2 hp. 

2 . How fast can a team of 2 hp. draw a loaded wagon weighing 2 tons, 
if the resistance to rolling is one-twentieth of the weight of the load? A7is. 
3 3/4 miles per hour. 

3 . How much power is required to pump 1000 gal. of water per minute 
from a well 110 ft. deep if a gallon of water weighs 8.34 lb. and half of the 
total work done is used in overcoming internal friction? Ans, 55.6 hp. 

4 . Three horsepower arc required to drag a 220-lb. weight at the rate of 
10 ft. per second along an inclined plane which makes an angle of 30° with 
the horizontal. What is the force of resistance due to friction? Ans. 55 lb. 

5 . From the relations between the fundamental units, show that 1 foot- 
poundal equals 421,400 ergs. 

6. The speed of the earth in its orbit is 18.5 miles per second. What is 
its speed in astronomical units? Ans. 0.0172 A.U. per day. 

7 . The numerical value of the acceleration of the earth toward the sun 
in astronomical units is 0.0002959. What is its value in c.g.s. units? 
Ans. 0.592 cm. per second per second. 
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8 . What horsepower is required to move a body with the speed v ft. 
per second if it is resisted by a force of p poundals? Am. py/17,710. 

9. A steamship of 22,000 hp. travels 3300 miles in 6 days. What is the 
average resistance to the motion of the ship? Ans. 180 tons. 

10. A locomotive pulls a train of 3000 tons up an incline of 1 ft. per 100 ft. 
at 5 miles per hour. What is the power of the engine if the resistance due 
to friction is 1/200 of the weight of the train? Am. 1200 hp. 

11. Fifty horsepower is transmitted from one shaft to another by means 
of a belt and pulleys. The linear speed of the belt is 250 ft. per minute. 
What is the difference in the tensions of the two sides of the belt? Ans. 
6600 lb. 

12. Multiply together by dot multiplication the expressions for F and D 
in Sec. 56, thus 

F. D = xX +X.Y 4- xZ +• • •• 

Evaluate the individual terms and verify the result there given. 

13. What is the potential energy of a particle, if the components of the 
force acting on it, expressed in pounds, are 6a;, Qy and dz? Am. — 3r* 
ft.-lb., if 1 ft. is the unit of length. 

14. A uniform sphere of mass M attracts an exterior particle of mass m in 
accordance with the law of gravitation. Show that the potential energy of 
the particle in any position is 



where r is the distance of the particle from the center of the sphere. 

16. A particle is attracted toward a fixed center by a force which is 
directly proportional to its distance from the fixed center. If the magnitude 
of the force at a unit distance is show that the potential energy of the 
particle is 



16. An elastic string of length I ft. and of negligible weight stretched 
to twice its natural length exerts a pull of A; lb. A weight of m oz. is attached 
to the end of the stretched string and the string is then released. What is the 
maximum speed imparted to the weight? Ans. V — 4\/ Ikg/m ft. per second. 

' 17. A bullet with a speed of 1000 ft. per second will penetrate a block of 

wood 12 in. Assuming that the resistance to the bullet is constant, show 
that it will penetrate and emerge from a plank 2 in. thick with a speed of 
913 ft. per second. 

18. Two equal weights Wi are supported by a string which passes over two 
frictionless pulleys at A and B in the same horizontal line. A third weight, 
Wi = 2Tr,/v^, is attached to the string half way between A and B, and 
allowed to drop from a state of rest. Show that it will descend until AW^B 
is an equilateral triangle. What will happen after this? Ans, It will rise 
to its initial position. 
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19. Tho weight of a spider, which is hanging from the ceiling by its web, 
doubles the natural length of the web. Show how the spider can climb 
back to the ceiling with an expenditure of work which is only three-quarters 
of what would be required if the web were inelastic. 


< 20, A rod of length 21 and weight w rests horizontally in an ellipsoidal 

bowl of which the semiaxes are a, 6, and c. If the rod, always horizontal 
with its ends in contact with the bowl, is turned through an angle 0^ show 
that its potential energy is 


V = 




cos^ 0 


siii^ d 
62 


]• 


21. What speed must be imparted to a projectile which is fired vertically 
from the surface of the earth in order that it may never return? A ns. 
6.95 miles per second. 



CHAPTER VI 


GEOMETRICAL CONCEPTS 

76. Explanation. — In dealing with bodies of finite dimensions 
there are two notions which are constantly presenting themselves 
and which belong properly to the geometry of the bodies rather 
than to mechanics; but, inasmuch as they are indispensable for 
mechanics, they will be treated here briefly. The first of these 
concepts is the center of gravity and the second, moments of 
inertia. 


I. THE CENTER OF GRAVITY 

76. The Center of Gravity of a Discrete Set of Particles. — 

Suppose there is given a system of n particles; that the mass of the 
ith particle is rui and that its coordinates with respect to a fixed 
set of axes are Xi^ yij and Zi. The center of gravity of the system 
is a point the coordinates of which are the weighted mean of the 
corresponding coordinates of the particles, the weighting factors 
being the masses of the particles. If x, y, and z are the coordi- 
nates of the center of gravity, then 


'LniiXi 

miXi + m2X2 + • ' 

■ • + m„x. 


Wi + m2 + • • 

• + m„ 

^rmyi 

_ mi7/, 4- W2?/2 + • 

■ • + Wn?/r 

'Znii 

T/ii + ni2 H“ * * 

• + Win 

XiniZi 

_ niiZi + m2Z2 + * • 


Hrrii 

nil + m2 + • • 

• + m„ 


From this definition, it is seen that the center of gravity (or the 
center of mass) is the centroid of the points Xi, yi, and Zi for the 
weighting factors m,. Its position with respect to the particles is 
therefore (Sec. 22) independent of the coordinate system chosen. 
It is recommended that this be verified directly by a translation 
and a rotation of axes according to the usual geometrical methods. 

77. The Center of Gravity of a Continuous Mass. — If the 

system of particles forms a continuous mass, the sums which enter 
into the expressions for the coordinates of the center of gravity 
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pass over into definite integrals, which are commonly thought of 
as the limit of a sum. Each mass m, decreases as n increases but 
in such a way that this sum remains finite. On writing dm 
instead of dropping the subscripts which are not needed in 
the calculus notation, and replacing the summation symbols by 
the integration signs, there results 


[nxdm _ _ jnVdm 
iudm^ ^ jsdm^ 


1 - ffiZd7n 

and z = 

jadm 


the integration to be extended over the entire body. 

Actual bodies, of course, arc not regarded as continuous in the 
mathematical sense; but the continuity ideal furnishes an approx- 
imation which is sufficiently exact for most purposes. 


78. The Density at a Point. — The average density of a body is 
its mass divided by its volume (dimensions ML~^)y 


average density = 


mass 

volume 


The density at a point is the limit for diminishing volumes of the 
average density of volumes which contain that point. Let it be 
supposed that the density of a body varies in a continuous man- 
ner and that at the point x, y, z its value is the value of the func- 
tion a{Xy ijj z) at that point. Then, in rectangular coordinates, 

dm = (rdxdydz. 

If it is desired to iise the polar coordinates 

X — r cos <p cos Oy 
y ^ r cos ip sin 0, 

2 = r sin ipy 

the expression for the element of mass is 

dm = oT^ cos ipdipdOdr. 


79. The Center of Gravity of an Area or of a Line. — In case the 
body is a thin plane sheet of uniform density, like a sheet of paper, 
it is necessary to determine only two of the coordinates of the 
center of gravity, and the center of gravity of an area is spoken of. 
In case the body is a thin rod, even though the density be not 
uniform, there is but one coordinate to be determined, and the 
center of gravity of a line is spoken of. The center of gravity of a 
uniform straight rod is evidently the center of the rod. 
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For a thin plane sheet, not necessarily uniform, the density is a 
function of two coordinates a(x, y) and 

dm = crdxdyy 

or, in polar coordinates, 

X = r cos 0j y = r sin 6, dm = <r(r, B)rdrdB. 

For a thin rod dm — (T{x)dx. 

80. Center of Gravity of Portions of a Body. — It happens at 
times that a body can be thought of as the union of two or more 
masses for each of which the center of mass is easily found. Let 
M\ and be the masses of two parts of a body of mass M, so 
that 

M = Ml -f" M 2 ] 

let Xiy yiy Ziy and ^ 2 , ^ 2 , Z 2 be their respective centers of gravity. 
If Xy yy z is the center of gravity of the entire mass My then 

_ _ MiXi + M 2 X 2 - _ Miyi + Af2^2 _ _ MiZi + M 2 Z 2 

^ ^ ~ ^ “ ~MT+ld7" 

Let the particles of the first portion bo mi, • • • , m^ and of 
the second portion m^b+i, • • • , mn. Then, by definition, 

miXi + rrikXk ^ _ _ Wk^ i Xk+\ + * * * + rrin Xn 

+ m2 *f • • • 4- Wjfc ^ ^ 4- • • • 4- m„ 

miXi + m2X2 4- • • • 4- WfeXjfc 4- rrik^xX k +A 4- • • • 4- rrin Xn^ 

mi 4- W2 4- • • • 4- mjfc 4- rrik+i 4- • • • 4- mn 

{niiXi 4- rn2X2 4- ■ • » 4- rrikXk) 4- (nik+iXk+i 4- • • • -f m^X n) 

(mi 4“ m2 4" ' * * 4- mn) 4" (mA;+i 4- • • • 4~ mn) 

(mi 4- m2 4- • • -4- 1 4- (m .^ +i 4- • • • 4 - mn ) 3b 2 

(mi 4- m2 4- • ’ * 4- mfc) 4* (mi+i 4 • • • 4 mn) 

_ _ M\X\ 4" M 2 X 2 

^ mZTmT"’ 

and similarly for y and z. From this it follows that the center of 
gravity of a body is unaltered if the body is divided up into parts, 
and the mass of each part is concentrated at its center of gravity. 

81. Symmetry. — If a body is symmetrical with respect to a 

•certain plane, the center of gravity will lie in the plane of symme- 
try, but the symmetry must hold with respect to the density as 
well as to the geometrical figure. If a body has two planes of 
symmetry, the center of gravity will lie on the line in which the 

planes of symmetry intersect. If there are three planes of 


3bi = 

But 

5 = 


or 



81] 


GEOMETRICAL CONCEPTS 


61 


symmetry which intersect in a point, the center of gravity will 
lie at the point of intersection of the three planes. 

For example, the center of gravity of a homogeneous body 
{i.e,, constant density), which has a figure of revolution, will 
lie on the axis of revolution. The center of gravity of homoge- 
neous parallelepipeds, spheroids, and ellipsoids coincides with 
the center of figure. 

82. Example of a Line. — ^I^et the density at any point of a thin 
rod of length I be proportional to the distance of the point from 
on^ end of the line. It is required to find the center of gravity of 
the line. 



Fio. 27. 


Let ab be the rod, dx an element of the rod at the distance x 
from the end a, and let kx be the density of the element dx. 
Then the element of mass dm at dx is 


Then 

and 

Therefore, 


dm = kxdx. 

J xdm = fc r xMx = \kP; 

J5 Jo 3 

J dm = k f xdx = ~kP, 

B Jo 2 


JcP 

S xdm _ 3 __ 

fdm " P'2 ~ 3 ■ 


( 1 ) 


It will be observed that the center of gravity does not depend 
upon the factor of proportionality k. 

83. The Center of Gravity of a Triangle. — ^Let the trian^e 
ahe be divided up into infinitesimal strips parallel to the base be. 
The length, and therefore the mass, of each strip is proportional 
to its distance x from the vertex of the triangle. The center of 
gravity of each strip is at the center of the strip, and therefore 
lies on the line ad which joins the vertex to the center of the base. 
Imagine the mass of each strip concentrated at its center of 
gravity, and therefore on the line ad. The density along the line 
ad is now proportional to the distance from a. Hence, by Eq. 
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(82.1), the center of gravity is at the point which is two-thirds of 
the distance from a to d. 


It can be regarded in another way. Since the center of gravity 

^ of each strip lies on the 

/K median ad which bisects 

/ \ Nv the base the center of 

/ \ Ny gravity of the triangle 

/ ' \ also lies on ad. But 

^ ' C either one of the other 

/ " sides could have 

/ been regarded as the 

■ \ base and, therefore, the 

center of gravity lies on 

^ all three of the medians 

Fig. 28 . — , - tj. * 

ad, he, and c/* It is 

known from geometry that the three medians of a triangle meet 

at a point which is two-thirds of the distance from the vertex to 

the center of the opposite side. 

The center of gravity of a polygon of any shape can be deter- 
mined by breaking up the polygon into triangles. 


^4. Pyramids and Cones. — 

Let a~bcdef be a homogeneous 
pyramid, and let g be the center 
of gravity of the base. Divide 
the pyramid into thin laminae 
of equal thickness by planes 
parallel to the base. The line 
ag passes through the center of 
gravity of each of them. The 
mass of each lamina is propor- 
tional to the square of its dis- 
tance from a measured along ag. 
If the mass of each lamina be 
concentrated at its center of 
gravity, the density along the 
line ag will be proportional to 



the square of the distance from a. 



But for such a line 
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hence, the center of gravity of a pyramid lies on the line joining 
the vertex to the center of gravity of the base and is one-fourth 
of the distance from the base to the vertex.^ 

Since this result is independent of the number of sides of the 
base, the base can have any number of sides, or be bounded even 
by a plane curve, in which case the pyramid becomes a cone. 
y' 

86. An Arc and a Sector of a Circle. — It is evident from sym- 
metry that the center of gravity of a circular arc lies on the radius 
which bisects the arc. Let this bisector be taken as the a;-axis 


a 



with the origin at the center of the circle. Then y is zero if the 
density of the arc cr is uniform as is supposed to be the case. 
Using polar coordinates, 


and 


dm = (rrdO 
cos 0 • rd% „ 

^ = f 


If the sector Oob is divided up into narrow strips by concentric 
circular arcs, it is seen from this result and the analogy with a 
triangle that the center of gravity of the sector Oah is 


X = 


2 sin a 

-xT » 

3 CL 


2 / = 0 . 


86. A Homogeneous Hemisphere. — ^Let the hemisphere be the 
upper half of the sphere 

3*2 ^ 2/2 + = ^2 
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By virtue of symmetry, the center of gravity lies on the 2:-axis. 
Let the hemisphere be divided into thin laminae of thickness dz 
by planes parallel to the a;y-plane. The area of the lamina 
bounded by planes whose distances from the ary-plane are z and 
z + dz T(a^ — z^) and its mass is 7 ror(a^ — z^)dz. Imagine this 
mass concentrated at the center of gravity of the lamina. If 
this is done for every lamina, the mass will all lie on the z-axis, the 
law of density being 7 r(r(a^—z^). Therefore, 


— z^)zdz 



87. Any Homogeneous Solid of Revolution. — Let the 2-axis be 
the axis of revolution. It follows from symmetry that 



^ — y = 0. 

Let 

X = f(z) 

be the equation of the intersection of the xz- 
plane with the bounding surface. The area of 
a cross-section of the solid perpendicular to its 
axis at a distance z from the origin is ttx^ = 
irP(z), Hence, if the mass be concentrated on 
the 2-axis, which passes through the center of 
gravity of every cross-section, the center of 
gravity of a straight line the density of which 
is f^(z) must be computed. 

£zp{z)dz 
2 = - Ci 

Imdz 


88. First Theorem of Pappus. — The area of a surface generated 
by revolving a plane curve about any axis in its plane is equal to 
the length of the curve multiplied by the length of the circum- 
ference described by its center of gravity. 

Let the axis about which the curve is revolved be the 2-axis, and 
let ds be an arc element of the curve. If the density of the curve 
is taken equal to unity, dm = ds. Then the a;-coordinate of the 
center of gravity is 


J'xds 
~ fds' 
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2txs = 27r J xds. 

But 2Trx is the length of the circumference described by the center 
of gravity, and 2TrJ'xds is the area of the surface generated by the 
curve. The theorem is therefore proved. 


89. Second Theorem of Pappus. — The volume generated by 
any plane area revolving about any axis in its plane, which does 
not penetrate the area, is equal to the generating area multiplied 
by the length of the circumference described by its center of 
gravity. 

Let the generating area lie in the a; 2 :-plane, and the z-SLxis be the 
axis of revolution. If the density of the area be taken equal to 
unity, dm = dxdz^ and the x-coordinate of the center of gravity of 
the generating area is 

. _ J'J'xdxdz 

Therefore, 

2txA = IT Jx^dZj 

the integral being taken around the curve 

X = f{z) 

which bounds the area. But this integral is the volume gener- 
ated by the area, ^ and 27rx is the circumference described by the 
center of gravity of the area A, 



90. Example with Polar Coordinates. — To find the center of 
gravity of a homogeneous solid which is bounded by a cone and a 
sphere whose center is at the apex of the cone. Let a be 
the radius of the sphere, a the generating angle of the cone and 
the 2 -axis the axis of the cone. Since the 2 -axis is an axis of sym- 
iSee WiLLiAMsoN^s, 'Tntcgral Calculus,'' p. 254. 
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metry the center of gravity lies on it. It is necessary therefore to 
compute only the ai-coordinate, which is defined by 


- — 

^ ~ ftidm 

Using polar coordinates this expression becomes 

J f*2 Pa r2ir 

I I (r sin cos (pdipdrdS 
T Jo Jo 


z ~ 


m 2 

2"“ 

I I sin (p cos (pd(pdr 

"fX” 


cos <pd<pdrdd 


4 


cos <pd<pdr 


7r 

r 

I sin ip 

a 

TT 

I 


cos ip dip 


COS ip dip 


Hence, finally 


3 1 cos 2a 3 , v 

2 = v^' ® "i = 0^(1 + COS a). 

lb 1 — cos a 8 


Problems V 


Verify the following statements: 

1. The distance of the center of gravity of a sector of angle 26 from the 
center of a circle of radius a is 

^ 2 sin0 

* = 3“-r- 


2. The distance of the center of gravity of a segment of angle 26 from the 
center of a circle of radius a is 

_ 2 sin* 6 

^ j 

3 0 — sin 0 cos 6 


3 . The distance of the center of gravity of the volume of uniform den- 
sity contained between a hemisphere and a right circular cone of the same 
base and altitude from the base is one-half this common altitude. 


4 . If the vertex of a right circular cone lies in the surface of a sphere, if 
its generating angle is a, if its axis coincides with a diameter, and if its 
base is the intercepted portion of the sphere, the distance of its center of 
gravity from the vertex is 

1 — cos® a 


£ = 


cos^ a 
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6. The center of gravity of three equal particles at the three vertices of 
a triangle coincides with the center of gravity of the area of the triangle. 

6. The center of gravity of three particles at the three vertices of a 
triangle, the masses of which are proportional to the lengths of the opposite 
sides, is at the center of the inscribed circle. 


7. The center of gravity of a spherical cap cut off from a sphere of 
radius a by a plane at a distance h from the center of the sphere is 


or 


1 (a — h) (3a + h) , xi. 

— above the base of the cap, 

I center of the sphere. 


' 8 . The distance from the base to the center of gravity of a solid hemi- 
sphere whose density varies as the square of the distance from the center 
of the base is five-twelfths of the radius. 

9. The coordinates of the center of gravity of an octant of an ellipsoid 
are 

XI ^ . 3, . 3 

* = 8“' s'*’ " = 8"- 


10. The area of the surface of an anchor ring which is generated by 
revolving a circle of radius a about an axis in its own plane and at a distance 
h > a from the center of the circle is 4ir%h. 

11. The volume of the tore generated by revolving an ellipse of semiaxes 
a and b about any axis in its plane at a distance c from the center of the 
ellipse (provided the axis does not penetrate the ellipse) is 2Tr^abc, 

12. The area of the surface and the volume of the solid generated by 
revolving a single wave of a cycloid about its base are respectively twice 
and five times as groat as the surface and volume generated by revolving 
it about the tangent at its highest point. 

13. If an equilateral triangle of side a is revolved about one of its sides 

as an axis, the area of the surface generated is and its volume is 

7raV4. 


II. MOMENTS OF INERTIA 

91. The Moment of Inertia Defined. — The second of the 
geometric concepts referred to in Sec. 75 is the moment of inertia 
which is a quadratic expression of the coordinates, the center of 
gravity being a linear expression. It plays a role in the theory 
of rotating bodies which is analogous to that which mass plays 
in the theory of translation. As it is not an important concept 
for that portion of the theory of mechanics which is considered in 
tliis volume, the subject will be considered here but bxlcf^y. 

Suppose there are n particles of mass mi, m 2 , • • • > 
with coordinates xi, 2 / 1 , Zu ^ 2 , 2 / 2 , 22 ; • • • ; ^ny 2/n, 2n. The 
moment of inertia I of this system of particles with respect to a 
plane, line, or point is the sum of the products of the mass of the 



68 STATICS AND THE DYNAMICS OF A PARTICLE 


particles into the square of the perpendicular distance to the plane 
or line {or merely the square of the distance in the case of a point), 

I = ^rriiPi^ = + • • • + 

where pi is the perpendicular distance mentioned. 

If the system of particles forms a continuous body, this sum 
passes over into the definite integral 


the integral being taken over the entire body. 


92. The Various Types of Moment of Inertia. — If 7^* is the 

moment of inertia with rospcct to the ?/ 2 ;-plane, then 


lyz = or jxHm; 

and similarly, 7** = or 

Ixy = or 

If Ixy lyy and Iz are the moments of inertia with respect to the 
X-, 2 /“, 2 -axes, repectively, then 


7x = + Zi^), or £(y^ + z^)dm = 7** + 

ly = ^mi{z,^ + xf)j or + x^)dm = I^y + lyzj 

In = ^rni{xi^ + 7/*2), or £{x^ + y^)dm = lyz + 7**. 

The moment of inertia with respect to the origin is 
7o = ^mi{xi^ + + 2 * 2 ), or £{x^ + + z‘^)dmj 

— I xy + lyz + I zxy 

= + ly + Iz), 


Since the choice of the coordinate system is quite arbitrary, 
it is seen from these relations that 

The moment of inertia with respect to any line is the sum of the 
mom crus of inertia with respect to any two mutually perpendicular 
planes which pass through that line. 

The moment of inertia with respect to any point is equal to the 
sum of the moments of inertia with respect to any three mutually 
perpendicular planes which pass through that point, or one-half 
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the sum of the moments of inertia with respect to any three mutually 
perpendicular lines through that point. 


93. Products of Inertia. — Similar expressions which involve 
the cross-products of the coordinates are called products of 
inertia, namely, 


or 





94. The Radius of Gyration. — Suppose that the entire mass M 
of the body is concentrated into a single particle of mass M at a 
distance k from a given axis with respect to which the moment of 
inertia of the body is 7. If k is chosen so that 

MP = 7, 

it is called the radius of gyration of the body with respect to that 
axis. 

The principal radius of gyration is the radius of gyration with 
respect to a parallel axis which passes through the center of 
gravity of the body or system of particles. 


96. The Principal Radius of Gyration is a Minimum. — ^Let 7 
be the moment of inertia with respect to a given axis, which will 
be taken as the 2 -axis of the coordinate system. Let k be the 
radius of gyration of the body with resp^'ct to this axis, and let 
ko be the radius of gyration of the body with respect to a parallel 
axis through the center of gravity of the body, so that fco is a 
principal radius of gyration. Let Xq, yo and Zo be the coordinates 
of the center of gravity and 

X = xq + y == yo + z == zq + 

so that, V, and f are the coordinates of a particle with respect 
to the center of gravity. Then, 

and = 0- 

Also 

Mk^= 

= + (yo + ’?•■)*]> 

= + >/i*) + M{x(p + 2/0*) -h 2 Xo^vii^ i+2yo^mir)i. 

If p is the perpendicular distance between the two axes, then 
p* = xo* + 2/0*; 
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and the above expression reduces to 

M¥ = ilffco" + Mv\ 

or *2 = * 0 ^ + 

Thus fc, fco and p can be represented by the three sides of a right 
triangle, as is shown in Fig. 33. From this relation it is seen that, 

for any system of parallel axes, 
the radius of gyration is least for 
that one which passes through 
the center of gravity; that is, the 
principal radius of gyration is a 
minimum one. 

96. The Moment of Inertia 
of an Area. — If the body under 
discussion is a thin plane lamina, 
the element of mass dm is equal 
to the mass per unit area a times 
the element of area da. In this case, if <r is constant, the moment 
of inertia is 

I = 

where A is the total area, and the integral 

is called the moment of inertia of the area. 

In the same way there arises the term moment of inertia of a 
volume 

J*^r^dv 

and the moment of inertia of a line 

JrHl. 

97 . The Moment of Inertia of a Rod.— What is the moment of 
inertia of a uniform rod of length I with respect to an axis per- 
pendicular to the rod through its center? 

Let <r be the mass of the rod per unit length and M = l<r its 
total mass. Then 

^ ^ ^ { i ~ ^ 
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and its radius of gyration is 


With respect to a parallel axis at a distance d from the center, 




+ 


so that, if the axis is at the end of the rod, 

/ = Imp. 

o 

9d. Moment of Inertia of a Parallelepiped— Let the parallele- 
piped be homogeneous with edges a, b, and c and let the axis, 
with respect to which the moment of inertia is taken, pass through 
its center parallel to the edge c. Then 

a h e 

f+2 r+'i r+2 

I = V \ I I + if)dxdydz 
2 2 2 

= <rc r ^ I + i/)dxdy 

J _a J_b 
2 2 

= ^<ra6c(a2 4- ¥) = + b^). 

99. Moment of Inertia of a Sphere. — ^Let R be the radius of a 
homogeneous sphere. The moment of inertia with respect to 
a diameter, the 2 -axis say, is 

I cos^ <p dpdipdSy 

7r Jo 


= Imr\ 

o 


Problems VI 

Verify the following statements: 

1. RoutEs Rule,— Tho square of the radius of gyration of a homogeneous 
(a) rod, rectangular lamina, or parallelepiped; (6) elliptical or circular disk; 
(c) ellipsoid, spheroid or sphere about an axis of symmetry is 

, « sum of the squares of the perpendicular semiaxes 
* 3, 4, or 5 

according as the object belongs to class (a), (6), or (c). 



72 STATICS AND THE DYNAMICS OF A PARTICLE 


2. The radius of gyration of a triangle with respect to an axis through 
one vertex and parallel to the opposite side is the altitude of the triangle 
divided by the square root of 2. 

3. If b is the base of a triangle and I is the distance from the vertex to the 
midpoint of the base, the square of the radius of gyration of the triangle 
with respect to an axis through the vertex and perpendicular to the plane 
of the triangle is 

4. With respect to the diagonal of a rectangle of which the sides are a 
and 6, 

6(a* + 6») 

6. The radius of gyration of a cube about a diagonal of which the length 
is d is 

vu 

* 6 

6. For a regular tetrahedron with edges of length Z, about an axis through 
a vertex and perpendicular to the opposite face, 

V20 

7. The radius of gyration of a spherical shell of radius r about a diameter 

8. The radius of gyration of the arc of one complete wave of cycloid of 
length a is 



9. The moment of inertia of a lamina in the form of a regular polygon 
with n sides about a line tlirough its center and perpendicular to its plane, 
in terms of the perpendicular distance p from the center to the sides is 

I = gMp* ^3 + tan* 

10. The moment of inertia of a homogeneous cone about an axis through 
its center of gravity and perpendicular to its* axis of figure is 

I = + 4 tan* a). 

11. The radius of gyration of an elliptical lamina about its major axis is 



12. The moment of inertia of an anchor ring of which the radius of the 
generating circle is a and the distance from the axis of revolution to the center 
of the generating circle is h > a, about the axis of revolution, is 

7 == + 1 ®*)* 
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CHAPTER VII 

THE STATICS OF A PARTICLE 

100. Definitions. — By the term ‘'statics’' is meant the study 
of the conditions under which a particle or a bod 3 ’ remains at 
rest. A particle or a body which remains at rest under a given 
set of forces is said to be in equilibrium under those forces. 

101. Theorem I. — If a particle is in equilibrium under the 
action of a single force F, then F is equal to zero. 

According to Newton’s second law the rate of change of 
momentum is proportional to the force acting. If the particle 
remains at rest its momentum is constantly zero. Its rate of 
change of momentum is zero, and therefore F is zero. 

102. Theorem II. — If a particle is in equilibrium under the 
action of two forces onhjy Fi and F 2 , then 

Fi + F 2 = 0, 

and the two forces are equal in magnitude and are oppositely 
directed. 


Fig. 34. 


Since forces are vectors, Fi and F 2 , acting at the same point, are 
equivalent to a single force F ; that is, 

F 1 “1“ F 2 = F. 

Since the particle is in equilibrium under the action of a single 
force F, by theorem I, F is zero and therefore 

Fi + F 2 = 0; 

that is, the forces are equal in magnitude and oppositely directed. 

73 
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103. Theorem III . — If a 'particle is in equilibrium 
action of three forces Fi, F2, and F3, then 


iJHi-ough 

(triangle 


Fi + F2 + F3 = 0. 


to the 


The proof is omitted as it is quite similar to the 
theorem 11. As has already been seen in Chap. I, prol ^ 
the condition 

Fi + F2 + F3 = 0 


implies that if the three vectors are taken sequentially , so that 
the origin of the second coincides with the terminus of the first, 
and so on, the three vectors will form a closed triangle. 



Jem 2, g. 35 represent the three forces acting upon the particle, 
ohe angles between them be represented by a, 6 , and c. 
. 35a be the same vectors when arranged sequentially, 
and let the corresponding angles be a, and 7. Then 

a=7r — a, b = w — Pj C=7r — 7 . 

Since Fi, F2, and F3 are the three sides of a triangle, it follows 
from the sine law of trigonometry that 


and therefore 


Fi ___ F2 _ Fz 
sin a sin /S sin 7' 

Fi ^ F2 __ Fz 

sin a sin 6 sin c 


This formula suggests a very useful form of theorem III known 
by the name of Lamias theorem. 

Lamias Theorem, — If a particle is in equilibrium under the action 
of three forces, the three forces lie in the same plane and the magni- 
tude of each force is proportional to the sine of the angle between the 
other two. 
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i04. Theorem IV. — If a particle is in equilibrium under the 
action of n forces Fi, F 2 , • • • , Fn, then 

Fi + F2 + ‘ + F„ = 0, 

and the vectors representing these forces, if arranged sequentially, 
will form a closed polygon. 

The n forces acting simultaneously on a single particle are 
equivalent to a single force 

F = Fx + F2 + • • • + Fn, 
and, since the particle is in equilibrium, 

F = 0, 

by theorem I. Hence, the resultant of the n vectors is zero and, 
if the vectors are placed end to end, the terminus of the last vector 
will coincide with the origin of the first, and the vector polygon 
will be closed. The vectors need not all lie in the same plane; so 
that, in general, the vector polygon is not a plane polygon. 

106. Components of Forces Along Three Rectangular Axes.— 

Let i, j, and k be three mutually perpendicular unit vectors (Sec. 
21). Each force can be expressed in terms of these three vectors; 
thus 

Fa == Xs\ “f" T/sJ “I” ^^ak. 



On taking the sum of all of the forces, there results 

XF. = (a:i + *2 + • • • + x„)i + (2/1 + 2/2 + • • • + Vn )'] 
+ (zi + 22 + • • • + 2n)k = 0; 
from which it follows that 

Xi + X 2 + • • • + x„ = 0, 

2/1 + 2/2 + • • • + 

2l + 22 + • • • + 2n = 0; 
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and the sum of the projections upon any axis whatever is zero. 

If Hsf and Vj, are the direction angles of F, with respect to the 
axes of i, j, and k, then 

Xa = Fa cos X«, ya = Fa COS /X«, Za = Fa COS Va ] 
and, since 

COS^ \a + COS^ IJLs + COS^ = 1, 

which is true for the direction cosines of any line, it follows that 

+ ya^ + z/ = 

106. Common Types of Force. — The theorems which have 
just been proved are independent of the physical nature of the 
forces which are acting, but as everyone knows there is a great 
variety of forces. A few of the commonest will be discussed 
briefly, namely, weight, tension in strings and chains, the reaction 
of surfaces, and friction. 

107. Weight. — Every particle is acted upon by the attraction 
of the earth in accordance with Ncwton^s law of gravitation, and 

the magnitude of the attraction is the weight of the par- 
ticle. Its direction is downward; in fact, the meaning of 
down is in the direction of the acceleration of the earth. If 
a mass is suspended by a string and is at rest, the mass is 
acted upon by two forces, namely, its weight W and the 
tension of the string T. These two forces are equal in 
magnitude and lie in the same straight line, which is called 
the plumb line or the vertical, 

108. Tension of Strings and Chains. — In most of the 
instances in which strings and chains are employed, the 
weight of the string or chain is sufficiently small in com- 
parison with the other forces that it may be neglected 
altogether. Unless something to the contrary is stated, 
strings and chains will be regarded as weightless. The 
term *‘a light string’^ is used to call attention to the fact 
that the weight of the string is disregarded and is contrasted 
with the term ^^a heavy string” when the weight of the string is 
important. 

A string or a chain can be regarded as a series of particles which 
are held together by forces. The nature of these forces does not 
need to be considered beyond the fact that they act only on 
adjacent particles and along the straight line which joins their 
centers. Under these conditions they will be perfectly flexible, 


r 

Fig. 37. 
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by which is meant that they will take the form of any desired 
curve without offering any resistance to their being bent or curved. 

If a string or chain is in equilibrium under the action of two 
forces Ti and T 2 (not zero), acting at the extremities, then each 
particle of the string separately is in equilibrium under the two 
forces which attach it to the adjacent particles. Hence, by 
theorem II, these two forces lie in a straight line and are equal in 
magnitude. In Fig. 38, the particle a is acted on by Ti and the 
force which attaches it to the particle h. Likewise, the force 
joining & to c is equal to the force joining h to a (which, of coui'se, 
is equal and opposite to the force joining a to 6 by Newton's third 
law) and lies in the same straight line. Hence, the three particles 
a, 6, and c lie in the same straight line. Continuing step by step, 



abede 

Fig. 38. 


it is shown that all of the particles lie in the same straight line 
and that all of the forces between the adjacent particles are equal 
in magnitude to T\, The last particle, however, is acted on by a 
force Ti and a second force T 2 and, since it is in equilibrium, it 
must be true that 

Ti + T 2 = 0. 

From these relations is derived the definition: T'he tension of a 
string at any point is the magnitude of the force joining the adjacent 
particles at that point. If, therefore, a perfectly flexible weightless 
string if in equilibrium under the action of two non-vanishing 
forces at its extremities, then the string forms a straight line and is 
under the same tension throughout. It is convenient language to 
say that the string transmits the force unaltered. It will be 
shown in Sec. 118 that, if the string is bent around a convex sur- 
face that is perfectly smooth (that is, without friction), the force 
is transmitted unaltered as to magnitude. 

109. Elastic and Inelastic Strings. — There are two types of 
strings: the inelastic and the elastic. The length of an inelastic 
string is not altered by tension, and all chains are inelastic. This, 
of course, is merely a convenient fiction. All strings and chains 
will stretch under tension but, in case the stretch is so small as to 
be negligible, the chain or string is regarded as inelastic. Elastic 
strings alter their length perceptibly under tension. It is found 
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by experiment that, if the tension is not too great, Hookers law is 
very closely satisfied. 

Hookers Law. — The increase in length of an elastic string is 
proportional to its tension. The factor of proportionality, natu- 
rally, depends upon the particular string which is used. The 
natural length of a string is its length when its tension is zero, that 
is, its unstretched length. The modulus of elasticity of a string 
is the force required to double its natural length. 

If the natural length of a string is I and its stretched length is 
X, the amount of the stretch is a: — Z and, since the tension is pro- 
portional to the stretch, 

T = k(x- Z), 

where k is the factor of proportionality. If X is its modulus of 
elasticity, then 

X = k(2l - Z) = W, 

so that 
and therefore 


By means of this formula the value of the modulus of elasticity 
of a given string can be determined by experiments with small 
stretches. Many strings, indeed, would break before stretching 
to double their natural length. 

If X is very great the string is virtually inelastic. It will be 
observed that X has the same dimensions as a tension or force. 

110. Weight Suspended by Two Inelastic Strings. — A weight 
of ten pounds is suspended by two inelastic strings of lengths 
three and four feet, respectively. The strings are attached to 
two pegs in a horizontal line five feet apart. What are the ten- 
sions of the strings? 

Let A and B be the pegs and W the weight. In the triangle 
ABW, 

AB = 5 feet, AW = 3 feet, BW == 4 feet. 

Therefore, the angle at W is 90°. Denote the angle whose tan- 
gent is 3/4 by a = 36° 62', so that the angle at B is a. Then W 
is in equilibrium under the action of three forces, Ti, T 2 , and W, 
namely, the tensions of the two strings and its weight of ten 
pounds. The angle between T 2 and W is 90° + a, and the angle 
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between Ti and W is 180® — a. Hence, by Lamias theorem 
(Sec. 103), 

10 ^ Ti ^ 

sin 90® sin (90® + a) sin (180® - a)' 
from which is derived 

Ti = 10 cos a pounds = 8 pounds, 

3^2 = 10 sin a pounds = G pounds. 



Fio. 39. Fia. 40. 


111. Weight Suspended by Two Elastic Strings. — In the 
previous problem, the strings were inelastic. Now suppose that 
they are elastic with the same modulus of elasticity, X, equal to 
twenty pounds, that their natural lengths are three and four feet, 
that the weight of W is ten pounds, and that the distance between 
the pegs A and B is five feet. 

Since the pegs A and B are fixed, the position of W is deter- 
mined if the stretched lengths of the strings Xi and X 2 y or the 
angles opposite them, a 2 and ai are known. By Lamias theorem, 

Tj^ T 2 ^ . 

sin (90 + ai) sin (90 + ^ 2 ) sin (ai + a 2 )* 
by Hooke's law (Sec. 110), 

and finally, from the geometry of the triangle ABWy 

_xi _ ^2 _ 5 

sin sin a 2 sin {ai + ^ 2 ) 


These six equations determine the six unknowns ai, xi, X 2 y 
T\y and T 2 * After eliminating a?i, Ti, and T 2 , it is found that 
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It is not advisable to eliminate any further. If a reasonable 
guess is made as to the value of 0:2 and this value substituted 
in the first equation, it gives a value of ol\, and this value of 
substituted in the second equation gives a new value of 0 : 2 . 
Repeating the process with this new value of ^ 2 , a second value 
of O'] is obtained, and so on. The process arrives quickly at the 
solution 

ai = 48^^ 33', a2 = 64® 48'. 

Since 


10 cos a\ 
sin ( 0:1 + 0 : 2 ) 


10 cos ^2 
sin (oil + a 2 ) 


_ 5 sin ai 

^ sin (ai oi 2 ) 


sin (oji “h QJ 2 ) 


it is readily found that 


Ti = 7.21 pounds, Xi = 4.08 feet, 

T 2 = 4.64 pounds, X 2 = 4.93 feet. 


On comparing these results with the corresponding results of the 
preceding section, it is seen that the angle between Ti and T 2 
has diminished, as has also each of the tensions Ti and T 2 . 

Had the angle diminished to zero, the sum Ti + T 2 would, 
of course, have been equal to ten pounds. 


Problems VII 

1 . A weight of 100 lb. i.s .suspended by two ,string.s, earli of which makes 
an angle of 00° with the v(‘rtical. What are the tensions? Ans, 100 lb. 
each. 

2 . A weight W suspended by a string is pulled aside by a second hori- 
zontal string until the first string makes an angle 0 with the vertical. What 
are the tensions of the two strings? A ns. W sec 0 and W tan 0. 

3 . A rubber band is placed around three nails which are driven part way 
into a board at the vertices of an equilateral triangle of which the side i.s 
6 in. The natural length of the band is 12 in. and its modulus is 2 lb. If 
the tension of the band is everywhere the same, what is the pressure on each 
nail? Ans. \/3 lbs. 

4 . A weight of 100 lb. is suspended by two elastic strings of natural 
lengths 20 and 25 ft., modulus of elasticity 1000 lb., from two pegs in a 
horizontal line 40 ft. apart. Determine the conditions of equilibrium. How 
far is the weight below the line of the pegs? Ans. 13.91 ft.; Xi = 21.82; 

= 27.04; Tx = 90.95; T^ = 81.71; ai = 30° 57'; ^2 = 39° 36'. 

5. A weight W is suspended by three inelastic strings each of length I 
from the vertices of a horizontal equilateral triangle of which the sides arc 

/- I W 

SV3. What is the tension of each string? Ans, T = — , ~ .z =r~r .. • 
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112. Reaction of a Surface. — Imagine a body at rest upon a 
horizontal table. The body is maintained in equilibrium by the 
action of two forces, its weight W acting downward and the 
reaction of the table or the support of the table. Since the body 
is in equilibrium under the action of only two forces, these two 
forces lie in the same straight line, are equal in magnitude, and 
opposite in direction. Hence, the reaction of the table R is 
equal to the weight in magnitude and is directed upward. It 
will be observed that the table develops sufficient reaction to 
support the body (provided the body is not too heavy for the 
table) but nothing more. Actually, the table yields under the 
weight of the body, the amount of the yielding being propor- 
tional to the weight of* the body; but, the modulus of elasticity 
being very large, the amount of the yield is so small that for the 
present purposes it can be entirely ignored. 




113. Friction. — Imagine now that a string is attached to the 
body of Sec. 112 and that the string is pulled gently with a force 

P which is horizontal. If P is not 
too great the body still remains at 
rest, but it is now under the action 
of three forces, namely, P, W, and 
R. The weight W is, of course, 
unchanged, but the reaction of the 
table R, since it must satisfy Lami’s 
theorem, is not now normal to the 
table. It makes a certain angle a 
with the normal. It can be resolved into two components one of 
which, N, is normal to the table and is called the normal com- 
ponent, and the other, F, parallel to the table, is called the 
frictional component of the reaction. Evidently, sincp equilib- 



rium exists, 
and 


W + N = 0, 


tan (X 


F 

N 


P + F = 0, 

_ P 
\V 


If the magnitude of the pull P be increased gradually, the angle 
a will increase until it reaches a certain maximum value, which 
will be denoted by e and, if the pull be still further increased, 
the body will start into motion and the equilibrium is destroyed 
This maximum angle e which the reaction of the surface makr.^} 
with the normal to the surface is called the angle of friction. 
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Experiments show that the angle of friction depends only on the 
nature of the substances in contact. Within reasonable limits, 
it is independent of the areas in contact and of the normal 
pressures. 

Let 

tan € = fx 

for the sake of notation; then for any body which is just about 
to slip upon a given surface 

F 

where F is the magnitude of the frictional force parallel to the 
surface and N is the magnitude of the force normal to the surface. 
The quantity p is called the coefficient of friction. The following 
table gives some idea of its values: 


Coefficients of Friction 

Wood on wood, dry 0 . 25-0 . 50 

Metals on metals, dry. . . 0.15-0.20 

Metals on metals, wet . 0.30 

Hemp on oak, dry .... ...0.53 

Hemp on oak, wet 0.33 


Friction doubtless is due to the irregularities of the surfaces 
in contact. If the surfaces were smooth in the mathematical 
sense of the word, there would be no friction. Accordingly, 
when it is desired to exclude the action of friction it is said that 
bhe surfaces are smooth. When it is desired to include the action 
of friction the surfaces are said to be rough. 

The reaction of a smooth surface is always normal to the 
surface. 


114. Equilibrium on an Inclined Plane. — A body will remain 
at rest upon an inclined plane if, and only if, the inclination of 
the plane to the horizontal a is less than, or at 
most equal to, the angle of friction. 

Since the body is acted upon only by gravity 
and by the reaction of the pkne, these two 
forces lie in the same straight line and are equal 
in magnitude. The reaction R, therefore, 
makes an angle with the normal which also is 
equal to a. Since slippage can occur only if 
R makes an angle with the normal equal to or greater than the 
angle of friction, the body will remain at rest only if a ^ €. 



Fig. 42. 
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116. Breaking ttie Equilibrium with a Minimum Force. — 

A mass of weight W rests upon a rough horizontal plane. What 
is the magnitude aid direction of the smallest force that will 
just start it into morion? 

When the mass is in the point of slipping, the reaction of the 
surface R makes an angle c with the vertical. If the applied force 
P makes an angle 6 with the horizontal, Lamias theorem gives 
W _ P R 

sin (90° +'€ - ^) sin (180° - c) sin (90° + 6)' 
so that 

p _ W sin € 
cos (e — d) 

Since W and € are given numbers, P is a minimum when cos 
(e -- 0) is a maximum. Hence 0 = €, and the smallest force that 
will just move the mass is 

P = W sin €, 

its direction making an angle € with the horizontal. 


H 



Fig. 43 . Fig. 44 . 


116. A Ring on a Vertical Hoop. — A small ring, the weight of 
which is one ounce, is free to slide on a vertical, circular wire 
hoop of radius a, the angle of friction being 10°. It is attached 
to an elastic string which is fastened to the highest point of the 
hoop. The natural length of the string is the radius of the hoop, 
and its modulus of elasticity is seven ounces. Find the limiting 
positions of equilibrium of the ring on the hoop. 

The ring is in equilibrium under the action of three forces, 
viz.y its weight W, the tension of the string T, and the reaction of 
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the hoop R ; and, if the ring is on the point of slipping, R makes 
an angle of 10° with the normal to the hoop. In other positions 
of equilibrium, R makes an angle a with the normal which is 
less than 10°. 

Let 6 be the angle which the radius to ttie ring P makes with 
the radius to the highest point H, If the angle 6 is less than 60° 
the string does not act upon the ring, and, by Sec. 114, the ring 
is in equilibrium for any value of 6 less than 10°. There certainly 
is no position of equilibrium for 10° < 0 g 60°. For 9 > 60°, 
it is seen that the angles 

TR = ^ + — O', RW = TT — 0 + q:, WT = Itt + ^9, 


Then, by Lami’s theorem, 


cos ^9 




sin {9 — a) 


W 


cos (^9 — a) 

Also, by Hookers law for the tension of the stretched string, 

T =»= 7( ^ 1 = 7(2 sm - !)• 

On equating these two values of 3°, it is found that, since IF = 1, 
sin (9 — a) 


cos {1-9 — a) 


= 7(2 sin ^9 — 1) ; 


( 1 ) 


and, after solving this equation for a, there results 

cos ^9{7 — 12 sin ^9) 

an O' ~ Q _ 3 (1 — 4 sin |(9) 

This expression for tan a changes sign for 
9 = 2 sin”^ i = 29° approximately, 9 = 2 sin”^ J = 39°, 

9 = 2 sin“^ = 71° 22', and 9 = t. 


It is positive for 9 = 60°, vanishes if 0 = 2 sin“^ = 71° 22', 
and is negative for all values of 9 between 71° 22' and tt, which 
means that the reaction R lies on the opposite side of the normal. 
Lastly, it vanishes for 9 = tt. 

In order to find the points at which slippage is about to occur, it 
is necessary to set a = ± 10° and to solve for 9. For this pur- 
pose, it is better to take Eq. (1) in the form 

sin {9 — a) = ?(cos (\9 — a) — sin a)* 

For a = +10°, there is a single solution, namely, 9 = 69° 9'. 
For a = — 10°, there are two solutions, 9 = 74° 24' and 9 = 155° 
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48'. The ring will be in equilibrium, therefore, in the following 
intervals : 

0 g 0 < 10^ 69^^ 9' < 0 < 74^ 24', 155° 48' < 0 ^ 180°. 

In other intervals of this semicircle, equilibrium cannot exist. 
There are, of course, symmetrical intervals on the other half of 
the hoop. 

117 . Direction of Motion on an Inclined Plane. — A body at 
rest upon an inclined plane is acted upon by a force in the plane 
just large enough to start it into motion. In what direction docs 
the body start to move ? 

Let W be the weight of the body, T the tension of the string by 
which it is pulled, and R the reaction of the plane. Let a be the 



Fig. 45. 


inclination of the plane, d the angle which T makes with the line 
of greatest slope in the plane, and c the angle of friction, so that 
when the body is on the point of slipping R makes an angle equal 
to € with the normal to the plane. Since equilibrium exists, the 
three forces W, T, and R lie in a plane which since it passes 
through W is a vertical plane; but the normal to the inclined plane 
does not lie in it unless 0 is zero or tt. 

From the resolution of the three forces along the normal, it is 
found that 

li cos € — W cos ot. 

r.et Ri be the component of R in the inclined plane, so that 
R sin c = = Wix cos a, 

and let the angle which it makes with the line of greatest slope 
be denoted by w. Let Wi be the component of W in the inclined 
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plane; then Wi lies in the line of greatest slope pointing down the 
plane, and 

TTi = TF sin a. 


The three forces T, Wi, Ri lie in the inclined plane and are in 
equilibrium. Also 

WlRl = TT — 0), RiT = ^ + W, TWi = TT — 


Therefore, 

and 


Rx ^ Wx 
sin B sin (0 + w) 
P _ Wx si n B 
sin (B + co) 


T 

sin 0 ) 

= TF/i cos a; 


from which is derived 

sin (B + o))— tan a sin B. 

an equation which determines w if 0 is given. If an infinitesimal 
increment is made to T, slippage will occur in the direction 
opposite to Ri which is the frictional component: that is, the 
direction of the motion is o) + tt. 


118. The Friction of a Rope on a Curved Surface. — Imagine a 
rope or belt in contact with a rough cylindrical surface, not neces- 



sarily circular, with the coeflScient of friction /x. The tension on 
one end of the rope is greater than on the other and the rope is on 
the point of slipping. It is required to find the pressure of the 
rope upon the surface and the manner in which the change in the 
tension depends upon the coeflScient of friction. 

Let As be an element of the rope which subtends an angle AB 
at the center of curvature, with p as the radius of curvature. Let 
the tensions which act upon the two ends of As, due to the adja- 
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cent elements of the rope, be — T and T + AT, and let R be the 
reaction of the surface. If the rope is about to slip, R makes an 
angle c with the normal to the surface. Then < 


R 


T + AT 


sin (tt — Ad) 


sin ^90 + € + 2 ^^^ ^ “b 2 ^^) 


AT 


sin ^90 — € + ^A0^ — sin ^90 + € + 


or 


R 


AT 


sin {tt - AS) ^ . . 1 . - 

2 sin € sin ^A9 


On passing to the limit, these equations become 

R ^_T ^ 1 dT 

(is cos € sin € do 

Hence, 

dT 

T = To 

where To is the value of the tension where the rope first touches 
the surface and 6 is the angle through which the normal has 
turned from this point. It will be observed that this result is 
independent of the equation of the surface, although obviously 
the surface must be everywhere convex toward the rope. If ^ 
is zero, the tension of the rope is constant. 

If P is the normal pressure of the rope per unit length and N is 
the normal component of R, then 


N = R cos c = Pds, 


Hence, 

and therefore, 

that is, the pressure per unit length is directly proportional to the 
tension and inversely proportional to the radius of curvature. 


TdO == Pds, 



119. Effect of a Snubbing Post. — If a horse can pull 1500 pounds 
on a rope and a man can hold 100 pounds, and if ju = 1/4, how 
many times will it be necessary to wrap the rope around a snub- 
bing post in order that the man may be able to hold the horse? 
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On setting To = 100, T = 1500, and n = 1/4, in the formula 
for the tension, it is found that 

0 = 4 log,„. 15. 

= 10.8322 = 1.72 X 

The man will require at least one and three-fourths coils of the 
rope around the post. 


Problems VIII 

1 . How high can a bug crawl up the inside of a hemispherical bowl if his 
coefficient of friction with the bowl is 0.25? 

2 . If a man can exert a horizontal pull of 200 lb., how m\ieh of a vertical 
pull must a crane apply to a stone that weighs 1000 lb. before the man can 
move the stone, the coefficient of friction being 1/3? Aiis. 400 lb, 

3 . A body, resting on an inclined plane which makes an angle of 30° 
with the horizontal, is acted on by a horizontal force which is equal to the 
weight of the body. If the body is just on the point of slipping up the 
plane, what is the coefficient of friction? Arts, m = 2 — %/§. 

4 . A weight W is sustained on a smooth inclined plane by three forces 
in the same vertical plane, each equal to TV/3; one is directed toward the 
zenith, the second up the plane, and the third is horizontal. What is the 
inclination a of the plane? Ans, a = 2 tan”^ 1/2. 

5. A smooth pulley is placed at the edge of a horizontal table. To a 

weight W resting on the table is attached a string which passes over the 
pulley and supports a weight Wo Assuming that equilibrium exists and that 
the angle of friction is e, through what angle a can the table be tipped before 
W begins to slip? ot — € — sin~^ {w cos ^fW). 

6. Two weights TVi = 3 lb. and TV 2 = 5 lb. are tied to a small ring by 
means of inelastic strings and arc then placed upon a rough horizontal table 
for which ju = 0.25. When the strings are taut the angle between them is 
60°. A third string, on which the tension is T, is tied to the ring and its 
direction makes an angle a. with the bisector of the angle between the other 
two strings. What are the values of T and a if both weights are on the point 
of slipping? Ans. T = 7/4 = 1.75 lb.; sin a — 1/7; a = 8° 13'. 

7 . Two weights W 2 > Wi connected by a string rest on the surface of a 
smooth horizontal cylinder with the string on the surface of the cylinder in a 
plane perpendicular to its axis. Wliat angle does the chord joining the 
two weights make with the vertical if the length of the string is one-fourth 
of the circumference of the cylinder? Ans, 7r/4 + tan"*^ w^lwx, 

8. A body of weight W is sustained on a smooth inclined plane by two 
forces each equal to TV/2, one acting horizontally and the other along the 
plane. What is the inclination of the plane? Ans. ct == sin""^ 4/5. 

9 . A weight on a rough inclined plane is acted upon by a force directed 
up the plane, and is on the point of slipping down. If the angle of inclina- 
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tion 30° of the plane be doubled and the force also doubled, the w('ij>;ht is on 
th(‘ point of slipping upward. What is the cocdlicieiit of friction? 

Ans. M =(5V^ - 8)/ll. 

10 . The inclination of a smooth plane to the horizontal is a < 45°. 
If a horizontal force of magnitude T sustains a body on the inclined plane, 
what other force of magnitude T also will sustain it? Compare the reactions 
of the plane in the two cases. Ans, Ri/R^ — cos 2a. 

11 . Two weights are supported on a double inclined rough plane by means 
of a string which connects them, which passes over a smooth pulley in the 
ridge of the two planes and lies in a vertical plane pcrpendicjular to the ridge. 
The two weights are on the point of slipping. ShowThat if the planes are 
tipped through an angle 2e the weights again are on the point of slipping. 

12 . If the two planes in problem 11 make angles a and /3 with the hori- 
zontal, and if the two weights arc W\ and 1 ^ 2 , with W 2 on the point of slipping 
down, prove that the greatest weight that can be added to lOi without dis- 
turbing the equilibrium is 

sin (a 4- /i) sin 2€ 
sin (a — «) sm (fi — e) 

13 . A body is supported on a rough inclined plane by a force acting 
along it. If the least magnitude of the force, when the plane has an angle 
a with the horizontal, is equal to the greatest magnitude when the plane 
is inclined at an angle fi, show that the angle of friction is e = (a — /3) /2. 

14 . If, in problem 7, the string passes along the chord instead of along the 
surface and if this chord subtends an angle 2a at the center of the cylinder, 
the inclination of the chord 0 with the vertical is given by 


tan 0 


W 2 -f W i 
W2 — Wi 


cot a. 


16 . Two rings, each of weight Wiy are free to slide on a rough horizontal pole, 
the (;o(‘fficient of friction being ju. The rings are connc(;ted by a string of 
length I which supports a smooth ring of weight 2 m; 2. What is the greatest 
possible separation of the rings without sliding? Ans. 

^.2)m 

"s/iwi A- ^2)^ -f ^2^ 

16 . Two weights of different materials are laid on a rough plane, the 
inclination of which to the horizontal is a, and are connected by a taut 
string which makes an angle of 45° with the line of greatest slope of the 
plane. The lower weight is twice as heavy as the upper but the coefficient 
of friction of the upper weight, 2/i, is twice that of the lower. What is the 
value of /X if both weights are on the point of slipping? Ans. = a/S/S tan a. 

17 . Two rings of weights Wi and W 3 are connected by a string and slide 
on two fixed smooth wires in the same plane, the former of which is vertical 
and the latter inclined at an angle as with the horizontal. A weight W 2 is 
tied to the string and, when equilibrium is established, the two por- 
tions of the string make angles ai and a 2 with the vertical. Prove that 

cot ai cot a 2 cot otz 
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18. A heavy ring of weight w is free to slide on a smooth elliptic wire in a 
vertical plane. The eccentricity of the ellipse is and the major axis makes 
an angle a with the horizontal. A string fastened to the ring passes over 
a smooth peg at the center of the ellipse and supports a body also of weight 
w. Show that, when equilibrium is established, the angle tp which the tan- 
gent to the ellipse at the ring makes with the horizontal satisfies the equation 

tan (<p + a) - (1 — e^) tan ( 2<p + a). 

19. A small ring slides freely upon a smooth elliptical hoop which is in a 
vertical plane with the major axis horizontal. It is acted on by two forces 
¥i and F 2 directed toward the two foci and by Fo directed toward the center. 
Find the distance of the position of equilibrium from the center of the 
ellipse. Ans, 



20. A small ring slides freely upon a wire bent into a curve whose equation 
in bipolar coordinates is rir 2 = a, where a is a constant. It is acted upon 
by two forces which are directed toward the two poles and such that. 

and F 2 = -y 

ri Ti 

where is constant. Show that the ring is always in equilibrium. 

21. Two weights Wi and W2 connected along the surface by a string of 
length Ij rest upon the convex side of a smooth cycloidal cylinder, the radius 
of the generating circle of the cycloid being o. If d is the angle between the 
vertical and the radius of the generating circle which corresponds to the 
position of 1 ^ 2 , show that 

. r __ Wi I 
2 ® Wi + 'Wi ■ 4a' 

22. Two weights Wi and 1^2 rest on the concave side of a smooth parabola 

which has a horizontal axis, a vertical plane, and a latus rectum equal to 
4p. The two weights are connected by a string of length I • p which passes 
over a smooth peg at the focus. If 0 is the angle which the string to W i 
(the higher of the two weights) makes with the axis, and R = show 

that 

X In /i + 

23. A weight is tied to two strings of length h and h and the other ends 
of the strings are attached to two points not necessarily at the same level. 
If the weight hangs in equilibrium, the horizontal components of the two 
tensions are equal, say equal to H, If the lengths of the strings are varied 
in such a way that H remains constant, prove that the weight describes a 
parabola which passes through the two points of suspension and has its 
axis vertical. 



CHAPTER VIII 


STATICS OF RIGID BODIES 
I. THE DISPLACEMENTS OF RIGID BODIES 

120. Definition of a Rigid Body. — A rigid body is a body in 
which the mutual distances of the particles remain invariable 
for every system of forces which can be applied to the body. 

No physical body satisfies this definition. A rigid body in 
the mechanical sense is a mathematical fiction, which is con- 
venient for the reason that many physical bodies act sensibly 
like rigid bodies if the applied forces are not too great. Such 
bodies are ordinarily called rigid because the deformations which 
they undergo escape detection. In the present chapter it will 
be supposed that the bodies dealt with are rigid in the mechanical 
sense of the word, unless something to the contrary is stated. 

121. Definition of a Translation. — Suppose a fixed rectangular 
set of axes x, y, and z, which will be called a trihedron^ is given to 
which the motion of the rigid body is referred. Imagine a 
second trihedron f which is rigidly attached to the body 
with the axes f, 77 , and f parallel to the corresponding a;-, ?/-, and 
2 -axes of the trihedron of reference. 

If the body moves in such a way that the axes of the trihedron 
which is attached to the body are always parallel to the axes of 
reference, the motion is said to be a pure translation. It is 
characteristic of a pure translation that every particle of the 
body has the same velocity and the same acceleration as every 
other particle, the speeds and directions of motion being the 
same for all. The curves described by the particles form a 
system of parallel curves. 

122. Definition of a Rotation. — If a body moves in such a way 
that two of its particles remain fixed with respect to the trihedron 
of reference, its motion is one of pure rotation about an axis which 
passes through the two fixed particles. Evidently each of the 
particles of the body describes a circle about the axis of rotation^ 
the radius of the circle being equal to the perpendicular distance 

91 
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of the particle from the axis. The speeds of the particles are 
proportional to the radii of the circles which they describe. Only 
those particles which lie on the same straight line parallel to the 
axis of rotation have the same velocity. 

123. Displacements of a Rigid Body. — Any change of position 
of a rigid body is called a displacement. Any displacement of a 
rigid body can be effected by a pure translation and a pure rotation 
in infinitely many ways. 

In order to prove this statement, let 0 be any particle of the 
body and S a sphere of any convenient radius with 0 as its center. 
Let A and B be any two particles of the body which lie on the 
sphere S, It is sufficiently evident, without argument, that by a 
pure translation of the body the particle O can be brought from 

its first position into coincidence 
with its second position. After this 
translation has been effected, the 
particles A and B will occupy cer- 
tain positions upon the sphere S 
which will be denoted by Ai and Bi, 
In the second position of the body, 
they also lie on the sphere S in 
certain other positions which will 
be denoted by A 2 and ^ 2 . It 
remains to be shown that the par- 
ticles A and B can be brought simul- 
taneously from A I and to A 2 and B^ by a pure rotation about 
an axis which passes through the point O; for, if three non-collinear 
points of the body be brought into coincidence, then the entire 
body comes into coincidence with its second position. 

Pass a great circle through Ai and 5i, and a second great circle 
through A 2 and B^* Since the body is rigid, 

arc AiBi = arc A 2 B 2 . 

Pass a third great circle through the points Ai and A 2 , and a 
fourth through Bi and B^, Bisect the arc A 1 A 2 by a fifth great 
circle perpendicularly. Bisect the arc BxB^ by a sixth great 
circle perpendicularly. The fifth and sixth great circles intersect 
at a point C and in a second point Ci diametrically opposite to C, 
The diameter CCi which, of course, passes through 0 is the axis 
of rotation which is sought. Since C lies on the perpendicular 
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bisector of the arc 1^4.2, it is equally distant from Ai and A 2 , 
that is, 

arc AiC = arc A 2 C; 

similarly, 

arc BiC = arc B 2 C, 

Hence, the spherical triangles AiCBi and A 2 CB 2 are equal, since 
the three sides of the one are equal, respectively, to the three 
sides of the other. Consequently, if the body is rotated about 
the axis COCi through the angle A 1 CA 2 the point Ai will be 
brought into coincidence with A 2 and, since the triangle AiCBi 
equals the triangle A 2 CB 2 , the point Bi comes into coincidence 
with B 2 at the same time. Since three non-collinear points 
have been brought into coincidence with the corresponding 
points of the second position, the entire body has been brought 
into coincidence. Thus the given displacement has been effected 
by a pure translation and a pure rotation. Since the point O 
and also the path of translation were arbitrary, the displacement 
could be effected in infinitely many ways. 

124. Coplanar Displacements. — ^X^et A, /?, and C be three 
particles of a body lying in a plane tti but not in a straight line, 
and let D be a fourth particle in a plane t 2 parallel to tti. If the 
displacement is of such a nature that Ay By and C continue to lie 
in the plane tti and D in the plane 7r2, then the displacement is 
said to be coplanar; and if during a state of motion the points .4, By 
and C continue to lie in the plane tti, the motion is said to be 
coplanar. 

A coplanar displacemem can always be effected by a pure 
rotation without translation and, furthermore, there is but one 
way in which it can be done. The axis of rotation will not, in 
general, lie within the body; it may even recede to infinity, in 
which case the rotation degenerates into a pure translation. 
This shows that a translation can be regarded as a rotation about 
an infinitely distant axis. 

The proof is so similar to the proof for rotation in the preceding 
section that it will be left to the student. 

126. The Transmissibility of Force. — In Sec. 108, it was shown 
that a string in equilibrium can be regarded as transmitting a 
force from one end to the other unaltered, since each particle 
is in equilibrium under the action of two forces only, and there- 
fore the force acting on the last particle is the same as that acting 
on the first. 
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Other particles can be attached to the string without altering 
the equilibrium or the two forces acting on its extremities. In 
fact, as many as is desired can be added. Thus a body of finite 
width and thickness can be built up which continues in equilibrium 
and which transmits the force just as the string did, but it is 
not possible to analyse the forces acting on the individual 

particles. As the proof cannot be 
made precise at this point, the validity 
of the statement, a rigid body acted on 
by two equal and opposite forces in the 
same straight line is in equilibrium^ must be assumed. This is 
commonly known as the principle of the transmissibility of force. 
It is evident that it makes no difference at what points in the line 
the forces are applied. It is essential, however, that the two 
forces shall lie in the same straight line, and that they shall bo 
equal and opposite. 



126. Theorem I. — Two forces Fj and F 2 tn the same plane and 
such that 


Fi + F 2 7*^ 0, 


acting at the points A and B of a rigid body^ are equivalent to a 
single force 

F = Fi + F2, 


which lies in the same plane and which has a certain definite line 
of action. 



Fig. 49. 


Let Fi and F 2 act at the points A and J5, respectively. Let 
their line of action be continued until they intersect in the point 
C, Let two pairs of equal but opposite forces Fi and — Fi and 
F 2 and — F 2 be introduced at C, These forces will have no effect 
upon the particle at C and, therefore, no effect upon the rigid 
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body. By the principle of the transmissibility of force, the body 
is in equilibrium under the actions of the two forces Fi acting 
at A and ~Fi acting at C; and also in equilibrium under the 
actions of F2 acting at B and ~-F2 acting at C. There remain 
then the forces Fi and F2 acting on the particle at C, But Fi 
and F2 acting on a particle are equivalent to their resultant 

F = Fi + F2 

acting on the same particle. 

Now let the forces — F and +F be introduced at the points 
C and Z), respectively, where D is any point in the line of F 
through C, The introduction of these forces will have no effect 
upon the body. The forces F and — F acting at C are in equilib- 
rium, and there remains only the force F acting at the point D. 



Fig. 60. 


F acting at D, therefore, is equivalent to Fi and F2 acting at A 
and By respectively. The force F and the line in which it acts 
is uniquely determined, but the particular point of that line at 
which it is applied is not material. 

If the lines of action of Fi and F2 were parallel, the point C 
would not exist. This difficulty is avoided by introducing two 
forces F3 and — F3 acting at B and A, respectively, in the line 
AB (Fig. 50). Now Fi — F3 = Ri acting at Ay and F2 -h F3 = 
R2 acting at By so that, the system of forces Fi and F2 acting at 
A and B, respectively, is equivalent to the system Ri and R2 
acting at the same points. But, if 

Fi + F2 7*^ 0, then Ri + R2 0. 

The lines of action of Ri and R2 intersect at some point C, and the 
forces Ri and R2 can be slid along their lines of action to the point 
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C, Let F be their resultant acting at C. Then F is the equivalent 
of the original pair of forces Fi and F2 acting at A and By respec- 
tively. F urtherinore, 

F = Ri + R2 = (Fi — F3) + (F2 + F3) = Fi + F2 

and, since Fi and F2 are parallel to each other, F likewise is parallel 
to each of them. Therefore, 

F I A- F2, or F = \Fi - F2I, 

according as Fi and F2 have the same or opposite directions, where 
[Fi — F2I means the numerical value of the difference. 

If D is the point where the line of F intersects the line ABy and 
if Fi and F2 have the same direction, the point D will lie between A 
and By and 

Fi 

But if Fi and F2 have opposite directions the point D lies outside 
of the interval AB. 

127. Theorem II. — The n forces Fi, F2, • • •, Fn in the same 
plane and such that 

Fi + F 2 + • • • + Fn 0, 

acting at the points ^1, ^4.2, * • A^ respectively , of a rigid body, 

are equivalent to a single force 

F = Fj -j- Fg + * • * + Fn 

which lies in the same plane and has a certain definite line of action. 
This theorem is a generalization of theorem I which is immedi- 
ately apparent. By combining any two of the forces into a single 
one, the number of forces is reduced from n to n — 1 and a repe- 
tition of the process leads eventually to a single force with a definite 
line of action. 

If the forces are all parallel, the resulting single force will be 
parallel to the original system of forces and its magnitude will 
be the sum, in the algebraic sense, of the magnitudes of the 
original forces. 

128. The Equivalent of a System of Coplanar Forces — Graph- 
ical Construction. — I^et the plane system of forces Fi, F2, • • • , 
Fs be acting upon a rigid body along lines as indicated in Fig. 51. 
It is desired to find the single force F and its line of action which 
is the equivalent of the given system. The resultant force F is 
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obtained by constructing the polygon of forces (magnified in the 
ratio 1:2 in the diagram), that is, by placing the vectors end to 
end and then joining the origin of the first vector to the terminus 
of the last. 

In order to obtain the line of action of F, take any point O in 
the plane of the polygon of forces and join it to each of the vertices 
of the polygon. Let these lines be regarded as vectors with ori- 
gins at the point 0 and termini at the vertices of the polygon. 



Fig. 51 . 


Let the vector to the origin of Fi be Gi, to the origin of F2 be 
G21 and so on, the last one Ge being drawn to the terminus 
of Fs. Then the following relations are evident from the closed 
triangles: 


Gi + Fi — G2 = 0, G4 + F4 — G5 = 0,1 

G2 + F2 -* G3 = 0, G5 + F5 — Ge = 0, > (1) 

G3 d" F3 — G4 = 0 , Ge — F — Gi = O.j 

Through any point A of the rigid body on the line of action of 
Fi, draw a line parallel to Gi and also draw a line parallel to G2. 
Let the intersection of this second line with the line of action of 
F2 be B, From B draw a line parallel to G3 intersecting the line 
of action of F3 at C. Let this process be continued until finally 
the line parallel to Ge intersects the line parallel to Gi at a point 
H, Then the line of action of the equivalent force F passes 
through H, 
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To prove this, let the forces —Gi and +Gi be introduced at 
H and A, respectively; —G2 and +G2 at A and —Gs and+Gs 
at B and C; and so on, until finally — Ge and +G 6 are introduced 
at E and JT, respectively. The forces thus introduced have no 
effect on the rigid body, since they occur in pairs which are equal 
and opposite and lie in the same straight line. But since, by Eq. 
( 1 ), 

Gi ■+■ Fi ~ G 2 = 0, 

the forces acting at A are in equilibrium; and likewise those at 
B, C, /), and E are in equilibrium. Only at the point H are the 
forces not in equilibrium; and since, by the last equation of Eq. 
( 1 ), 

Gc - Gi = F, 

the given system of forces Fi, F2, • • • , Fs are equivalent to the 
single force F acting at H. 

129. The Center of Gravity. — The attraction of the earth acts 
upon each particle of a body with a force 

W = mg, 

where m is the mass of the particle and g is the acceleration of 
gravity which is the same for all particles. The line of action of 
the equivalent single force is sought. 

Let mi and m2 be the masses of two particles at A and 
By respectively, and let Wi and W2 be their weights. Let P be 
the point on the line AB through which passes the line of action 
of the equivalent single force Wi + W2. 
Then, by Sec. 126 , 

AP _ IE2 __ m2 
PB ~ W\ “ m? 

It will be observed that the position of the 
point P is independent of the direction of g. 
It depends only upon the ratio of the masses. 
Let 0^1, ?/i, and Zi be the coordinates of the point A; X2y ^2, and 
Z2 the coordinates of B; and x, y, and z the coordinates of P, Let 
X, )Lt, and V be the angles which the line AB makes with the x-. 
?/-, and ;3-axes, respectively. Then 

AP __ AJP • cos X _ X — x \ _ m2 
BP^ W ^2 - x~ mi 



Fig. 52 . 
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and, on solving for x, 

miXi + W2X2, 

mi + m2 ' 

rn\yi + 'm^2^ q ) 

mi + m2 I ^ 

rriiZi + m 2 g 2 

mi + m2 

Let the single force Wi + W2 acting at the point P be combined 
with the weight W3 of a third particle of mass m3 and coordinates 
X3, 2/3, and 2:3. It is not necessary to repeat the argument since 
Eq. (1) is now available. Thus, it is found for three particles that 


X = 

similarly, y = 

z = 


/ , X miXi + 1712X2 , 


(mi + m2) + mj 
M\Xi + 1712X2 + mjXs, 
till + m2 + m3 ' 


and similar expressions for y and z. 

By mathematical induction, it is found in general that 



_ miXi + m2X2 + • 

* • “h ITlnPCn 

UniiXi 

X 

mi m 2 * • 

• 4- 

Sm^ 


_ mi2/i + m22/2 + • 

• • + mny„ _ 

_ UmiVi^ 

y 

mi + m 2 + • • 

“H Wn 

Sm^ 


_ miZi + m2Z2 + • 

■ • + ninZn . 

l^miZi 


mi + m 2 + • • 

■ +m„ 

^mi 


The point whose coordinates are x, y, and z is called the center of 
gravity of the body. It will be observed that it is independent of 
the direction of gravity. It is also the centroid of the points Xt, 
?/i, and Zi for the weighting factors m*-, (Sec. 21) and is therefore a 
fixed point of the body which is independent of the coordi- 
nate system. It is also called the center of mass. 

However the body may be oriented the line of action of the 
equivalent single force passes through the center of gravity, and the 
magnitude of the equivalent force is the weight of the body. It 
is for this reason that it is said that the weight of a rigid body 
acts at tts center of gravity. 


130. Theorem III . — The work done in raising a rigid body 
against gravity is equal to the weight of the body multiplied by the 
height through which its center of gravity is raised. 
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Let rrii be the mass of the ^th particle, /ii its height before the 
body is raised, and hi* its height after the body has been raised. 
Since no work is done upon the particle against gravity by a hori- 
zontal displacement, the total work done upon the particle is 
niigQii* — hi). The work done on the whole body is the sum of 
the work done on the separate particles. Hence, 

total work —^tnig(hi* — hi), 

= gC^mhi* - 
= g{MH* - Mil), 

= W(H* - H), 

where 

M — ^nii = total mass, 

W = Mg — total weight, 

H* = height of center of gravity after raising, 
and H = height of center of gravity before raising. 

It will be observed that the property of rigidity was not used 
in the demonstration. The theorem holds, therefore for bodies 
or systems of bodies that are not rigid. 

Since the work done in raising a body from one position to 
another is the potential energy of the body in the second position 
with respect to the first (Sec. 68), it follows that the potential 
energy of a body, whose center of gravity is at a height h above 
the ground and whose weight is w, is wh with respect to the 
ground. 


Problems IX 

1 . A light rod, which passes through the centers of spheres of weights 
of 1, 2, 3, 4, and 5 lb., the distances of the centers being 1, 2, 3, 4, and 5 ft. 
from the end of the rod, is supported in a horizontal position by a singh' 
string. Where is the string attached to the rod, and what is its tension? 
Ans. 3 2/3 ft. from end of rod; 15 lb. 

2 . A uniform bar 5 ft. long weighing 120 lb. rests on two supports which 
are 10 and 20 in. from the ends of the bar. How much weight does each 
support carry? Ans, 40 and 80 lb. 

3 . A 30-lb. weight is placed on the end of the bar which has the closest 
support in problem 2. What are the weights now carried by each support? 
Ans. 80 and 70 lb. 

4 . A uniform bar 4 ft. long weighs 10 lb., and weights of 30 and 40 lb. 
are attached to its two extremities. At what point must the bar be sup- 
ported in order that it may balance? Ans. 3 in. from the center. 
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6 . A bar, each foot of which weighs 7 lb. rests upon a fulcrum 3 ft. from 
one extremity. What must be its length in order that a weight of 71 1/2 
lb. suspended from that extremity may be just balanced by 20 lb. sus- 
pended from the other? Ans, 9 ft. 

6 . Equal parallel forces act at five of the corners of a regular hexagon 
whose diagonal is a. Show that the equivalent single force cuts the diag- 
onal through the sixth corner at a distance of 3a/5 from the corner. 

7. A 10 ft. bar weighing 30 lb. rests on two supports which are 1 
and 3 ft. from the ends of the bar. A string attached to the bar is pulled 
verti(;ally ui)ward until the supports each carry 12 lb. Where is the string 
tied and what is its tension? Ans. 1 ft. from end of bar; 6 lb. 

8 . A square plate of side 1 ft. cannot be placed upon three pegs at the 
three corners of an equilateral triangle of side 1 ft. so as to distribute its 
weight equally upon the three pegs. Show that the best that can be done is 
to distribute the wciglit in tlic ratios 

111 1 

Wi:w2:w3::—r : — >:! 7 -. 

2V3 2V3 \/3 

9 . A uniform chain passes over a pulley in the ridge formed by two 
smooth planes which make angles a and ^ with the horizontal. Prove that 
the chain will remain at rest if its two ends are on the same level. 

10 . The length of the beam of a false balance is 3 ft. 9 in. A body placeil 
in one pan balances a 9-lb. weight in the other; but, when placed in the 
other, it balances a 4-lb. weight. Find the true weight w of the body and 
the lengths a and h of the arms. Ans, u; = 6 lb.; a = 1 1/2 ft.; 6 = 
2 1/4 ft. 

11 . If a balance is false, having its arms in the ratio of 15: 16, find how 
much a customer really pays for an article which is sold to him from the 
longer arm at 75 cts. per pound. Ans, 80 cts. 

12 . A heavy horizontal plate is supported by live strings attached to the 
plate at points whose coordinates are —1, +1; -fl, -j-l; -fl, —1) —1, — 1; 
and 0, 0. The tensions in the strings are, respectively, 6, 7, 8, 9, and 10 lb. 
Where is the center of gravity of the plate? Ans. x = 0; y = —1/10. 

II. MOMENTS OF VECTORS 

131. The Concept of Moments. — If a force acts upon a 
particle, the only motion that can occur is a translation. The 
measure of the force is the product of mass of the particle and its 
acceleration. If, however, a force acts upon a rigid body, it 
may result in a translation, or in a translation and a rotation. 
If merely a translation occurs, the force is measured by the 
product of the mass of the rigid body and its acceleration, just 
as for a particle. If a rotation also occurs, the matter is some- 
what more complicated and the concept of moments is required 
for its study. 
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132. The Moment of a Vector with Respect to a Point. — The 

moment of a vector with respect to a point is the product of the 
magnitude of the vector and the perpendicular distance from 
the point to the line of the vector. 

Let the plane which passes through the vector and the point 
be taken as the a;?/-plane, with the point 0 as the origin of a rec- 
tangular set of coordinates. 

In Fig. 53, let F be the vector, O 
the given point, and p the perpendic- 
ular from 0 to the line of F. Then 
the moment of F with respect to 0 is 
p-Fj taken positively or negatively 
according as F indicates positive or 
negative motion about the point O. 
Since p is the altitude and F is the 
base of the triangle defined by the 
vector F and the point O, the produc t, 
p-F is tw ic e the area o f this triangle. Let 0-F denote the 
area of the triangle. Then 

moment = 2* 0-F. 

The moment vanishes if the vector vanishes, or if the line of the 
vector passes through 0, that is, if p vanishes. 

If the origin of F is at the point x, y and 6 is the angle between 
F and the positive direction of the x-axis, then 

p = X sin ^ — 2 / cos 0; 
for 

OB = X sin dj AB = CD = y cos 0, p = OB — AB. 
Hence, 

P'F = xF sin 0 — 2 /^ cos 
or p-F = xFy — yFxj 

from which it is seen that the moment of a vector is the algebraic 
sum of the moments of its components; for in the diagram it is 
seen that the moments of F and 'Ey are positive with respect to 
0, while the moment of F^. is negative. 

133. The Moment of a Vector is Itself a Vector. — On the line 
through 0 perpendicular to the plane which contains the vector F 
and the point 0, mark off a distance equal to p - F in the positive 
direction from 0, if F is directed counterclockwise with respect 
to 0, and in the negative direction, if F is directed clockwise 
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with respect to 0. The directed line thus indicated (M, Fig. 54) 
represents in magnitude and direction the moment of F with 
respect to 0. 

In vector analysis, the vector product of two vectors A and 
B (Sec. 55) is defined as a vector C perpendicular to the plane 
which contains A and B and in magnitude 

C = A • B • sin d, 

where d is the angle between A and B. The vector product is 
written 

C = A X B = -B X A^ (1) 


The vector C is in the positive direction if the angle d{ < 180°) 
measured from A to B is counterclockwise, otherwise it is in the 
negative direction. This accounts for the negative sign in 



Fig. 54 . Fig. 55 . Fig. 56 . 


Eq. (1), since the angle from B to A is opposite in direction from 
the same angle measured from A to B. 

Given a vector F and a point 0 (Fig. 56). From 0 as an origin 
draw P, any vector terminating in the line of F. The moment 
of F with respect to 0 is 

M = P X F, 

since M is perpendicular to the plane of P and F and the magni- 
tude of P X F is P • F • sin ^ • F {P sin d = p), 

134. The Moment of a Vector with Respect to an Axis. — The 

moment of a vector with respect to an axis on which has been 
chosen a positive direction is the projection on that axis of the 
moment of the given vector with respect to any point of the axis. 
It is necessary, however, to show that the moment so defined is 
independent of the point chosen. 

Let L be the given axis and F the given vector. Let 0 be any 
point on L and G the moment of F with respect to 0. Let M 
be the projection of G on L. Then M is the moment of F with 
respect to L. 
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In order to prove that M is independent of the position of the 
point 0, let Pi be the plane through 0 which contains the vector 
F and let P 2 be the plane through 0 perpendicular to L. Let 
the angle of inclination between Pi and P 2 be 6; then 0 is also the 
angle between G and M, since they are perpendicular to Pi 
and P 2 , respectively. 



Let J be the projection of F on P 2 . The area of the triangle 
0-J is independent of the position of 0 on L, But, by the pro- 
jection of areas, 

20-J = 20-F • cos 0 
— G • cos 6 
= M 

and, therefore, M also is independent of the position of the point 

0 . 

Let V be the angle between the axis L and the line of F, and 
let d be the shortest line between L and the line of F. Then 

J = F • Bin V. 

The projection of d upon the plane P 2 is d itself, since d and P 2 
are both perpendicular to L. Hence, 

20-J = M = d- J = P-d-sin j/, 

and it is seen that the moment of a vector with respect to an axis 
vanishes if, and only if, the vector itself vanishes, intersects the 
axis, or is parallel to the axis. 



134] 


STATICS OF RIGID BODIES 


105 


If the vector F is resolved into its three rectangular com- 
ponents, it is readily proved that the moment of F with respect 
to an axis is the vector sum of the moments of its components 
with respect to the same axis. 

136. The Moment of a Force. — It is shown in dynamics, as a 
consequence of the laws of motion, that the rate of change of 
angular momentum is equal to the sum of the moments of the forces 
acting; or, in simpler language, the moment of a force with respect 
to an axis measures the effectiveness of the force in producing 
rotation. It cannot be proved here, and it must therefore be 
assumed. 

It can be illustrated, however, very simply. Imagine a capstan 
with an arm of length a. At the end of the arm a force F is 
acting in some direction. Let F be resolved into three rectangu- 
lar components; one, Fj; along the 
arm; the second, Fj, perpendicular 
to the plane which contains the arm 
and the axis of rotation; the third, 

Fz parallel to the axis of rotation. 

The moment of F is equal to the 
vector sum of the moments of its 
components. The moment of F^; is 
zero, since its line of action passes 
through the axis of rotation. It is 
also obvious that Fx is a mere pull 
(or push) on the arm and has no effect in turning the capstan. 
The moment of F^ also is zero, .since it is parallel to the axis. 
The force F^ itself is a pull, up or down, on the end of the arm 
and evidently has no tendency to produce rotation. The only 
component which has any effect in producing rotation is Fy 
which is perpendicular to the plane through the axis of rotation 
and the point of application of the force. For a given length of 
arm, the turning effect is proportional to Fy\ and a given Fy is 
more effective in producing rotation the longer the arm on which 
it works (the principle of the lever). That is to say, the product 
a • Fy measures the tendency of F to produce rotation, and a • Fy 
is precisely the moment of F with respect to the axis of rotation. 

136. The Wheel and Axle. — A large wheel of radius Ri is 
attached to an axle of radius R2 with the axis of the axle passing 
through the center of the wheel. At the end of a rope which is 
wound about the axle is suspended a weight W2. Likewise, a 
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weight is suspended from a rope which passes over the circum- 
ference of the wheel and is attached to it. The apparatus is 
supported by two horizontal pivots on the axis of the axle about 
which it is free to turn. The pivots are supposed to be friction- 
less and the ropes of negligible weight. Under what conditions 
will it be in equilibrium? 

As represented in Fig. 59, the moment of 
the weight Wi with respect to the axis of 
rotation is R^W i and, if not opposed, would 
produce a counterclockwise rotation of the 
wheel and axle. The moment of the other 
weight is 7^21^2 and this would produce a 
clockwise rotation. The only other forces 
acting are the weight of the wheel and axle 
and the support of the pivots but, as their 
lines of action pass through the axis, they 
have no effect on the rotation. The condition for equilibrium 
is, therefore, 

RiWi - R^W^y 

that is, the two opposing moments must be equal. If this con- 
dition is not satisfied, the wheel and axle will rotate in the direc- 
tion of the larger moment. The smaller weight may actually 
make the larger weight rise. 

137. A Horizontal Bar. — A uniform bar AB of weight W 
moves freely about the end 5 as on a hinge. It is supported 
in a horizonal position by a string AC which 
makes an angle of 45° with it. Find the ten- 
sion in the string. 

The bar is prevented from turning about B 
by two forces, the tension of the string T and 
the weight of the bar W. Let the length of the 
bar be 21, The moment of W with respect to 
B is Z • IF, since the weight of the bar acts at its 
center. The moment of T with respect to B 
is p • r and p = y/2l. The reaction of the wall 
on the bar passes through B so that its moment is zero. There 
are no other forces acting on the bar and, therefore, since the 
bar is in equilibrium, 

y/2l-T = l-W, or T = 

V2 
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138. A Three-legged Table. — The legs of a table are at the 
corners of an equilateral triangle. If a weight W is placed upon 
the table in a given position, what fraction of its weight is carried 
by each leg? 

Let ABC be the equilateral triangle, of which each side is S, 
and let the position of W on the table be given by the lengths 


of the perpendiculars to the 
three sides of the triangle />«, 
Pbt and Pc. 

The table is in equilibrium 
without the weight W and it is 
also in equilibrium with the 
weight resting on it. The top 
of the table, therefore, is in 
equilibrium under the weight of 
Wj W, and the reaction of the 
three legs Ra, Rt, and R^, due to 
Wj which are equal and oppo- 
site to the fractional part of 
the weight of W which each 
supports. On taking moments 
about the line BCj Rb and Rc 
are eliminated, since their mom 
ing forces give 



Pa*W= Ra 


2 


Also, pb-W = Rb ■ 

and Pe W = Rc • 


by taking moments about AC and AB^ respectively. Hence, 

RaIRb^Rc = Pa’.PbiPcj 
together with Ra + Rb + Rc == W 
and Pa + Vb + Vc = Sy/Z/2, 

If a fourth leg were fitted into the table somewhere, it is evident 
that this fourth leg might be made to carry no weight at all, or 
that one of the other three legs might be made to carry no weight 
at all, or that any other distribution of weight between these 
extremes might be made. The problem of a rigid table with 
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four legs is therefore indeterminate. The problem becomes 
determinate only when the table is deformable and this requires 
that certain properties of the particular table used shall be known, 
a very difficult condition, in general. 

Problems X 

1 . A wheel, which is free to turn about a horizontal axis, has a weight of 
2 lb. attached to the end of a spoke which makes an angle of G0° with the 
horizontal. What weight must be attached to the end of a horizontal spoke 
to keep the wheel in equilibrium? 

2 . Two men walking 10 ft. apart carry a 200-lb. weight suspended from 
a pole which they carry on their shoulders. If the weight is 4 ft. from one 
of the men, how much weight does each man carry? 

3 . A table of negligible weight has any number of legs, which are not 
necessarily vertical. How can a weight be placed on the table so that the 
table will tip? 

4 . The two ropes of a wheel and axle are tied together below tlic axle and 
a 'weight is tied to them. Show that, in equilibrium, the weight is directly 
below the axle. 

6. A plank of negligible weight rests on a rough horizontal log of radius a 
which is fixed. Two persons of weight Wi and W 2 , Wi < W 2 , 15 ft. apart, are 
sitting on the plank which is just on the point of slipping. Wliat is th(j 
inclination of the plank, and how far is ea(;h person from the point of con- 
tact of the plank with the log? How far must Wi move back in order that tlie 
plank may be horizontal ? Ans. a^w^/ W\ ft. 

6. AJ5 is a lever and C is its fulcrum. Two forces Fa and Fb in the same 

plane act on the ends of the lever, making angles a and ( > 90°) witli the 

lever. The reaction of the fulcrum on the lever makes an angle 0 with the 

lever, show that, in equilibrium 

. ^ Fa sin a + Fb sin ^ 

tan 0 = V, — — — ^ 

Fa cos a — Fb cos jS 

7 . Given two axles of the same diameter and their wheels which are pro- 
vided with cogs. The first wheel has 60 cogs, the second 40 and they are in 
gear. If the first axle supports 160 lb., what must the second support? 
What effect will it have if a small pinion of 10 cogs is placed between the two 
wheels? Ans. 106 2/3 lbs. 

8. A uniform bar 10 ft. long weighing 100 lb. is supported by two pegs 
1 ft. apart, the end of the bar being just under one peg A and the bar pass- 
ing over the other B. What is the reaction of each peg? Ans, Fa — 400 
lb.; Fb = 5001b. 


III. THEOREMS RELATING TO COUPLES 

139. Couples. — A system of two forces Fi and F2 not lying in 
the same straight line but such that Fi + F2 = 0 is called a couple. 
The two forces are parallel and equal in magnitude but oppositely 
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directed. The perpendicular distance between the two parallel 
lines of the forces is called the ami of the cou'plc. A couple can- 
not be reduced to a single force as are other systems; for if, in the 
discussion of parallel forces under theorem I (Sec. 126), F 2 is 
set equal to — Fi, it results that R 2 = —Ri,* their lines of action 
are still parallel and, therefore, do not intersect. The artifice 
of introducing two forces Fa and — F 3 in the same straight line 
does not succeed. The diffi- 


culty is a real one and cannot 
be avoided by artifices. 

To show this, let Fi and 
F 2 be parallel and oppositely 
directed, and let 



F 2 = + F, 


P'lG. 02. 


where F is small. Then, by theorem I, the resulting single force 
is F and its line of action is parallel to those of Fi and F 2 , inter- 
secting the line AB at the point D (Fig. 62). If Fi remains fixed 
and F 2 diminishes in magnitude so that F tends toward zero, its 
line of action remaining unaltered, the point C recedes to infinity 
along the line AC and the point D also recedes to infinity along 
the line AD, In the limit, ior F — 0, the resultant force F also 
is zero but the arm on which it acts is infinitely long, so that its 
moment with respect to any finite point is not determined. 


140. Theorem IV . — Ilie moment of a couple with respect to 



Fig. 63. 


any axis perpendicular to its plane 
is independent of the position of 
the axis. 

Let Fi and F 2 be the two forces 
of the couple, and let a be its 
arm. The moment of the couple 


with respect to any point P is 


PQ2 • F2 - PQi • Fi = Fr(PQ2 ~ PQi) 

= a - Fi] 

and this result is true even if the point P lies between the two par- 
allel lines. The following theorem, then, holds: 


141. Theorem V . — The moment of a couple is the product of the 
common magnitude of the forces and the perpendicular distance 
between them. 
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The moment is positive if the sense of the couple is counter- 
clockwise; negative, if it is clockwise. This is most easily tested 
by imagining the arm of the couple to be a rigid bar pivoted at its 
center and the vectors to represent the velocity of its ends. If the 
bar is rotating counterclockwise the sense of the rotation (and, 
therefore, also the sense of the couple) is positive. If the sense of 
the rotation is clockwise the moment of the couple is negative. 

142 , Theorem VI. — Two couples which act in the same plane and 
which have the same moment are equivalent. 

This statement will be proved by showing that if one of the 
couples is reversed the resulting system of two couples is in 
equilibrium. 

Let Ai and A2 be the lines of action of the forces Fi and F2 of 
the first couple, and Li and be the lines of action of the second 



\ 

Fig. 64. 


couple reversed Gi and G2. Slide the forces of the couples along 
their lines to the points of intersection with the lines of action of 
the other couple, as represented in Fig. 64 . This is possible by 
the principle of the transmissibility of force. After this is done, 
Fi and Gi act upon the same particle and F2 and G2 act on the 
same particle. 

Let 


Then 


Ri = Fi + Gi, R2 = F2 + G2. 


Ri + R2 = Fi + F2 + Gi + G2 = 0 , 


which shows that Ri and R2 are equal and opposite. It remains 
to be shown that they act in the same straight line. 
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Since the couples have the same moments, 

P2P1 = PiFi, or 

Cri Pi 

The lines Li, L2, Ai, and A2 form a parallelogram abed in which 

ad _ P2 _ Fi 
dc pi Gi 

Since the corresponding angles also arc equal, it follows that the 
parallelogram abed is similar to the parallelograms of wliich Fi, 
Gi and F2, G2 are the sides. The straight line which contains 
the diagonal bdy therefore, also contains the diagonals of the 
parallelograms FiGi and F2G2. Hence, Ri and R2 lie in the same 
straight line and the system of forces is in equilibrium. Q.E.D, 
It follows that a couple which is acting in a plane can be repre- 
sented by any pair of equal and opposite forces in the plane pro- 
vided the perpendicular distance between their lines of action is 
such that the product p • F is equal to the moment of the given 
couple and the sense of rotation is preserved. 

143 , Theorem VII . — Two couples which act in parallel planes 
and which have the same moment are equivalent 



As before, one of the couples will be reversed, and it will then 
be shown that the system of two couples is in equilibrium. Let 
Fi and F2 be the first couple acting in the plane Pi, and Gi and G2 
be the second couple reversed, acting in the parallel plane P2. 
Let P3 be a plane perpendicular to Pi and P2. Let Fi and F2 be 
parallel to the intersection of Pi and P3 and at equal distances 
from it. Likewise, let Gi and G2 be parallel to the intersection of 
P2 and P3 and at equal distances from it. Furthermore, let Pi 
= F2 = Gi — (72, so that the perpendicular distance between Fi 
and F2 is equal to the perpendicular distance between Gi and G2. 
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Let the origin of Fi and Gi lie in a plane which is perpendicular to 
Ph P2y and Ps] and also the origin of F2 and G2, as in Fig. 65. 
This arrangement is possible by theorem VI. Then Fi and Gi 
can be replaced by the single force Ri, and F2 and G2 can 
be replaced by the single force R2. It is evident that 

Ri + R2 = 0, 

and that each of them lies in the plane P3 and also in a plane par- 
allel to Pi and P2 and halfway between them. They, therefore, 
lie in the same straight line and form a system in equilibrium. 
Consequently, the two couples are in equilibrium. 

144. Geometric Representation of a Couple. — It is interesting 
to notice that a couple can be represented by a directed segment of 
a straight line. The axis of a couple is any line perpendicular to 
the plane of the couple. If a segment of the axis of the couple 
be taken equal in length to the moment of the couple, and its 
direction along the line be determined according as the moment 
of the couple is positive or negative, then this directed segment 
completely represents the couple. 

146. Theorem VIII . — Couples are vectors. 

It has been shown that couples can be represented by directed 
lines. To show that they are vectors, it is necessary to show that 
they combine according to the parallelogram law. 



Let F represent one couple and G another. They can be taken 
at the same origin, since the axis of a couple is any line perpen- 
dicular to the plane of the couple. Let Fi and F2 with the arm a 
be; the couple represented by F, and Gi and G2 with the same ori- 
gins and the same arm a be the couple represented by G, (Fig, 66). 
Then 

F = aFi, 


G = aGi, 
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Moreover, since F is normal to the plane of Fi, F2 and G is 
normal to the plane of Gi, G2, the angle FG is the same as the 

angles FiGi and F2G2. The corresponding parallelograms, there- 
fore, are similar. If 

R = F + G, Ri = Fi + Gi, R2 = F2 + G2, 
then also 

RiGi — R2G2 = RG, 

and the vectors Ri and R2 lie in a plane which is perpendicular to 
R. Since F aF i and G — a(7i, it follows that 

R = aRi, 

The sum, therefore, of the two couples Fi, F2 and Gi, G2 
is the couple Ri, R2 which is represented by the directed seg- 
ment R. But since 

R - F + G, 

it is proved that couples combine according to the parallelogram 
law and are therefore vectors. 

It should be noticed that a couple acting on a rigid body is a/rf?c 
vector j that is, it can be shifted about anywhere provided its direc- 
tion and magnitude are preserved; while a force acting on a rigid 
body is a sliding vector ^ that is, it can be slid anywhere along its 
line of action but cannot be taken out of that line. 

The resultant of any number of couples acting on a rigid body 
is again a couple whose geometric representation is the vector sum 
of the vectors which represent the individual couples. Further- 
more, a couple C can be resolved into components C*, C^, and C* 
along three mutually perpendicular axes and Gyy and Cz are 
the moments of the forces of C with respect to the a;-, y-, and 
2;-axes, respectively. 

The moment of a couple is frequently called a torque, 

146. Theorem IX . — If a rigid body, acted upon by a couple, is 
given a small rotation dd about any axis which is parallel to the axis 
of the couple, the work done by the couple is the product of the angu- 
lar displacement of the body and the moment of the couple. 

Let B be a rigid body which is free to turn about an axis through 
0 perpendicular to the sheet of the paper. If B is acted upon by a 
couple of moment M, the axis of which is parallel to the axis 
through 0 , the couple can be represented by a pair of forces F and 
— F in the plane of the paper, the points of application of which 
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lie on a straight line which is perpendicular to their lines of action 
and which passes through 0 (Fig. 67). 

Let the distances of these points of application from 0 be 6 and 
a + b. Then the moment of the couple is 


M = a^F, 

Now let the body be turned through an 
angle dd. The work done by the force F 
is F • (a + b) • dd and the work done by 
the force — F is -F-b-dO. The signs 
are opposite because the displacement of 
the point of application of one of the forces 
is in the direction of the force while the 
displacement of the point of application of 
the other force is opposite to the direction of the force. The 
total work done by the couple, therefore, is 
W - a- F • do == Mdd 



Fio. 67. 


which proves the theorem. 

If the axis of the couple is not parallel to the axis of rotation, 
the couple can be resolved into two couples, the axis of one being 
parallel to the axis of rotation and the axis of the other being per- 
pendicular to it. The second couple does no work in a rotation 
about the given axis of rotation, for the forces of the couple lie in 
a plane which passes through the axis of rotation, and the 
displacements of the points of application of these forces are per- 
pendicular to the directions of the forces. The above theorem 
can be applied to the parallel component. Hence, the more 
general theorem follows : 


147. Theorem X. — If a rigid body, acted upon by a couple, is 
given a small rotation about any axis whatever, the work done by the 
couple is equal to the angular displacement of the body multiplied by 
the component of the moment of the couple which is parallel to the 
axis of rotation. 

Let A denote the infinitesimal rotation and C the couple, then 
the work done by the couple is the scalar product A • C. 


148. Theorem XI. — If the potential energy of a rigid body is 
V{d), where 6 defines the orientation of the body about any fixed line, 
the moment of the forces acting upon the body with respect to this line 
is 


M = - 


dV 

dd' 
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(The positive end of the axis of rotation is understood to be the 
direction in which a right-handed nut advances when it is rotating 
in the sense of 0 increasing.) 

To prove this theorem, let it be supposed that the rigid body is 
rotated about the given line through a small angle dO, Then the 
increase in the potential energy is 


dV 

dd 


• do. 


This measures the amount of work which has been done upon the 
body. On the other hand, the work which has been done is 
measured by the product of the angular displacement dd and the 
moment of the couple Mi which must be applied in order to 
produce rotation against the forces which are acting naturally 
upon the body. Hence, 


dV 

MidS ==-^jdd, 


or 


Ml 


dV 
36 ' 


The moment of this couple is exactly opposite to the moment M 
which the given forces produce; that is. Mi = — M, and 
therefore, 

dV 
’ dd' 


M = 



Fig. 68. 


149. Example — the Bifilar Pendulum. 

A uniform bar, of weight W and length 
Z, is suspended by two light strings of 
equal length a attached to its two extrem- 
ities and to two points in the ceiling at 
a distance I apart, so that when at rest 
the bar is in a horizontal position. The 
bar is rotated through an angle d, the 
center of the bar rising vertically. What 
couple is required to hold the bar in this position? 

In Fig. 68, let 

CiDi be the bar in its position of rest; 

C2D2, the bar after rotation; 

CzDzj the projection of C2D2 on the horizontal 
plane through CiDi] 

AC Ay the projection of AC2 on the vertical ACi\ 

CiCa = A, the height through which the bar is raised; 

Ml, the moment of the required couple. 



116 STATICS AND THE DYNAMICS OF A PARTICLE 


The potential energy of the bar in its rotated position relative 
to its position of rest is 

V = Wh, 

and, by theorem XI, 

M, - W*. 

From the diagram, it is seen that 

TCa" - C2C4* = (AC i- C(C\Y, 

or a® — CiCz = (a — Kf. 

But C 1 C 3 = I sin ^ 0 , 

and therefore h = a — — P sin^ ^6, 

from which is derived 

, , WP sin 0 

Ml - - 

— P sin® ^0 

which is the moment of the couple required to hold the bar in this 
position. The action of gravity and the constraint of the strings 
is a couple acting upon the bar, the moment of which is 

M = -Ml, 


160. Theorem XII . — Any system of forces acting upon a rigid 
body can be replaced by a ,suitably chosen single force acting at 
^ an arbitrarily chosen point and a couple, 

^ Let P be the point selected, and let F be 
any force whose line of action does not pass 
through P. Let two forces Fi and F 2 , such 
that 

F + F 2 = 0, Fi + F 2 = 0, F F 2 , 


p 

Fia. 69. 


be introduced at P, The force F is now replaced by a force Fi 
acting at P and a couple, F and F 2 . Let this be done for every 
force whose line of action does not already pass through P, 
The forces now acting at P have a unique resultant R which also 
acts at P\ and since the couples are free vectors they also have a 
unique resultant couple C (Sec. 145). 

If the point P is the center of gravity and if the rigid body is 
free to move, the resultant force R produces a pure translation 
and the couple C produces a pure rotation about some axis 
which passes through the center of gravity. 
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161. Theorem XIII . — Any system of forces acting upon a rigid 
body can he replaced by a wrench, 

A wrench is a system of forces composed of a single force and 
a couple, in which the axis of the couple is parallel to the line 
of the force. 

Let the given system of forces be replaced by an equivalent 
system, viz.^ a force F and a couple C the axis of which makes an 
angle a with the direction of F. Let C be resolved into tw(> 
couples Cl and C 2 with Ci parallel to F and C 2 perpendicular to 
it, their moments being, respectively. 

Cl = C cos «, C2 = C sin a. 

The couple C 2 can be regarded as a 
pair of forces Fi and F2 lying in a 
plane which is perpendicular to C2 
and which contains F. Let the arm 
a of the couple be chosen so that 

F, = a = 

and, furthermore, let the line of Fi 
coincide with the line of F and its 
direction be opposite. Then 

F + Fi = 0; 

and there remains, in the place of the original system, a force F 2 , 
which is equal in magnitude to F and parallel to it, and a couple 
Cl, the axis of which is parallel to F and therefore parallel to Fg; 
that is to say, a wrench remains. Hence, any system of forces 
which act upon a rigid body can be replaced by an equivalent 
wrench. 

162. Theorem XIV . — Any system of forces acting upon a rigid 
bodyj which is not equivalent to a single couple, can be replaced by 
two forces which are perpendicular to each other, but whose lines 
of action, in general, do not intersect 

Let the given system of forces be replaced by a single force F 
acting at P, and a couple C. Let P 2 be the plane which contains 
F and which is parallel to C, or contains C. Let Pi be the plane 
through P which is perpendicular to C. The force F can be 
resolved into two forces acting at P, one of which F2 is perpendicu- 
lar to Pi, and the other Fi lies in the intersection of Pi and P 2 . 



Fio. 70. 
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The couple C can be represented by two forces Gi and G2 lying 
in the plane Pi with the arm a, and such that 

aGi = aG 2 = C. 

Let G2 = — Fi 

be applied at P. Then G2 and Fi are in equilibrium by them- 
selves; and there remains F2, acting at P and perpendicular to 

Ply and Gi acting in the plane Pi at 
a distance a from P. It is evident 
that Gi and F2 are mutually perpen- 
dicular and, if FF2 = 

^ F sin & 

The point P is arbitrary provided 
it docs not lie upon the axis of the 
equivalent wrench. 

163. General Conditions for the Equilibrium of a Rigid Body. 

It is now possible to state the conditions that must exist in 
order that a rigid body may be in equilibrium under a given 
system of forces Fi, F2, • • • , Fn. 

164. Theorem XV. — Necessary and sufficient conditions that 
a rigid bodyj acted upon by the forces Fi, F2, • • • F„ ai the 
points Ply p2j • • * Pnj shall be in equilibrium are {a) that the 
sum of the projections of the forces upon any three mutually per- 
pendicular axes is zerOy and (b) that the sum of the moments of the 
forces with respect to these same three axes is zero. 

Let the system of forces Fi, F2, • • • , Fn be replaced by the 
equivalent system: the force F = Fi + F2 + • • • + Fn act- 
ing at the center of gravity and the couple C. The effect of 
F acting at the center of gravity is to produce a translation of 
the body. In order that a rigid body, initially at rest, may 
not be set into translation, it is necessary and sufficient that 
F = 0. This compels the three conditions 
F* = Fj, = F* = 0. 

The effect of the couple C is to produce a rotation of the body 
about some axis through the center of gravity. In order, there- 
fore, that the body may not rotate, it is necessary and sufficient 
that C = 0, or, what is equivalent, that its three components 

Cx = Cy = Cx == 0; 
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that is to say, the sum of the moments of the forces with respect 
to each of the three axes is zero. It is evident that if these con- 
ditions are satisfied, the sum of the moments with respect to any 
axis whatever is zero. 

166. Equilibrium of Coplanar Forces. — If the system of forces 
is coplanar, let their common plane be taken as the xy-plane. 
Then the conditions 

F, = 0, Cx = 0, = 0 

are necessarily satisfied; the first, because the z-component of 
caclr force is zero, and the other two because each force either 
intersects both of the x- and ?/-axes, or intersects one of them and 
is parallel to the other. There remain only three conditions 
to be satisfied, namely, 

Fx - 0, F, = 0, a = 0, 

or stated in another form: 

166. Theorem XVI. — A system of coplanar forces is irt equilib- 
rium if the sum of the moments of all of the forces with respect 
to each of three non-collinear pomts is zero. 

The given system of forces is either equivalent to a single 
force (Sec. 127) with a definite line of action, or to a couple. If 
it is a couple, it is sufficient that the moment vanishes at any 
one point, since it must vanish then at all points. If it is a 
single force, its moment cannot vanish at three non-collinear 
points unless the force itself vanishes. Its moment might vanish 
at two specified points, however, for the two points might lie 
on its line of action. 

A very useful theorem for a rigid body which is acted upon by 
three forces only is the following: 

167. Theorem XVII. — If a rigid body is in equilibrium under 
the action of three coplanar forces, the three lines of action meet in a 
point and the forces satisfy LamTs theorem. 

The force Fi acting at pi and the force F 2 acting at p 2 are 
equivalent to a force 

R = Fi + F2 

acting at 7 ) 3 , the point of intersection of their lines of action. 
The rigid body is now in equilibrium under the action of two 
forces R and F 3 . Therefore, R = —Fa and they both lie in the 
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same straight line and the line of action of F 3 also passes through 
Pa. Consequently, 

Fi + F2 + F3 = 0, 

and the three lines of action meet at a point. If each of the 
three forces be regarded as acting at pa, it is evident at once that 
Lami’s theorem must be satisfied. It will be left to the student 
to prove that if a body is in equilibrium under the action of 
three forces, the forces are necessarily coplanar. 

168. A Suspended Rod. — A heavy uniform rod of length 21 
is supported at its extremities by two strings of lengths h and U 

which arc tied to the same point of the 
ceiling. Find the tension in the strings. 

The rod is acted upon by three 
forces in the same plane, viz.j Ti, T 2 , 
and W. Since the three lines of action 
meet in a point and the two tensions 
meet at the point of suspension, the 
line of W, the weight of the rod, also 
passes through the point of suspen- 
sion. The center of the rod, there- 
fore, is directly below this point. 

Let a be the angle between the two strings and ai and a 2 the 
angles which the strings make with the rod. Let the vertical 
line through the point of suspension divide the angle a into two 
parts 01 and 02 and make an angle 0 with the rod. Then the 
three forces which pass through the point of suspension are in 
equilibrium and, by Lami's theorem, 

sin 02 sin 0i sin a 

From the geometry of the two smaller triangles, 

sin 02 = j sin 0, sin 0i = / sin 0 . 

I2 n 

From these relations, it follows that 

Ti sin ^ ^ W 

h h hh sin a + 2 ^ 2 ® — 4P 

and the two tensions are proportional to the lengths of the 
strings. 
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169. A Man Stands on a Ladder. — Two uniform ladders, each 
of length 12 feet and weighing 20 pounds, freely jointed at the 
top, are connected at the bottom by a rope 5 feet in length and 
rest on smooth ice. A man weighing 160 pounds stands on one of 
the ladders 9 feet from its foot. What is the tension in the rope? 

Let AC and BC be the two ladders, and let M be the point at 
which the man is standing. Since the ice is smooth, its actions 
upon the ladders Pa and are verti- 
cal; and their sum is equal to the weight 
of the entire system. Therefore, 

Pa + Pb = 200 pounds. 

Regarding the entire system ARC as 
a rigid system, it is seen that the sum 
of the moments of the forces acting upon 
it with respect to the point A is zero. 

Hence, 

160X^^^ = 400, 

and therefore Pa = 120, Pb = 80. 

Now consider the moments of the 
forces which are acting upon the ladder 
AC alone with respect to the point C. 

There is a pressure of the ladder BC at the point C whose mag- 
nitude and direction is unknown, but as it passes through C its 
moment is zero. From the moments of the remaining forces, 
there is obtained 

JPx = 7^^144 - + (20 X I) + (16O X 

and therefore 

17^ 

T = — = 14.91 approximately. 

V137.75 

The magnitude and direction of the force which the ladder BC 
impresses upon the ladder AC at the point C can now be found. 
Let this force be denoted by R, and let the magnitudes of its 
vertical and horizontal components be Rv and Rk» Since the 
sum of the components of all of the forces acting upon AC with 
respect to any axis whatever is zero, it is found, resolving verti- 
cally and horizontally, that 

Rv = 60 pounds, Rh — T = 14.91 pounds. 


5P« = 20(J + ^) + ( 
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There is, of course, a force — R acting at C upon the ladder 
EC, It will be found upon examination that the forces acting 
on the ladder BC also arc in equilibrium. 

160. Four Spheres in a Bowl. — Four equal spheres rest in 
contact at the bottom of a spherical bowl, their centers being 
at the corners of a horizontal square. A fifth sphere of the same 
radius and density is placed upon them. It is required to find 
under what conditions equilibrium exists, all contacts being 
regarded as smooth. 

Let the radius of the bowl be a and the radius of the spheres be 
h. If equilibrium exists, each sphere is in equilibrium under the 




action of its weight and the reactions of the bowl and the other 
spheres. Since the contacts are smooth, all of the forces which 
act upon a given sphere pass through the center of the sphere. 
In particular, the top ball is in equilibrium under the action 
of its own weight and the reactions of the four lower spheres. 
It is assumed from symmetry that these four reactions are numeri- 
cally equal. Each of them makes an angle of 45° with the verti- 
cal. If Ri is the magnitude of each of these reactions and W 
is the weight of each sphere, then 

ilh cos 45° = IF; 
whence Rx = 

Now consider the actions of the lower spheres on one another. 
Again, from considerations of symmetry, these actions are all 
equal and will be denoted by R^- Since they pass through the 
centers of the spheres, the two actions on each sphere can be 


IF 

2V2* 
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combined into a single horizontal force the magnitude of which 
is \/27?2, and the direction is perpendicular to the axis of the 
bowl. Let the magnitude of the action of the bowl on each sphere 
be denoted by 7?3, since they are all of the same magnitude. If 
the angle which this action makes with the vertical is as, then 

sin aa = ~r* 

a — 0 

Thus the four forces which act upon each sphere can be 
regarded as acting at the center of the sphere; they lie in the same 
plane;, their directions are known; and the magnitude of two of 
the forces Ri and W are known. On resolving these forces horizon- 
tally and vertically, the following equations are obtained: 

\/2R2 = Rs sin as — Ri sin 45°, 

7?3 cos as = Ri cos 45° + IF, 

whence 

7^3 ^ sec as 
W 

and R 2 = «3 — 1). 

The pressures between the four lower spheres vanish if /?2 = 0; 
that is, if tan as = 1/5. Equilibrium can exist only if tan as 
^1/5 and, in order that this may be true, it is necessary that 

a g (2\/l3 + 1)5. 

161. A Heavy Cube on a Rough Inclined Plane. — A heavy 
cube, of edge 2a, is placed on a rough inclined plane with an 
inclination of a, the lower edge being horizontal. Determine the 
conditions of equilibrium, the angle of friction being e. It will 
be supposed that the angle of friction is greater than the angle of 
inclination and that the cube is at rest on the inclined plane. The 
cube is acted upon by two forces only, the weight W acting in a 
vertical line through its center, and the reaction of the plane. 
These two forces, therefore, lie in the same straight line and are 
equal and opposite. As the inclined plane acts only on the base 
of the cube, it will be of interest to analyze this reaction. 

For perfectly rigid bodies, this problem, like that of the table 
with four legs, is indeterminate. If it is supposed, however, that 
the cube makes a slight impression upon the plane, then, by a 
law similar to Hooke’s law (Sec. 208), the pressure on any small 
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area of the base will be proportional to the depth of the impres- 
sion. With uniform substances the boundary between the plane 
and the cube is still a plane but not necessarily parallel to the 
inclined plane. In Fig. 77, let Q be the horizontal line in which 
these two planes intersect. The depth of the impression will 
then be proportional to the distance from the line Q and, there- 
fore, the pressure will be constant along a strip of width dx par- 
allel to the line Q or the lower edge of the cube. Let x be the 



Fig. 7G. Fkj. 77. 


distance up the inclined plane measured from the lower edge of the 
cube. As the depth of the impression is a linear functon of x, so 
also is the pressure which is acting vertically (pressure = force 
per unit area). Let W be the weight of the cube. Then 

dW = k(l ~ hx)dx (1) 

is the weight carried by a strip of length 2a and of width dx across 
the base of the cube, h and k being two constants which are to be 
determined by the conditions of equilibrium. One of these condi- 
tions is that the total pressure on the base is equal to the weight 
of the cube, that is, 

W = f\il - hx)dx. (2) 


The other is that the center of gravity of the pressures must be 
at the point where the line of action of W pierces the base of the 
cube, which is at the distance a(l — tan a) from the lower edge. 
Hence, 

I A;(l — hx)xdx 

= a(l - tan a). (3) 

k(l — hx)dx 

The integration of Eqs. (2) and (3) gives the two equations 

2ka{l — ha) = W, 

, _ ^tan <x 

- r+Tt^* 


and 
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W 

A; == ^ (1 + 3 tan a). 


On substituting these values of h and k in Eq. (1), it is found 
that the weight carried by an elemental strip is 

tan a j dx] 

and this expression divided by the area of the strip 2adx gives the 
pressure at the distance x from the lower edge, namely, 

At the upper edge, x = 2a, the pressure becomes 

W 

^2a = [1 — 3 tan a]. 




which vanishes if tan a = 1/3, or a = 18° 2iV, Evidently nega- 
tive pressures are not admissible, and therefore these formulas 
hold only if tan a g 1/3. For this value of a, the point Q lies 
on the upper edge of the base of the cube, 
and for larger values of a it is below the 
upper edge, so that the upper edge of 
the base of the cube does not touch the 
inclined plane. The limits of integration 
must be altered to take this fact into 
account. The formula for the pressure 
(lOq. (1)) changes from positive to nega- 
tive for X = Ifh and, therefore, if a > 18° 2(3', this must be the 
upper limit of integration instead of a; = 2a. On repeating the 
calculation for this limit and denoting the change by the sub- 
script 1, it is found that 



hia = 

c 

Pi = 


1 


3(1 — tana)’ 



3a^(l — tan 


ki = 


2W 


- 4 ' 


3 


a: ^ 2 "(1 ~ ")> 


3a(l — tan a) 

^ 1 

3o(l — tan a) j’ 

a ^ 18° 26'. 
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The expressions for the pressure at the lower edge of the base are 

W 1 

Po = ^ (1 + 3 tan €t)j tan ol ^ -A 

AOr O 


3a2(l “■ tan aY 


1 > tan ol'^ ^ 


which show how the pressures increase with a. At a = 45°, 
the entire weight of the cube rests on the lower edge and the pres- 
sure becomes infinite. The assumption that the cube is essentially 
rigid, therefore, fails before this point is reached. 

If a. is increased beyond 45°, the line of W falls outside of the 
base of the cube. The reaction of the plane cannot pass the lower 
edge. Hence, the moments of the forces are no longer zero and the 
cube topples over. 

In the above analysis, it has been assumed that the angle of 
friction was always greater than a; but if e < 45° there is a value 
of a which is equal to €. For this value a = e, equilibrium exists. 
The two forces W and R lie in the vertical line which passes 
through the center of the cube and are equal and opposite. But if 
a is increased slightly beyond e, the frictional component of R is 
no longer able to balance the component of W parallel to the plane, 
although the normal component continues to balance the normal 
component of W. The reaction R continues to pass through the 
center of the cube but it is no longer in the vertical; R + W 
applied at the center of gravity is equivalent to a single force 
parallel to the plane, and the cube starts to slide down the plane. 


162. Forces Acting on a Cube. — Given a cube of which the edges, 
of length two feet, are horizontal and vertical. Let the corners 
of the base be numbered 1, 2, 3, and 4, in order; and let the corre- 
sponding corners of the top be 5, 6, 7, and 8. A force is acting 
upon the cube at each corner, and the projections of these forces 
upon the axes of a trihedron with origin at the center of the cube 
and axes parallel to the edges of the cube, expressed in pounds, is 
as follows: 
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Determine the equivalent force and couple for the center of 
gravity of the cube. 

The sum of the components of all of the forces acting along 
each of the a:-, ?/-, and ^-axes is +4. Hence, the equivalent force 
F acting at the center of gravity is equally inclined to each of 
the three axes and its magnitude is 

F = 4V§ pounds. 

Let the trihedron be right handed, as drawn in the figure. 
In a left-handed trihedron, the positive .r- and ?/-axes are inter- 
changed. A positive rotation about the 2 -axis makes the positive 
a:-axis move toward the positive iZ-^xis. A positive rotation 



about the x-axis makes the positive y-axis move toward the 
positive 2 -axis. A positive rotation about the ^-axis makes the 
positive 2 -axis move toward the positive x-axis. The rotations 
are therefore cyclical in the order 

X y z X, 

Or, if an ordinary right-handed nut is thought of as turning 
on a threaded axis, in every case a positive rotation is such as 
would make the nut advance toward the positive end of the axis; 
and this convention holds for any axis whatever. 

With this understanding as to the meaning of positive and 
negative rotations, the moments of each of the components of 
the forces can be computed with respect to the x-, y-, and 2 -axes, 
as follows: 
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The components of the couple C are, therefore, 
C. = -2, = 0, C, = ~ 


C. = -2, C^=0, C, = ~2. 

j The vector C itself bisects the 

angle between the negative ends 
of the .r- and 0 ~axes, and its 
magnitude is 2y/2 foot-pounds. 
Both C and F lie in the plane Pi 
which passes through the edges 
3-4 and 5-6, the equation of 
2 which is a? ~ = 0 . 

163. The Equivalent Wrench. 

If the vector C is resolved 
1 ^ along the line of F and perpen- 

dicular to it, it follows that 

Cl = C cos CF, C 2 = C sin CF. 

If B is the angle between two lines whose direction cosines 
are ai, /Si, 71 and a 2 , ^ 2 , 72 , then 

cos 6 = «ia 2 +1^1/32 + 7i72. 



The direction cosines of F and C are, respectively, 
1 1 Jl 1 n 

V3’ Vs Vi’ V2 ’ 

Hence, 

cos CF = sin CF = 


and since 


c = 2V2, 

4 


it follows that Ci = — 


=4 


-1 

V2' 
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The vector C2> which is perpendicular to F, lies not only in the 
plane Pi, for which the equation is 

a; - = 0, (Pi) 

but also in the plane P2 which is perpendicular to F, for which 
the equation is 

a; + 2 / + 2 = 0, (P 2 ). 


(In any plane the coefficients of x, 7/, and z are proportional 
to the direction cosines of the normal, and if the plane passes 
through the origin the constant term is zero. Since the direction 
cosines of F are all equal, so also are the coefficients of Xy 7/, and 
z in the equation of the plane perpendicular to F all equal.) It, 
therefore, lies in the intersection of the planes Pi and P2 and its 
direction cosines are^ 


-A, /2 _J_. 

Vs \3’ Ve 

Accordingly the plane P3 through 
the origin which is perpendicular 
to C2 is 

X — 2tj z = Oy (P 3 ) 

and this plane contains the vector 
F. It cuts the edges of the cube 
in the points 


71/2 



Nov" let the couple C2 be represented by two forces Fi and F2 
in the plane P 3 , and let 

= P2 = F. 


Since the moment of C2 is C2 — 2\/2/3, and since F — 4\/3, 
the arm of the couple is 


F 



and this is the perpendicular distance between F i and F2. 

Let Fi lie in the line of F and be oppositely directed. Then 
Fi + F = 0, 

and this pair of forces has no effect on the cube. The force F21 
which lies in the plane P 3 , is parallel to F at the distance a = 
^ See, for example, Smith and Gale, Analytic Geometry,^' p. 365. 
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\/2/6, and it has the same direction. Its direction cosines are, 
therefore, 


y/i \/3 


(F2). 


The plane Pz intersects the x7/-planc in the line I the equation of 
which is 

a; - 2i/ = 0 (/). 

The direction cosines of the line I arc, therefore, 


2_ J_ 
y/b y/b 


0 


(0. 


Let a> be the angle between F 2 and I, Then 


cos (j) 



sin CO 



C^onsider the right triangle formed by the line i, the line F 2 , and 
the perpendicular from the origin to the line of F 2 . Let d be 



Fio. 82. 

diagonal 4-6. The vector 


the hypothenuse of this triangle. 
Then 

^ _ CL _ 'v/s 
sin CO 6 

Hence, the line of F 2 pierces the 
a;?/-planc at a distance y/5/d from 
the origin, and the coordinates of 
this point are 

1 1 

^0 = 3^ Z/o == 0^ Zq = 0 . 

The vector F 2 , which is the axis 
of the wrench, is parallel to the 
1 is parallel to F 2 but oppositely 


directed. The magnitude of the force is Ay/'S pounds, and the 


moment of the couple, or torque, is foot-pounds. 

V3 


Problems XI 

1. A light ladder stands upon a rough floor and leans against a smooth 
wall, making an angle of 60° with the floor. The ladder begins to slip when 
a man, ascending jt, reaches the halfway point. Find the coefficient of 
friction of the ladder with the floor. Ans, n = \/3/6, 
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2. A heavy uniform rod rests with its extremities on the interior of a 

rough hemispherical bowl and subtends an angle of 2a at the (;enter of the 

sphere. Find its maximum inclination to the horizontal. Ans. 

^ . sin 2e 

tan t = ir — j 

cos 2€ -j- cos 2a 

3. A parabolic curve is placed in a vertical plane with its axis vertical 
and its vertex downward. Its latus rectum is 4Z. A smooth heavy beam of 
length b rests against the concave arc and a peg at the focus. Required: 
the inclination of the beam to the vertical. Anit. i = 2 cos”‘ (l/h)^, 

4. Find the equation of the curve in a vertical plane such that a heavy 
uniform bar of length 21 resting upon the concave side of the curve and upon 
a peg at the origin is in equilibrium in all positions. Ans. r — I k sec $j 
where 6 is the inclination of the bar to the vertical and k is arbitrary. 

6. A uniform ladder stands upon a floor wlicre the coefficient of friction 
is 1/2 and leans against a wall where the coefficient of friction is 1/3. If a 
man, whose weight is three times that of the ladder, ascends the ladder and 
succeeds in reaching the top, what is the smallest possible inclination of the 
ladder to the horizojital? Ans. i ~ tan"^ 41/24. 

6. A rectangular beam, the sides of which are a and 6, is placed horizon- 
tally with one edge on a rough floor and a second edge against a smooth wall. 
Prove that equilibrium is not possible unless the height of the highest edge 
of the beam exceeds 

-f- 2fi(ih -f* b^ 

7. Two rough cylinders lie in contact with each other on a rough hori- 
zontal plane. A third similar cylinder is placed on top of them with its 
axis parallel to the other two axes. If equilibrium exists, show that the 
coefficient of friction exceeds 2 — \/3, 

8. Two heavy uniform rods have their ends connected by two light 
strings and the whole system is supported at the middle point of one of the 
rods. Prove that in equilibrium either the rods or the strings are parallel. 

9. Two equal uniform spheres, each of weight w and radius a rest in a 
smooth hemispherical bowl of radius b. Find the pressure Pi, between the 
two spheres, and also the pressure 7^2, of each on the bowl. 

10. A circular ring of weight Wi has a bead of weight W 2 fixed on it. It 
liangs on a rough peg. What is the smallest angle of friction for which the 
ring will not slip no matter what point of the ring is in contact with the 
peg? Ans. 



11. Three equal spheres are held together on a horizontal plane by a rub- 
ber band around them. If a cube of weight w is placed upon them with 
one diagonal verti(jal and the three lower faces of the cube in contact with 
the spheres, and if all of the con tac ts are smooth, show that the tension of 
the band is increased by 1/3 • *\/ 2/3 • w. 
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12. Show that any system of coplanar forces acting ufion a rigid body is 
equivalent to two forces Fi and F 2 acting at two specified points Pi and P 2 , 
but that the determination of Fi and F 2 is not unique. 

13. A uniform bar is bent into the form of a V with equal arms and hangs 
freely from one end. Prove that a plumb line suspended from this end will 
cross the lower arm at a distance of one-third of the length of the arm from 
the angle. 

14. A uniform ladder of length I and weight w rests on a rough floor and 
leans against a smooth wall, the inclination to the vertical being a. A 
force F is applied horizontally to the ladder at a distance d from the foot of 
the ladder so as to move the ladder nearer the wall. Show that F must 
exceed 

r^C^'+^tana). 

16. In the above problem, if F is horizontal but directed away from the 
wall, the foot of the ladder will not slip if 

, ^ I tan a 


IV. VIRTUAL WORK 

164. The Degrees of Freedom of a Rigid Body. — A body, or 
even a particle, is said to be constrained if it is not perfectly free 
to take all of the displacements which are geometrically possible. 
Kfree particle has three degrees of freedom since three parameters 
X, y, and z are required to specify its position. A free rigid body 
has six degrees of freedom, since six parameters, or coordinates, are 
required to specify its position in space, viz.j three coordinates to 
locate its center of gravity, two coordinates to indicate the direc- 
tion of a given line which passes through the center of gravity and 
is fixed in the body, and one coordinate to indicate rotation about 
the given line, the last three coordinates being angles. A small 
change in any one of these six coordinates represents a displace- 
ment of the body; hence, the six degrees of freedom. 

If the center of gravity of the body is compelled to remain on a 
fixed surface, but the body is otherwise free, there is one degree of 
constraint 

/(*, y, z,) = 0, 

and five degrees of freedom. If the center of gravity is compelled 
to remain on a fixed line, there are two degrees of constraint 

/i(«, y, z) = 0. y, z) = 0, 
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and four degrees of freedom; and so on. The number of degrees of 
freedom is the number of parameters necessary to specify completely 
its geometrical position. A rough cylinder rolling on a plane has 
only one degree of freedom since its position is specified by a single 
parameter, viz., the angle through which it has rolled. 

166. Virtual Work. — Although no displacements occur when a 
body or a system of bodies is in equilibrium, nevertheless the 
principle of work is of great value in determining the conditions 
of equilibrium. One can imagine that displacements occur’ and 
the imaginary work done by these imaginary displacements is 
called virtual work. There is nothing essentially different from 
real work about it. 

Imagine a body or system of bodies in equilibrium. It may be 
constrained, or it may not be. The sum of all the forces acting 
upon it is zero, and the moments of all of the forces are zero, on 
account of the equilibrium. Suppose the body is given any dis- 
placement whatever, which is infinitely small and which is com- 
patible with the constraints. The work required is obviously zero 
since nothing opposes the displacement. Conversely, if a body 
or system of bodies is in such a configu- 
ration that the work done in every infini- 
tesimal displacement which is compatible 
with the constraints is zero, then the 
configuration is one of equilibrium. 

166. Concealed Mechanisms. — Supv- 
pose, for example, there is a stationary 
box which conceals a mechanism within. 

The only information available with 
respect to it is derived from two ropes A 
and B (Fig. 83) which hang down from it. 

It is found that if A moves up or down one 
inch B freely goes down or up n inches, 
so that there is no work done within the box. A weight Wb is 
attached to B. What weight attached to A will leave the system 
in equilibrium? The principles of forces and moments cannot 
be applied as in previous examples on account of ignorance of the 
mechanism; but the principle of work can be applied. Suppose 
that W A balances the weight Wb^ and then give the system a 
slight displacement, so that Wa moves upward a distance d and 
Wb moves downward a distance nd. The work done by Wa 
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against gravity is 6? • W and the work done hyWs against grav- 
ity is —ndWs- Since the total work done vanishes, it is neces- 
sary that 

d • - nd • If 5 = 0, 

whence W a = nW 

On opening the box, it may be found that the ropes are attached 
to the two arms of a lever which have the ratio 1 : n, in which case 
it is seen by the principle of moments that the solution is correct. 
Or, there may be found a system of frictionless pulleys in which n 
strings support the weight W a and only one supports the weight 
Wb] or, any one of many other possibilities. 


167, The Screw. — The screw is a cylinder, usually of wood or 
metal, on which a uniform thread has been cut in the form of a 


helix. The screw turns in a hollow 
cylinder on which a corresponding 
thread has been cut, and which is 
called a nuL The nut just fits the 
screw and, as it is turned, it ad- 
vances along the axis of the screw. 
The amount by which it advances 
in one complete turn is called the 
pitch of the screw. 

The thread is simply an inclined 
plane wound about the cylinder. 
If the surface of the cylinder be 

P 

2Trr 
Fig. 84. 




cut parallel to its axis and then rolled out flat, a single turn of the 
thread becomes a straight line inclined at an angle a to a circular 
section of the cylinder. If p is the pitch of the screw and r is its 
radius, it is seen from Fig. 84 that 

p = 2irr tan a. 

Imagine a vertical screw which turns in a fixed nut. If the 
screw is attached to a weight W and is turned by means of an 
arm of length a, measured from the axis of the screw, what force 
applied at the end of the arm will hold the weight in equilibrium? 
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Let P, which is applied perpendicularly to the plane which 
passes through the axis of the screw and the end of the arm, 
balance the weight W. If the arm is given a small rotation dO, 
the amount of work done by P is aPdd. The height through 
which the weight is raised is r tan <x • dB, If there is no friction 
acting, the principle of virtual work gives the equation 

aPdB — Wr tan add == 0 

and therefore 

P = -W tan a. 
a 


This analysis supposes that the weight of the screw itself is 
negligible, but if this is not so the weight of the screw must be 
included in W, 

Consider now the effect of 
friction. Since the screw and 
the nut act uniformly at all 
points of the thread the fric- 
tional action can be regarded 
as concentrated at a single 
point. If F and N are the fric- 
tional and normal components of the action of the nut on the screw, 
the components parallel to the axis of the screw give the equation 
W — N cos OL F sin a 



on the^upposition that the screw is on the point of slipping 
upward. Therefore, since F = Np,, 

W cos e 

COS a — /JL sin a cos (a -f- e) 


In the small rotation dOy the displacement between the nut and 
the screw is r sec a dOy and the work done against friction is 
Npr sec add. Hence, bearing in mind the value of iV, 


aPde — Wr tan add — 
from which is derived 


Wrp sec add 
cos a — p. sin a 


= 0; 


P = - IF tan (a + c). 

Qi 

If the screw is about to slip downward, it is necessary merely to 
change the sign of « in the expression. Equilibrium evidently 
will exist for any value of P between the two extreme values so 
obtained; that is, 

-W tan (a - e) g P g -IE tan (a + «). 
a a 
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If the threads are V-shaped, with the angle at the V equal to 
2/3, then 

sin a cos /3 cos € — cos a sin € ^ p 
a cos a cos /3 cos € + sin a sin € ~ 

^ r^xr sin a cos 0 cos c + cos a sin € 

^ — ; — f 

a cos a cos cos c — sin a sin t 
the proof of which will be left as an exercise. 


Problems XII 

(Use the principle of virtual work) 

1. A system of pulleys is arranged in such a way that when the end of the 
rope is pulled 10 ft. a weight w is lifted 1 ft. What force is required to lift 
the weight? 

2. Four rods of equal length I and weight w are freely jointed so as to 
form a rhombus ABCD. The corners A and C are connected by a string of 
length s, and the rhombus is suspended freely from the corner A, What is 
the tension in the string? Ans, 

T = 2u;. 


3. A rhombus, similar to that of problem 2, but of negligible weight, is 
supported by two pegs in a horizontal line at a distance 2o apart touching 
AB and AD. A weight W is attached to the lowest corner C. The corners 
B and D are in a horizontal line and are connected by a string. If the angle 
at A is 2a, show that the tension in the string is 


W tan a 


. 2 ^ 


cosec® a — 1 


)• 


4. A heavy elastic string of natural length a, modulus X, and weight w 
is placed upon a smooth vertical cone, the angle of the vertex of which is 
2a. What is the distance of its plane of equilibrium from the vertex? 


Ans. 


d = 


27r tan 




1 4- 


w 


2w\ tan a) 


6. If a 10-lb. weight descending 4 ft. will drive a clock for 36 hr., what 
couple must be applied to the minute hand to hold it still if the pendulum 
and the escapement are removed? Ans. M — 5/9 tt ft.-lb. 


6. A weight w is supported by two strings, one of which is of length a 
and inextensible, while the other is elastic, modulus X, and natural length a. 
The strings are tied to two pegs in a horizontal line distance a apart. Find 
the configuration of equilibrium. Ans. The angle a opposite the elastic 
string is defined by the equation 


^2 sin 2 a — cos ^ « 


w 

“ cos a 


0 . 


7. A screw with a pitch p makes an angle a with the horizontal. If there 
is no friction, what couple is required to hold a nut of weight w from running 

down the screw? Ans. 



167] 


STATICS OF RIGID BODIES 


137 


8. [f every particle of a uniform hoop of radius r is repelled from the 
center by a force where m is the mass of the particle and a is a constant, 
show that the tension in the hoop is ara\ where o* is the mass of the hoop per 
foot. 

9. A square board of sides a and weight w is supported by four light rods 
of length I which are vertical and which are freely hinged at points in the 
ceiling and at the corners of the board. The board is rotated through an 
angle B and a string is tied around the four middle points of the rods (which 
also form a square). What is the tension in the string, if the system is in 
equilibrium? Ans, 

1 , 

wa cos ^ 0 

rp _ ^ 

4-^/2 _ ^asin^^ B 


10 . The legs of a tripod are of length I and make an angle with the vertical 
equal to B. However much the legs of the tripod are spread, they always 
form an equilateral triangle. The tripod rests on a smootli plane and its 
legs are kept from spreading by an endless string around the feet. If the 
total weight of the tripod and the load which it supports is w, show that th(! 
tension in the string is 


T = 


IV 

3 ^ 


tan B. 


11 . Many of the problems in previous sets are solved more easily by the 
principle of virtual work. The student is recommended to try some of these. 


V. STABLE AND UNSTABLE EQUILIBRIUM 

168. Different Types of Equilibrium. — In accordance with the 
principles of equilibrium which have been set forth, a lead pencil 
standing upon a sharpened point with its center of gravity in 
the same vertical line with its point is in equilibrium. Yet 
everyone knows that a pencil will not remain in such a position 
unless it is otherwise supported. 

On the other hand, a pencil can be suspended from its point 
by a fine thread. If the center of gravity and the point of 
suspension are in the same vertical line, the pencil is again in 
equilibrium, but this time the position of the pencil will be main- 
tained. This equilibrium is said to be stable. In the first case, 
the equilibrium is said to be unstable. 

Finally, if the pencil is laid on its side on a flat, horizontal 
table, the pencil is in equilibrium in every position. In this 
case, the equilibrium is said to be neutral. 

In the first case, the center of gravity is at the greatest possible 
height, for, if the point of the pencil be kept fixed, whatever 
position the pencil may have the center of gravity lies on a 
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sphere of which the point is the center. The maximum height 
occurs when the pencil is vertical. This is also the position 
for which the potential energy (Sec. 130) is a maximum. In 
the second case, if the string is taut and in the same straight 
line with the pencil, the center of gravity of the pencil lies on 
the surface of a sphere which has the point of suspension of the 
thread as its center. If the pencil and thread are not in a straight 
line, the center of gravity of the pencil lies inside of this bounding 
sphere. In the position of equilibrium, that is, when the pencil 
hangs straight down, the center of gravity is at its lowest possible 
point and the potential energy is a minimum. In the third 



Fig. 87. 


case, the height of the center of gravity is constant and, therefore, 
the potential energy also is constant. It will be shown that these 
conditions are characteristic of the three states of equilibrium. 

169. Relation between Potential Energy and Equilibrium. — 

Suppose a body, or a system of bodies, is given which is acted upon 
by conservative forces and which has n degrees of freedom. Its 
potential energy is then a function of n parameters: 

potential energy =F(gi, q2, ^ • y Qn)- 

The parameters may be rectangular coordinates or polar coordi- 
nates, or they may have other interpretations. Let one of the 
parameters, say gi, be given a small increment dgi, the others 
being kept fixed. The increase in the potential energy is 

7jr dV , 

dV = - dqi 

dqi 
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and, from the definition of potential energy, this is the amount 
of work which is done upon the body in making the displacement 
dqu Since the work done is the product of the force and the 
displacement, the force which acts during the displacement is 
dF/dgi, and the force which acts naturally upon the body is 
— dV/dqx in the ^i-direction, if permission is granted to use 
the word direction in this generalized sense. But in a position oi 
equilibrium, the resultant of the forces acting is zero in every 
direction and, therefore, 


dV 

dqi 




that is, all of the first derivatives of the potential energy vanish 
at a position of equilibrium of a body which is acted upon by con- 
servative forces. 

Conversely, if all of the first derivatives vanish for a given 
set of values of ^ 2 , * * • Qn, then this set of values of the para- 
meters defines a position of equilibrium of the body, for the sum 
of the components of the forces acting vanishes in every direction. 


170. Illustrative Example. — Two uniform rods each of length 
21 and weight w connected at one of their extremities by a 
smooth hinge are thrown across 
a smooth horizontal cylinder of 
radius a, but are constrained to 
remain in a vertical plane. It is 
required to find the configuration 
of equilibrium. 

Let the line (Fig. 88) which 
joins the center of the cylinder to 
the hinge make an angle <p with 
each of the rods and an angle 9 
with the vertical. The center 
of gravity of the two rods lies on 
this line and on the line which joins the two midpoints of the 
rods. Its height above the axis of the cylinder is 

h = (a cosec <p — I cos ip) cos 9, 

The potential energy of the system of rods, therefore, as long 
as they are in contact with the cylinder, is 

V{iPy 9) = 2w{a cosec i cos cos 9, 


1 

I 



Fio. 88. 
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The hinge of the rods must be above the cylinder and not on one 
side of it; otherwise, the constraint of the cylinder will cease to 
act. This condition implies that 

The conditions for equilibrium are 

o /j • cos <p\ ^ r, 

~ = 2iv{ I sm <p — a ~ cos 6=0, 
d(p \ sim <p J 

and 

dV 

- - = 2iv{l cos ip — a coscc <p) sin 0=0. 

Ou 

Since — 7r/2 < 0<7r/2, these conditions can be satisfied only by 

n 7 • cos (p ^ 

6 = 0, I sin ip — a . - = 0; 

’ sin^ ip ’ 

6 = 0, f{<p) = I sin^ ip — a cos <^ = 0. 

/(O) = — a, f(^ = +1, 

rff 

= 3? sin^ ip cos ip + a sin ip >0 , 

there is one and only one value of ^ = <^0 in the first quadrant 
which satisfies the conditions and, in the configuration of equilib- 
rium, the hinge of the rods is above the axis of the cylinder 
and the angle between the rods is 2ipo, 


or 

Since 


171. Maxima and Minima of the Potential Energy. — For the 

sake of simplicity, let the body have but one degree of freedom. 
Let q be the parameter which expresses this freedom which may 
be a translation, a rotation, a rolling, etc. Thus, as has been 
stated, the potential energy is a function of this parameter 
which can be expanded by Taylor ^s theorem, viz,, 


Viq) = V{qo) + 


dV 

dq 


(5-go)+2ia9^ 


ig - goY + 


g»go 


where q^s is any ordinary value of the parameter q. Let q = qo 
be a value of the parameter which corresponds to a position of 
equilibrium. Then the first derivative vanishes, i.e,, 


dV 

dq 


= 0 . 
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But this is the condition that V{q), considered merely as a 
function of q, shall have a maximum or a minimum at g' = qo. 
It follows, therefore, that a position of equiUhriu7n is a position 
in which the potential energy, if it is not a constant, is either a 
maximum, a minimum, or a minimax. If the second derivative 


dW 


dq^ 




is positive, y(9o) is a minimum; if it is negative, V(qo) is a maxi- 
mum; and if it is zero, but the third derivative not zero, V{qf) is 
a minimax. 


172. Direction of Force Near Position of Equilibrium. — It 

has been observed that the force acting upon the system is given 
by —dVfdq, which, expanded by Taylor^s theorem, is 

dq dq dq^ 

If ^ == ^0 is a position of equilibrium, the first term of the right 
member vanishes and the expression becomes 


(? - ^o) - • • • . 


li 


force = 


dV 

dq 


dW 

~dq^ 


?o) - • • • . 

a = 30 


aw 

dq^ 


> 0 , 


this expression shows that the force is opposite in sign to the dis- 
placement q — qo and, therefore, tends to make the body return 
to the position of equilibrium if it is slightly displaced, and the 
equilibrium is stable. If, however, 


dW 

dq^ 


< 0 , 

q=»qo 


the force has the same sign as the displacement q — qo and, there- 
fore, tends to exaggerate the displacement. Accordingly, 
the body moves away from the position of equilibrium and the 
equilibrium is unstable. 

A similar argument shows that if q = go is a minimax of V{q), 
the force is directed toward the position of equilibrium on one 
side of it and away from the position of equilibrium on the other 
side. Hence, on one of the two sides, the body tends to move 
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away from the position of equilibrium. Since it is necessary for 
stability that the body should tend to return to the position of 
equilibrium for every small displacement which the body may 
have, a minimax in the potential energy denotes a position of 
unstable equilibrium. 

Theorem, — If the potential energy of a position of equilibrium 
is either a maximum or a minimax, the equilibrium is unstable. 
If the potential energy is a minimum the equilibrium is stable. 

Since the maxima and minima of a continuous function occur 
alternately, so also do the positions of stable and unstable equilib- 
rium of a body with one degree of freedom occur alternately. 

If the potential energy F is a constant, then dV/dq is zero 
everywhere and the equilibrium is neutral. No force acts in the 
direction in which the body is free to move. 

It is evident from the above discussion that if a body is at rest 
in a conservative field of force but not in equilibrium, it starts to 
move in such a way that its potential energy decreases. 


173, Systems with Many Degrees of Freedom. — If a system of 
particles has many degrees of freedom, the potential function 
will contain as many variables, in general, as there are degrees of 
freedom. The argument for stability or instability is similar in 
character to that for a single degree of freedom, but the mathe- 
matics are more complicated. A position of equilibrium may be 
stable for certain variables (or displacements) and unstable for 
others. Such positions are unstable positions of equilibrium. 
In order that a position of equilibrium may be stable, it must be 
stable for every possible small displacement compatible with the 
constraints. This means that the potential function must be a 
minimum with respect to each of the variables. 


174. Illustrative Example. — Examine the character of the 
equilibrium of the problem in Sec. 170. In this problem, it was 
found that 

V((p, 6) = 2w{a cosec ^ — I cos cos 0 
and that the position of equilibrium is defined by 

e = 0, (P = <Po 

where f{<Po) = I sin*^ (po — a cos (po == 0. 

With respect to changes in the angle <p, it is found that 


dW 


2 cos^ (p + sin^ <p\ 
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which is positive for ^ == 0 and ip = ipi), and therefore F is a mini- 
mum with respect to ip alone. Also, 

dW 

“^2 == cos ip — a cosec <p) cos d 

which is positive or negative for 9 = 0 and <p = <poy according as 
I cos ipo — a coscc ipi) ^ 0. 

But this expression is the negative of the height of the center of 
gravity of the two rods above or below the center of the cylinder 
in the position of equilibrium. If the center of gravity is above 
the center of the cylinder, 

I cos (pQ — a cosec <^o < 0; 

the potential energy has a maximum and the equilibrium is 
unstable. If the center of gravity is below the center of the 
cylinder, 

I cos ipo — a cosec > 0; 

the potential energy has a minimum, and the equilibrium is stable 
both for changes in ip and 0, Hence, the equilibrium is stable 
only if 

I cos ipQ — a cosec po > 0. 


Problems XIII 

1 . A rod is supported in a horizontal j)Osition by a light string attached to 
its two ends and passing over a smooth peg. Is its position stabhi? Ans, 
No. 

2 . A light string is attached to a fixed point O and passes over a fixed pul- 
ley P, so that OP — 2a is horizontal, and supports a weight Wi attached to 
its end. A second weight W 2 < 2Wi slides freely on the string between 
O and P. Find the position of equilibrium and show that it is stable. 

Ans. Distance of TF 2 below OP is . 

3 . The axis of a smooth parabolic wire is vertical. Two similar beads arc 
strung on it and are connected by a light string which passes over a smooth 
peg at the focus. Show that the equilibrium of the beads is neutral. 

4 . The center of gravity of an elliptic disk is halfway between the center 
of the disk and one end of the major axis. Show that if the eccentricity is 
greater than l/\/2, there arc four positions of equilibrium and discuss their 
stabilities. 

5 . Prove that a tumbler of thin glass composed of a cylindrical part and a 
hemispherical base of the same radius will stand upright on a table if the 
height of the tumbler does not exceed its diameter; and that a liquid poured 
into it will not disturb the equilibrium before it reaches the cylindrical part. 
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6. A solid liomis[)hore with its piano face uppormost rosts on a rough solid 
sphere of the sanui radius. Is its equilibrium stable or unstable if it (can- 
not slide? Alls. Unstable. 

7. A rod is thrown into a smooth elliptic bowl of semiaxes a > h > c. 
In what position docs it come to rest? 

8 . A solid cylinder, resting on its base, is tipped sideways through various 
angles. Construct the curve of its potential energy and dtitermine its posi- 
tions of equilibrium graphically. 

VI. FRAMEWORKS 

176. Rigid Frameworks.— A series of rods connect^ only by 
hinges at their extremities forms a framework which may or may 
not be rigid. Three rods in the shape of'a triangle form a rigid 
framework, while four rods in the shape of a quadrilateral do not. 
If a fifth rod be inserted as a diagonal of the quadrilateral, the 
framework becomes just rigid. If a sixth rod be inserted as the 
other diagonal, the framework becomes overrigid. A frame- 
work is just rigid if no rod of the framework can be removed with- 
out destroying its rigidity and is overrigid if any rod whatever can 
be removed without destroying its rigidity.^ Any such super- 
fluous rod is called a redundant rod. If the framework is a quadri- 
lateral with the two diagonals, any one of the six rods is 
redundant. 

176. Light Frameworks. — If the weight of the rods themselves 
can be neglected, and if the hinges are smooth^ the framework is 
said to be a light framework. Suppose that such a light frame- 
work is given and that it is acted upon by given forces at 
the hinges. It is desired to find the magnitudes of the resulting 
tensions or thrusts of the rods of the framework. 

Let ABCD (Fig. 89) be the framework acted upon by the 
known forces Fi and F 2 at A and B, respectively; by the force F 3 , 
of which the direction only is known, at the point C ; and by the 
wholly unknown force F 4 acting at D, It is desired to determine 
F4, the magnitude of F3, and the tensions (or thrusts) in the rods. 

177. The Stress Diagram. — The solution of this problem is 
very simply attained graphically by means of a system of polygons 
known as the stress diagram (Fig. 90). 

At the hinge A, there are three forces acting of which Fi is 
wholly known. The lines of action of the other two are, of course, 
along the rods and therefore their directions are known. Since 
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A is in equilibrium, these three forces can be arranged in the form 
of a closed triangle which can actually be drawn since Fi is known. 
Let abc (Fig. 90) be this triangle, drawn to a suitable scale. If 
ah represents Fi, then be and ca will represent the actions of the 
rods 1 and 2 on the hinge A , if the lines he and ca arc drawn parallel 
to the rods 1 and 2, respectively. The reactions of the hinge A 
on the rods are thrusts represented by ch and ac, which arc now 
known. It is convenient to number the sides cb and ac, 1 and 2, 



Fig. 89. ' Fig. 90. 


respectively, since they represent the thrusts in the rods which 
are numbered 1 and 2. 

Of the four forces which are acting upon the hinge Bj two are 
wholly known and the lines of action of the other two are known. 
These four forces form a closed quadrilateral which now can be 
drawn. Let da = F 2 , and let de and ce be drawn parallel to the 
rods 4 and 3, and numbered accordingly. Then daced is a closed 
quadrilateral the sides of which, taken in succession, represent the 
forces which are acting upon the hinge B. From the direction of 
these forces ce represents a pull of the rod 3 on B and, therefore, 
ec represents a pull of the hinge B on the rod 3. The rod 3 is 
therefore under tension, while the rod 4 sustains a thrust which 
is equal to de. 
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At the hinge C, one force now is known and the lines of action 
of the other two are known. Let ef be drawn parallel to rod 6 , 
and fd parallel to F 3 . Then 

and ef represents the action of the rod 5 on C, Accordingly, 
rod 5 is under tension of which the magnitude is c/. Finally, 
since the entire system is in equilibrium, 

Fi + F2 + F3 + F4 = 0 

and, if placed end to end, these vectors form a closed polygon. 
Hence, the force F 4 acting at D is represented by the line hf. 


178. Difficulties in Starting. — It will be observed that a 
start was made at a point where only three forces were acting. 



Fig. 91 . Fig. 92 . 


one of which was known. If no such point can be found some 
preliminary work may be necessary before a start can be made 
on the stress diagram (the term stress includes both thrusts 
and tensions). It may be that there is no single hinge at which 
a known force is acting, in which case it may be necessary to 
determine first all of the external forces which are acting on the 
framework before attempting to determine the internal stresses; 
or, if no single hinge occurs in the framework, it may be necessary 
to determine the stress in some one rod before a start can be 
made. 

Two rigid triangles, for example, can be rigidly connected by 
means of a triple hinge and an extra rod, as in Fig. 91 or by 
means of three extra rods, as in Fig. 92. In this last framework 
(Fig. 92), there are no single hinges anywhere. The triangle 
DEFy however, can be regarded as by itself. If the moments 
of all of the forces acting upon it be taken about the intersection 
of AF and CE, the stress in BD will be determined. 
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179. Forces Not at the Hinges. — If forces act at points of the 
framework other than the hinges, they can be replaced by equiva- 
lent pairs of forces acting at the ends of the rods. This sub- 
stitution will not alter the actions upon the hinges, but it will 
alter the stresses in the rods 
for which a change of forces is 
made. Thus, if the force F is ^ 
acting at a point P of a rod (Fig. 

93), let /i and /2 be two cross- 
sections of the rod which contain 
F between them. The small portion of the rod between /i and /2 
is in equilibrium under the action of three forces, one of which is 
F, and the other two Fi and F 2 are equivalent to the stresses 
across the planes fi and / 2 . Evidently, Fi and F 2 depend upon 
F, and therefore the internal stresses in the rod arc altered if 
F is replaced by two equivalent forces at the ends of the rod. 



Fig. 93. 


180. Heavy Frameworks. — If the rods which compose the 
framework are heavy, so that their weight cannot be neglected, 
the action upon the hinges can be determined by supposing that 



Fig. 94. 


the rods are light and that vertical forces each equal to half the 
weight of the rods (if the rods are uniform) are acting at their 
extremities. The stress diagram will then give the forces acting 
upon the hinges. The stresses in the actual rods will vary from 
point to point on account of their weight (see Sec. 223). 

Let ABC (Fig. 94) be a rigid triangle built of heavy beams 
smoothly jointed at the hinges. The lengths of the beams are 
Zi, Z 2 , and hy and their weights TFi, 1^2, and Wi are proportional 
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to their lengths. Let the weight of each beam be represented 
by two forces each equal to half of the weight of the beam acting 
at the hinges. Then it follows that, 

acting at C, W, = IfWi + W^) = + h), 

acting at A, W2 = \{Wz + W,) = + h), 

and acting at B, W3 = \{Wi + W^) = + h). 

If the framework rests on supports at A and it is also acted 
upon by vertical forces of magnitude and Rz at these points. 
Hence, Wi acts vertically at C, W2 — R2 at yl, and W3 — Rs at i?. 
The action of the light rods on the hinges is given by the lines 
1, 2, and 3 of the stress diagram. Since Wi, W2, and Wz are 
known, R^ and Rz are determined. By compounding the stress 
2 with 1^2/2 acting vertically at C, the action of the beam 2 on 
the hinge is obtained. The resultant is the dotted line 2c in the 
stress diagram. By compounding the stress 3 with the weight 
TF3/2 acting vertically at C, the action of beam 3 on the hinge C 
is obtained. The resultant is marked 3c in the diagram. It 
will be observed that 2c and 3c are equal, parallel, and opposite 
as they should be, since no other force acts on the hinge at C, 
The action of the beams on the other hinges can be obtained 
in a similar manner. 


Problems XIV 

1 . A light framework in the shape of a triangle ABC with sides AB = Zi, 
AC — Lj and BC = h is fastened to a vertical wall at the corner C, touching 
the wall again only at the ix)int B where the contact is smooth. A weight 
W is suspended from the point A, Find the forces acting at B and C and 
the stresses in the rods. 

Ana, A tension in U equal to Wh/h; a thrust in li equal to Wh/h, If the 
distance of A from the wall is p, and tan a == p/hf the force at C makes an 
angle ot with the wall, and its magnitude is W sec «. The force at B is nor- 
mal to the wall and its magnitude is W tan a. 

2 . A light framework forms a right-angled isosceles triangle of sides 
Zi = Z 2 and h and is suspended freely at the right angle. A weight W is 
suspended at the extremity of h and a weight 2 IF at the extremity of h. 
Find the stresses in the rods. 

Ans. Tensions in h and h equal to STT/V 5 and CTF/a/B, respectively, and 
a thrust in k equal to 2\/2TF/V5. 
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3. A light truss built of 11 rods of the same length and smoothly jointed 
is supported at its extremities Pi and P4, and supports weights of 7 and 4 
tons at the points P 2 and P3. Find the ^ ^ 


stresses in the rods. 

Am. Thrusts in 1, 5, 7, 9, and 11 equal 
to 12, 12, 2, 10, and 10 tons, respectively; 
tensions in 2, 3, 4, 6, 8, and 10 equal to 6, 
12, 2, 11, 10, and 5 tons, respectively; all 



divided by \/3* 


Fia. 95. 


4. Five uniform beams form the sides of a rhombus A BCD and the 
diagonal BD which is only half the lengths of the sides. If the weight of the 
diagonal beam is W and the frame is suspended by the hinge at A, find 
the action on the hinge at B of each beam joined to B. 

Am. BD exerts a thrust 1.161F and a downward force lF/2; 

AB exerts a tension 3.62TF and a downward force W; 

BC exerts a tension 1.03 IF and a downward force W. 


General Problems XV 

1. Four forces Fi, • • • , F 4 act along the sides of a square. What is the 
condition that the line of action of the e(iuivalent single force passes through 
the center of the square? 

2. Four forces act along the sides of a quadrilateral and in magnitude an; 
proportional to the sides along which they act. If (uiuilibriuin exists, show 
that the quadrilateral is a parallelogram. 

3. Four forces act upon a rigid body and their lin(*s of action form a 
quadrilateral. Show that the quadrilateral must be plane if the body is in 
equilibrium. 

4. Forces A, B, and C act along the sides of a triangle a, 5, and c and the 
line of action of the equivalent single force passes through the centers of the 
inscribed and circumscribed circles. Show that 

A B P 

cos b — cos c cos c — cos a cos a — cos b 

6. Four forces a(*t along the sides of a quadrilateral and in magnitude 
arc (Hpial to a, 5, c, and d times those sides. If equilibrium exists, show 
that ac = hd and that the diagonals arc divided by their points of inter- 
section in the ratios 

a'.b and c\d. 

6. If the quadrilateral, in the previous problem, can be inscribed in a 
circle and if the magnitudes of the forces are inversely proportional to the 
lengths of the opposite sides, show that the line of a(;tion of the equivalent 
single force passes through the intersections of the pairs of opposite sides. 

7. If, in the previous problem, equilibrium exists, show that the mag- 
nitudes of the forces are directly proportional to the opposite sides. 

8. The ratio of the moments of a force of given magnitude, but of variable 
direction and point of application, about two fixed points A and B, is con- 
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stant. Show that the line of action of the force always passes through a 
fixed point which lies on the line joining A and B. 

9 . The ratios of the moments of a force about three points, which are not 
collinear, are given. Find a graphical construction for the line of action 
of the force. 


10 . The moments of a force with respect to the points (1, 0), (0, 2), and 
(2, 3) are Ci, C 2 , and Ca. What angle does the force make with the j;-axis? 


Ans, 


tan d 


Cl — 3C2 + 2c3 
2ci — C2 — Ca 


11 . A rod of length 21 lies on a smooth table and has attacihed to it at its 
ends and at its middle point light strings to which arc tied weights IFi, TF 2 , 
and W I + IF 2 . The first two strings hang over one edge of the table and 
the third over the opposite parallel edge. If the rod is kept in equilibrium 
at an angle! d to these edges by two smooth pegs fixed to the table at a dis- 
tance a apart, find the pressures on the pegs. Ans. Each pressure* is 
l(2Wi + W 2 ) e*os e/a. 

12 . A smooth hemispherie!al bowl of radius r is held firmly. A uniform 
rod rests against the rim with one enel on the inner surface of the bowl. If 
the length of the rod within the bowl is c, show that the length of the entire 
rod is 4(c2 ~ 2r2)/c. 

13 . A non-uniform rod of weight tvi and of length 2a is pivoted at its 

middle point whie!h is at a elistance h from its center of gravity. A weight 

W 2 slides on a string of length 21 the enels e)f which are fastened to the ends 

of the rod. Find th(! distances of W 2 from the ends of the rod in the position 

of equilibrium. Ari.s*. 

aw2 — hivi , , aWi -f- , 

.. I ana — - • 1. 

aw2 aw2 


14 . Equal forces act on a circular disk, one at a point A of the edge and 
the other at the center O in a direction perpendicular to OA. Prove that 
they cannot be balanc(*d by any force whose point of application lies within 
the disk, unless the angle 0 between the direction of the equal forces satis- 
fies the relation. 

cos 2 0 < 4 cos 2 2 


16 . A square board is suspended from one corner by a string, equal in 
length to the side of the square, whi(!h is attached to a point of a smooth 
vertical wall. If the plane of the board is p('rp('ndicular to the wall, show 
that in the position of equilibrium the distanc(!s of the corners of the square 
from the wall are proportional to 0, 1, 4, and 3. 

16 . If a smooth sphere whose center of gravity is not at its center rests 
in contact with any number of smooth surfaces, show that the line join- 
ing its center to its center of gravity must be vertical in the position of 
equilibrium. 

17 . Three equal smooth spheres are held in contact with one another on 
a horizontal plane by a band around them. If a fourth sphere, similar to 
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the other three, is placed upon them, show that the tension of the band is 
increased by TT/a/sI. 

18. A pentagon ABCDEj formed of equal, imiform, heavy rods connected 
by smooth hinges at their ends, is supported symmetrically in a vertical plane 
with A uppermost and AB and AE in contact with two smooth pegs in the 
same horizontal line. Prove that if the pentagon is regular, the pegs 
divide AB and AE each in the ratio 


1 


+ sinTo:3sin^. 


19. Two equal and similar isosceles wedges, each of weight Wi and vertical 
angle 2a, are placed side by side with their bases on a rough horizontal plane 
with their edges in contact. A smooth sphere of weight W 2 and radius r in 
contact with a face of each is supported between them. If equilibrium 
exists, prove that 

. ?/;2 cot a , ^ ‘ j. { 4* W 2 \ 

iLt > , and r < a sin a tan a I )» 

2wi W 2 \ W 2 / 

where m is the coefficient of friction and a is the' length of each base. 

20. Two equal, smooth, (urcular disks of radius r are placed on their flat 
sides in a corner between two smooth vertical planes, inclined at an angle; 
2a, and touch each other in the line bisecting the angle. Show that the 
smallest disk which can be pressed between them without causing them to 
separate is one of radius 

p = r(sec a — 1). 

21. One end of a straight uniform beam rests on a rough floor, the other 
end being connected by a string to a point in the ceiling in the vertical plane 
which contains the beam. If 0i, 02, and 03 are the inclinations of the string, 
the beam and the reaction of the floor show that 


cot 01 ± 2 cot 02 ~ cot 03 = 0. 

22. A right circular cone of vertical angle 2a rests with its base on a rough 
horizontal plane. A string is attached to its vertex and pulled horizontally 
with a gradually increasing force. In what way will equilibrium first be 
broken? Ans. It will slide if e < a and will tip if e > a. 

23. A heavy bar of length U and weight w is suspended by its extremities 
by two equal strings of length s which are attached to two points in the ceil- 
ing at a distance of 21 apart. If the bar, remaining horizontal, is turned 
through an angle 0, what torque is required to hold it in this position? 


Ans, 


C - 


2ws sin 2 <p sin 0 


-^cos* ^ — 8 sin* (p sin* ^0 


where cos v? = — 
s 


24. A tight nut requires a force of 132 lb. applied at the end of a wrench 
18 in. in length to move it. If the bolt on which the nut is screwed has a 
diameter of 1 in., if the nut is 3/4 in. in length, and if the coefficient of fric- 
tion is 0.3, what is the pressure of the nut on the bolt? Ans, 280 lb. per 
square inch. 
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26. Provo that the central axis of two forces Fi and F 2 intersects the short- 
est line, of length L, joining their lines of action and divides it in the ratio 

F i(F 1 -jr F 2 COS F 1 F 2 ) \F ilF 2 "f* cos F 1 F 2 ), 
and that the moment of the equivalent wrench is 

LF \F 2 sin F iF 2 
VFi® + cos F>s + 

26. A heavy solid cylinder of radius r and weight w rests on a rough 
horizontal plane. Assuming the pressure on the base to be uniform and the 
cylinder and the plane rigid, show that the torque required to turn the cylin- 
der is 2fxwr/3, 



CHAPTER IX 


STATICS OF DEFORMABLE BODIES 

181 . Introduction. — The bodies dealt with in the preceding 
chapter were rigid in the sense that they maintained their shape 
under all conditions. There are no such bodies in nature, of 
course, but the ideal serves as a very useful first approximation 
to many actual situations where the variations in the forces acting 
are small. A second approximation will be taken up in the 
present chapter in the consideration of bodies that are only 
slightly deformed. In addition to such cases, there are other 
bodies or systems of bodies that are freely deformable, such as 
systems of weights connected by light strings, ropes, chains, etc. 
The funicular polygon will be considered first. 

I, FUNICULAR POLYGONS 

182 . The Funicular Polygon. — To a light string which is tied 
to two fixed points, a number of weights are attached. When 
the system is in equilibrium the segments of the string form the 
sides of a polygon which is known as the funicular polygon (from 
funicle, a light string). 

In Fig. 96 , let Pi and P2 be the points of suspension which are 
connected by a light string to which four weights TFi, TF2, W n, and 
TF4 are attached. Let the lengths of the five segments of the 
string be ?i, Z2, Z3, l\y and and let these segments make angles 
Ou ^2, ^3, and 06 with the horizontal toward the right, so that 
the first of the angles is negative and the last is positive. Let 
the corresponding tensions in the strings be Ti, T2, T3, T4, and T&. 
Finally, let the coordinates of the point P2, with respect to the point 
Pi as origin, be a and h. 

On resolving horizontally and vertically the forces which act 
upon the point of the string to which the weight TFi is attached, 
the following equations are obtained : 

Ti cos 01 = T2 cos 02, 

— T 1 sin 01 + T2 sin 02 = W i. 

153 
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These equations show that the horizontal component of the 
tensions in the first two segments are ecjual. Similar equations 
for the weight 11^2, 

T2 cos O2 = Tz cos Ozy 
— T2 sin 62 + Tz sin ^3 = TF2, 

show that the horizontal component of the tension in the third 
segment is the same as for the first two. A continuation of the 



analysis shows that it is the same for all of the segments. Sup- 
pose the string has n + 1 segments and n weights. If U and 
It 4. 1 are two consecutive segments, it is evident that 

Ti cos di = Ti+i cos + i == H, 

— Ti sin di + Ti+i sin Si^i = Wi, 


the common value of the horizontal components being denoted 
by the letter //. Hence, 

Ti = 

COS di 


— tan di + tan di+i 


Wi 

H' 


These equations hold however many weights there may be. 

The sum of the horizontal projections of the segments them- 
selves is the horizontal coordinate of P2, and the sum of the vertical 
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projections of the segments is the vertical coordinate of P 2 . 
Hence, the following system of equations is derived : 

W- 

-tan Oi + tan ( 9 ^ 4.1 = ^ = 1, • • • , n. (1) 

h cos ^1 + ^2 cos ^2 + • • • + in+i cos On+i = a, (2) 

li sin $1 + I 2 sin ^2 4“ • * * + In+i sin ^n+i = b, (3) 

so that there are n + 2 equations with which to determine the 

n + 2 unknowns di, 02 , * • • , 0n+i and 11. 

183. The Force Diagram. — On a vertical line (Pig. 97), mark 
off the segments 

AB = Wi, BC = TF2, CD = TFa, DE = TF4. 

Through the point A draw a line parallel to ?i, and through B 
draw a line parallel to k. These two lines meet in a point 0, 
and the lines OA and OB are equal in magnitude to Ti and T 2 ; 
for Wi, Ti, and T 2 , which are the forces acting on the point of 
attachment of if placed end to end, form a closed triangle. 
Since AP is equal and parallel to Wi, and OA and OB are parallel 
to Ti and T 2 , respectively, they are equal in magnitude to Ti 
and T 2 . Similarly, OC, OD, and OE are equal to Tg, and ^5, 
respectively, and are parallel to T 3 , T 4 , and Ts. Finally, since 

H == Ti cos di, 

it is evident that H is the perpendicular distance from 0 to AE. 

184. The Configuration of Equilibrium. — If the position of 
equilibrium of the system is not known, it is not known imme- 
diately how to locate the point O in the force diagram. But if 
any point 0' is taken and the corresponding force diagram is 
drawn, it is a simple matter to draw the funicular polygon which 
is associated with it. PYom P\ draw a line parallel to 0 ' A with 
a length lu Through the extremity of this line, draw a second 
line of length h parallel to O'B, and so on, arriving finally at a 
point P 2 '. If the system be suspended from the points Pi and 
P 2 ', it will take the position which has just been drawn, and 
0 ' ABODE is its force diagram. 

Let a point 0' at a distance P' from AE be chosen, and let the 
corresponding angles 0/ be computed so they can be regarded as 
known. The position of the point 0 could be determined if the 

components of the vector O'O were known. Let the magnitude of 
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the horizontal component be x-H'y and the magnitude of the 
vertical component be y • H\ Let O" be a point directly above O' 
and at a distance y • H' from it, and let the force diagram be drawn 
for the point 0". The angles 0t" are related to the angles 0/ 
in such a way that 

H" tan 0/' = H' tan Bi — /f'y and H" = 
whence tan 0/' = tan Bi — y i = 1, • • • , + 1. 

The points 0 and 0" are on the same perpendicular to AE, 
It is easily seen from the two force diagrams that 

H tan Bi = H" tan 0/', H = (1 ~ xW'; 


whence, 


tan Bi = 


tan Bi' 

I — X 


But these two transformations taken successively are equiva- 
lent to the single transformation 


, . tan Bi - y 

tan Bi = — . ^ 

1 — X 


// = (1 - x)H'; 


from which it is found that 

. . tan Bi - y 

sin Bi = 7 — -__zz=> 

(1 — xy + (tan Bi' — yY 

Q I — X 

cos Bi = - — .. * 

\/(l — xY + (tan Bi — yY 

After substituting these values for sin Bi and cos Bi in Eqs. 
(182.2) and (182.3), there results 

?.(1 - x) 

V(1 — xY + (tan di — yY 
Zi(tan Bi' - y) 


= a, 


- xY + (tan Bi - yY 


= 6 . 


This pair of simultaneous equations determines x and y^ since 
the liy Bi'y a, and b are known. They are algebraic, but in general 
highly irrational. They can be solved when the numerical values 
are given, but the process is laborious. 


186. Systems with Equal Weights. — If the weights are all 
equal, say equal to Wy and if, for the sake of notation, the 
substitutions 


W _ 

H ^ 


and 


tan = ty 
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are made, then the equations of Sec. 182 become 
tan = t, 
tan 62 = t + Cj 
tan Bz = t + 2c, 


tan Bn = t + (n — l)c; 

that is to say, the series of tangents forms an arithmetic series. 

Let the first point of suspension Pi be taken as the origin of a 
system of rectangular coordinates. Let Xi and ?/» be the coordi- 
nates of the weight, and finally, let 

li = h sec Bi, 

so that the projections of the segments of the string upon the 
a;-axis are all equal. Then 

Xi = h, yi = ht = ht, 

X2 = 2 h, 2/2 = 2/1 + + c) = + he, 

Xz = 3 A, 2/3 y 2 hit 2c) = Hit "t“ 3/ic, 

Xn = nh, 7/„ = ijn-i + hit + [n - l]c) = n/i< + — 2'— Ac. 


The elimination of n between the expressions for Xn and 2/n results 
in the equation 


2/n = + 2 ^Xn 



This is the equation of a parabola with a vertical axis which 
passes through the origin and through all of the weights. By 
the substitutions 



the equation takes the normal form 
c 




or 


W 

2hH 


x\ 


186. The Suspension Bridge. — These results have immediate 
application in the form taken by the cables of a suspension bridge. 
If the platform of the bridge is supported by wires equally spaced, 
there will be a uniform distribution of the weight and the horizon- 
tal projections of the segments of the cable between the wires 
will all be equal. If w is the weight carried by each of the verti- 
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cal wires, of which there are n for each cable, two in number, and 
h is the horizontal distance between the wires, then 

nw — 2W and (n + 

where 4TF is the total weight of the platform of the bridge and L 
is its length. Hence, the equation of the cable, referred to its 
lowest point as origin, is 

^ 2 


The quantity H is the horizontal component of the tension, 
and since this is constant, it is the tension of the cable itself at 
its lowest point. Let S be the sag of the cable, so that, in Fig. 98, 
the sag is 

S = OC. 


Then, from the equation of the parabola, 


S 



or 


^ is 


Consider the equilibrium of one-half the cable from 0 to A » 
Since the load is uniformly distributed, it acts halfway from 0 



Fia. 98. 


to B, The equilibrium of the cable would not be disturbed if 
it became rigid. This rigid body then is acted upon by the 
horizontal tension H, acting at 0, the tension T, acting at Aj and 
the weight W, acting along the line x = L/4. Since equilibrium 
exists, these three forces meet at a point. The slope of the curve is 

dy _ m 
dx LH^’ 

therefore, if a is the angle which T makes with the horizontal. 


By applying Lamias theorem to the three forces at their common 
point of intersection, it is found that 

T = Hsec a -=W cosec a = 
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187. Systems of Hinged Rods. — Given a system of heavy 
rods connected at their extremities by smooth hinges and sus- 
pended from two points at which the hinges also are smooth. 
Required: the configuration of equilibrium. 

It is not necessary to suppose that the rods are uniform in 
any respect, but it will be assumed that the hinges are smooth. 
Let Wt be the weight of the rod acting at its center of gravity. 
Let Li and Ri be the equivalent 
system of parallel forces acting at 
the left and right hinges. Then the 
system of heavy rods can be replaced 
by a system of light rods (or light 
strings, since only tensions are in- 
volved) and a system of weights acting at the hinges. The con- 
figuration of equilibrium, therefore, is the funicular polygon in 
which the weight is 

Wi = Hi + Li+i. 

The action on the hinge at A is obtained by adding vectorially 
the tension in the first rod to that portion of the weight of the 
first rod which acts at A ; that is, 

Px =Tt + Li; 

and similarly, at R, 

Pb == Tn + Rn* 

Problems XVI 

1 . The span of a suspension bridge is 200 ft., the sag of the cable is 20 ft. 
and its weight is 50 tons. What arc the tensions at the highest and lowest 
points of the cable? ylns. 33.00 and 31.25 tons. 

2. If the greatest tension permissible in the cable of the previous problem 
is 100 tons, what is the smallest permissible sag? (The greater the tension in 
the cable the steadier the bridge will be.) Ans. 6.3 ft. 

II. CATENARIES 

188. Flexible Chains and Ropes. — The same model which 
served as a light string in Chap. VII (Sec. 108) will also serve 
as a model of a chain or rope if the weight of the particles is 
taken into account. It is not necessary that the particles should 
all have the same weight. It is sufficient that the density of the 
chain varies from point to point continuously according to some 
specified law. The mean density of a section of the chain is the 
mass of that section divided by its length, or the mass per unit 
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length if the chain is uniform. The density at a point is the limit 
of the mean density of sections which contain that point, the 
sections being of diminishing length. 


189. Conditions of Equilibrium under the Action of Gravity. — 

It will be supposed that a heavy chain is suspended from two 
fixed points by its extremities, and the form of the curve which 
it assumes when it is in equilibrium will be investigated. 

Let ABC be such a chain hanging in equilibrium, and let B 
be its lowest point. If the portion of the chain AB were replaced 

by a horizontal force of magni- 
tude Hj equal to the tension which 
the part AB exerts on the point Bj 
the remaining portion of the chain 
BC would be undisturbed. The 
external forces which are acting 
on the portion BC are then: a 
horizontal force H acting at /?, a 
force T acting at C tangent to the 
curve, and the weight of its individual particles. Let s be the 
length of the arc as measured from B, and let (r(s) be the density of 
the chain at the point whose distance along the curve from ^ is .s. 

Let B be the origin of a system of rectangular axes of which 
the x-axis is horizontal and the ?/-axis is vertical. Then the 
equation of the curve assumed by the chain will be 

y = fix), 



Fio. 100. 


where /(x) is some function which depends upon the law of density 
of the chain. The slope of the curve at C, which can be regarded 
as any point of the curve, is the value of dy/dx at the point C; 
that is. 


dy 

dx 


— tan B, 


Let it be imagined that the chain has become rigid in its 
position of equilibrium. This would not alter the shape of the 
curve nor the equilibrium, and it permits the application of the 
theorems of rigid bodies. On resolving the external forces which 
are acting upon the chain horizontally and vertically, it is found 
that 


H = Tcos^, 

IT = T sin 6, 


( 1 ) 
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where W is the weight of the section of the chain between B 
and Cy and is therefore a function of s. 

From the quotient of these equations, there is obtained: 

tana-g.f. (2) 

If (t{s) is the density of the chain at the distance s along the 
curve from B as defined in Sec. 188, and g is the acceleration of 
gravity, then 

a{s) • g = w{s) 

is the weight which a unit length of the chain would have if its 
density were constant and equal to a(s). It will be called the 
weight of the chain per unit length at the point C. 

With this definition of w(s), the weight of the chain from B to 
C is 

w = f’wis)ds. (3) 

Kquations (2) and (3) hold wherever the point C may be along 
the arc of the curve. Hence, they determine the curve when the 
function w(s) is given, or they determine w{s) when the curve 
is given. 


190. A Second Form of the Differential Equations. — On differ- 
entiating both equations of Eq. (189.1) with respect to 5, and 
bearing in mind, from Eq. (189.3), that 

dW — wdsy 

it is found that 

sin d • dT + T cos d • dO = wdSy (1) 

cos 0 • dT — T sin 6 • dd =0. (2) 


After multiplying Eq. (1) by sin 0, Eq. (2) by cos 0, and adding; 
then multiplying Eq. (1) by cos 0, Eq. (2) by —sin 0, and adding; 
it is found that 

dT = w sin Odsy 
Tdd = w cos dds. 


But from the differential calculus, 

dy = sin 6ds; 

dT 
dy 


dx = cos 
therefore 


= Wy 


T = w. 
dx 



(3) 


These equations also define the curve, and are sometimes useful 
in place of Eqs. (189.2) and (189.3). 



162 STATICS AND THE DYNAMICS OF A PARTICLE 


191. The Curve is a Parabola. — A heavy chain is suspended 
by its two extremities and forms an arc of a parabola. It is 
required to find the law of its density. 

Let the equation of the parabola be 


and therefore 

dy _ X _W 
dx 2q H 

On differentiating again 


by Eq. (189.2). 


Hence, 


H 

2q 


dW 

dx 


= w(s) 


w(s) = 


H 

2q 


. = w sec 9. 
dx 

cos 9) 


that is, the weight of the chain per unit length at any point, or if 
preferred, the density of the chain at any point, is proportional 
to the cosine of the slope of the curve at that point. If the 
density of the curve is imagined projected upon the a;-axis, that 
is, that the mass in each element ds is distributed uniformly over 
the corresponding element dx of the x-axis, then the density along 
the x-axis is constant, as in the suspension bridge (Sec. 186). 


192. The Catenary. — The curve which is formed by a uniform 
heavy chain suspended by its extremities is known as the catenary. 
The weight of the chain per unit length w is constant, and there- 
fore the weight W of an arc of length s is 

W = ws. 


If, for the sake of notation, the constant c is defined 
relation 

H = cw 

where the constant c has the dimensions of a length, Eq. 
becomes 

dy ^ s 
dx c 

Since, 

Eq. (2) can be written 


by the 

( 1 ) 

(189.2) 

( 2 ) 


ds 


dx 



ds 



dx. 
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On integrating, and choosing the constant of integration so that 
6* vanishes with Xj there results 

If this expression for s is substituted in Eq. (2) and a second 
integration is performed, the equation of the curve of equilibrium, 
which is called the catenary, is found to be 

^ = cosh (4) 

c c ^ 

the constant of integration having been taken equal to zero. 
From the relation 

cosh^ ^ — sinh- f = 1, 

which holds for every value of and from Eqs. (3) and (4), it fol- 
lows that 

2/2 — = 8*2. (5) 

It is seen that when x vanishes, y is equal to c, and it is evident 
that the parameter c is merely a scale-constant. The x-axis of 
Eq. 4 is sometimes called the directrix of the catenary. 

193 . Tension of the Chain. — It is found by squaring and adding 
the two equations of Eq. (189.1) that 

T2 = TF2 + 7^2 =3 + ^.2) 

= w^c^ ^1 + sinh^ ~ w^Vcosh^^; 

whence 

T = wy. (1) 

Equation (1) shows that if a long chain is thrown over two smooth 
pegs with the two free ends of the chain coming down just to the 
directrix, the chain will be in equilibrium; and conversely, if the 
chain is in equilibrium, the free ends come down to the directrix. 
The proof lies in the fact that the tensions on the two opposite 
sides of the peg are equal. 

If the two points of suspension are on the same level and their 
common ordinate is yj then the sag of the chain hisy — c. Sup- 
pose that the two free ends of the chain are very long relative to 
the sag, so that the chain is very tightly stretched between the 
pegs. On factoring its left member, Eq. (192.5) can be written 
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Since y and c are nearly equal, this becomes, approximately, 


c = 


2h 


( 2 ) 


Let the distance between the two pegs be Z, and let W be the weight 
of the chain between them. Then, from Eq. (192.1), 

H 

c = — > 
w 

and, approximately, s = ^1, W = wl. 


If these values are substituted in Eq. (2), there results the simple 
approximate equation for the tension in terms of the total weight, 
length, and sag. 



(3) 


The tension at the highest point of the catenary, the pegs or the 
points of suspension of the chain, can be expanded as a power 
scries in which is convergent if h/l is sufficiently small. The 
result is 




Wl( 20 

Sh 3 Z2 


704^4 
"45 V 


(4) 


It will be noticed that Eq. (3) is merely the first term of this 
series. The demonstration of Eq. (4), will be left as an exercise. 


194. Approximations to the Catenary. — The expansion of the 
function cosh x/c as a power series is 


cosh 


X 

c 



+ • ' • . 


If x/c is small, the series can be limited to the first two terms, and 
Eq. (192.4) then becomes 


y = c + 


2c' 


or, on changing the origin to the vertex and replacing the value 
of c from Eq. (192.1), 

= - y- ( 1 ) 

The latus rectum of this parabola is 2ff/tc, and the distance to 
the focus is H/{2w). This approximation is useful for that part 
of the catenary which is near the vertex. 
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The function cosh x/c can also be written 


cosh 


X 

c 


e"* +e 
~ 2 ' 


__x 

Since e ^ diminishes very rapidly as x increases, for large values of 
X the catenary closely approximates the exponential curve 


y = 


1 

2 


z 



the approximation improving as x increases. 
The expansion for sinh x/c 


sinh 


X 

c 



+ ' * * . 


Hence, when x/c is small, Eq. (192.3) 
is approximately 

, 1 x^ 


or 




If I is the span of a stretched wire. 


2s - Z = 


24/72 


is the increase in the length of the wire 
necessary on account Of the sag. 



196. The Catenary of Uniform Strength. — In the ordinary 
catenary, in which the chain is uniform, the tension is greatest at 
the points of suspension, and the chain is most likely to break at 
one of these points. It is of interest to enquire what must be 
the cross-section of a wire for which breakage is equally likely 
everywhere. 

If the wire is uniform in every respect save in its cross-section, 
then the cross-section at any point must be proportional to the 
tension at that point. If a is the area of the cross-section and T 
is the tension, then 

T = ka, (1) 

where fc is a constant factor of proportionality, and a and T 
are variable from point to point. If a is the weight of the wire 
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per unit volume it will be constant, and the value of w the weight 
of the wire per unit length at the point is 


w = a ' a. 

If these expressions for T and w arc substituted in the second 
equation of Eq. (190.3), there results 

_ cr _ 1, 
dx k c 

and since k/cr = c is constant, this is immediately integrable and 


e = 


X 

-» 

c 


the constant of integration being zero. Now 


= tan 0 = tan 
dx c 


therefore, by a second integration. 



^ = log sec ^ 
c c 


which is the equation of the curve, 
the origin being at the lowest point 
of the curve. 

From the first of Eq. (189.1) 


T = H sec 6j 

and therefore, from Eq. (1), 


Since 


a 


^ sec d. 


-2 < ' < + 2 ’ 


the curve is asymptotic to the lines 


X = ±.. 


kw 


2(7 


The area of the cross-section becomes infinite at these limits, 
so that in practice these limits could not be attained. 

196, The Maximum Span of Any Cable. — If a cable is built 
out of uniform material, its breaking tension per unit area k 
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is constant and depends only on the material. By Eq. (190.3), 

dx 

do w 


for every cable, and the value of 6 cannot exceed 7r/2, since the 
cable is flexible. Hence, the maximum span for any cable is 


maximum span = 



do, 


in which T and a are to be regarded as functions of 0. In order 
that this integral may be a maximum, the ratio T /a must be a 
maximum, which is the breaking tension per unit area k; that is, 
the cable must be on the point of breaking everywhere. Hence, 
the maximum span is 


maximum span == 



kw 

~y 

a 


which is the maximum span of the catenary of uniform strength; 
or, rather, it is an upper limit, for this span itself is not attainable. 


197. The Maximum Span of a Steel Cable. — For a steel cable 
for which k — 130,000 pounds per square inch and a = 480 pounds 
per cubic foot, the maximum span is 


= 122,500 feet = 23.2 miles. 


If the factor of safety is taken as 6, the maximum span of 
safety (tension equal to one-sixth of 130,000) is only one-sixth 
as much, or 4 miles nearly. If the extreme values of 0 are ±ir/6, 
then the total span will be fcir/(3(r), and for the above cable and 
factor of safety, the span is reduced to 4/3 mile. The sag of the 
cable is. 

Sag = - logo sec 

O’ 1 ) 

which is about 932 feet. The cable is about 7 1/2 per cent thicker 
at the ends than at the middle. 


198. The Elastic Catenary. — In the previous examples, it has 
been supposed that the wires or cables were inelastic. In the 
present example, it will be assumed that the wire when not 
under tension has a uniform cross-section Oo, is homogeneous 
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throughout, and has a modulus of elasticity X (Sec. 109). Let 
the wire of length 21 be hanging in equilibrium. Let ds be an 
element of the wire and a its cross-section; let dso be the length 
of the same element when it is not stretched; and let a be the 
weight per unit volume after stretching and ao the weight per 
unit volume before stretching. 

Since the weight of the element is not altered by stretching, 
aads = (Toaodso* 


But by Hooke’s law (Sec. 109), 


hence. 



aa = 


(Todo 

T 


Since o- • a is the weight of the wire per unit length, 


era = Wy (ToCto = Wqj 


it follows from Eq. (190.3), that 


and therefore 




d/r 

dx 


Wo 



Ay, 

dx 


( 1 ) 


From Eqs. (189.1) and (189.2), it is found that 


dy _ 

dx yjH^ 


( 2 ) 


where H is the horizontal tension of the lowest point of the com- 
plete curve. On substituting Eq. (2) in Eq. (1), the equation 
becomes 



Wo 






y/fi _ JJt 


dT = 


H' 


or 
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After integrating and choosing the constant of integration so 
that 

X = 0 when T = //, 

it is found that 

m + cosh-‘ 

It is very convenient here to introduce a new parameter cj 
and constants c and c, which are defined by the relations 

T = H cosh «, c = -> e = v; (4) 

Wo X 

so that Eq. (3) becomes 

X 

- = w + c sinh CO, 
c 

and dx = c(l + e cosh co)dco. (5) 

On substituting Eqs. (4) and (5) in Eq. (2), there results 

^dy = (1 + 6 cosh co) sinh codco, 

and therefore, by integration, 

V 1 

- = cosh CO + cosh^ CO, 
c 2 

the constant of integration being taken equal to zero. 

The parametric equations of the elastic catenary are, therefore, 

X = c(co + c sinh co), 

y '= c^cosh CO + cosh^ co 

For ^ = 0, or what is the same thing, X = oo, the elastic catenary 
reduces to the ordinary catenary as, of course, it should. Since 
the ordinary catenary depends upon the single constant c, all 
ordinary catenaries have the same shape. They differ from one 
another only in size. Elastic catenaries depend not only upon 
the constant c, but also upon the constant e which can be 
regarded as defining the shape. Hence, elastic catenaries differ 
from one another not only in size but also in shape. 

199. The Stretch of the Wire. — The length of the wire in its 
position of equilibrium measured from the lowest point of the 
curve to the point of suspension, for which co = coi, is 

n<a\ 

Si = I ds = c (1 + e cosh co) cosh co dco, 

«/0 •'0 
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or 


sinh 0)1 + ^ sinh 2o)i^ • 

For the unstretched wire, 

f **" C^^dsoj r"‘l + e cosh o) , , 

= I ttSo = I == ^ I rp ~ cosh o)ao) 

Jo Jo ' J 0 1 

^ X 

cosh o)do) = c sinh o)i. 

Hence, the stretch of the wire is 


.So 


= C I cost 

Jo 


stretch = Si — Sq = ^ce(o)i + ^ sinh 2o)i). (1) 


The sag of the wire is 

sag = ?/(a)i) — 2/(0) = cj^(cosh 0)1 — 1 ) + ^csinh^o)! 

= - c + 2/0^ 


( 2 ) 


If the stretch in the wire is small, as in a steel wire, Eq. (2) 
can be expanded as a power series in the parameter e. The sag 
for the inelastic wire, using the same points of suspension, dis- 
tance apart 2a, and the same length of wire Su is 

sago = V ~+ co^ — Co 

where Cn is the scale constant for the inelastic wire. It is found 
then for the elastic wire that 


sag = sago + re 


cosh 0)1 — 1 Sq^' 
a , ^ 2& 


.So 


cosh 


0)1 


1 


+ 


s > that the extra sag due to stretch is 
sag due to stretch = 


r cosh 0)1 1 , 

a , . 26*2 

- cosh 0)1 — 1 
6*0 


\ce + 


. (3) 


200. Numerical Examples. — If the given length of the un- 
stretched wire is 2so and the horizontal distance between the two 
points of suspension is 2a, then 

a = Ci[o)i + e sinh o).] = ci 

So = Cl sinh o)i. 
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The value of coi is obtained from the equation 

Sq sinh coi 


a 


COi + ^^0 


a fairly simple matter with a table of the hyperbolic functions. 
Then ci is derived from the equation 

Cl = 

sinh 0)1 


Consider, for example, a steel wire 1/8 in. in diameter for which 
w = 24 lb., \ = 4.3 X 10® lb. 


The wire is 2100 ft. long and the distance between the points of 
suspension is 2000 ft. What is the sag? 

The value of wi is given by the equation 


. sinh 0)1 _ sinh 

^4^0.^9'x iF^So ““ 0)1 


COl 


sensibly. 


Hence, 

0)1 = 0.5450, 


sinh 0)1 = 0.5724, 


Cl = 1834 ft. 


and the sag is 279.0 ft. 

It will be observed that these figures are not sufficiently accu- 
rate to make the sag due to the stretch sensible, but it is easily 
computed by means of Eq. (199.3), and is found to be about 10.2 
inches. 


201. A Rubber String, — Consider a rubber string 200 feet long 
suspended from two points 150 feet apart. The value of w is 



one-twelfth pound and X is 25 pounds. From the equations of 
the preceding section, it is found that 

0)1 = 1.742, Cl = 36.14; 
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and, for an inelastic string under the same circumstances, 
coo == 1.351, Co = 55.51. 

The two curves are drawn in Fig. 104 to illustrate the sag due to 
stretch. The two sags are 86.8 and 58.9 feet, respectively. 
The sag due to stretch is 27.9 feet, while Eq. (199.3) gives 36.6 
feet, showing that higher terms of the expansion are necessary 
when the stretch is so large. The first term is sufficient only 
when the stretch is very small. 


202. Catenaries in General. — Imagine a perfectly flexible 
chain with infinitely small links fastened at its two ends in 
equilibrium in an arbitrary field of force. Let ds be any one of 
its Jinks which is acted upon by the tensions of the two adjoining 
links T 1 and T 2 and by a force f which is due 
to the field. Let a be the mass of the chain 
per unit length, and let F be the force which 
is due to the field acting upon a unit mass. 
Then the mass of the link is 



and 


dm = ads 
f = Fads, 


Let the forces be resolved along the a:-, ?/-, and 2 -axis, and let 
Xf Y, and Z be the magnitudes of the components of F. Then 

( 7^2 — 7 ^ 1 ) a; ~ dT X ~ — XadSj 
(T2 — Ti)y = dTy = —Yadsj 
( 7^2 — 7 ^ 1)2 ~ dT z = — Zadsj 

where Tx, Tyj and Tg are the components of the tension T acting 
at ds. Therefore, by projection upon the x-, 1 /-, and s^-axes, 

T Ty = T-^y T, = T-~- 

ds ds ds 


The differential equations for the catenary become, therefore. 
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203. Hypothesis — ^There Exists a Force Function. — Suppose 
that there exists a force function V (Sec. 04), so that 

dV 


„ dV 
^ = dx ’ 


dy 


Z = 


dz 




On multiplying the first equation Eq. (202. 1) by dx, the second by 
dy, the third by dz, and adding, there results 

-( 

ds\ . 

(dV, ,dV, ,dV,\ 

= -adV, 

If the left member of this equation is developed, it becomes 

dT/ (dxy+(dyy+(dzy\ , <Px ^dy dPy ^ dz d^z^ 
ds\ 

and since 

(dxy + (dyy + {dzy = (d.s>)^ 

and 

(h (Px 
d.s‘ ds^ 




H ,dy dz cPz _ 1 dj/ foV . / dyV , / dz\^\ 

? (h ds^ ds ds^~ 2ds\\ds/ \dsj \dsj ) 


= 1 ^-( 1 ) = 0 
2d8^ ’ ’ 


it reduces to 


dT = -o-dF. 

For a uniform chain, a is constant and the integral is 
■ r=<r(Fo-F). 

The potential energy of an element of the chain 

dm = ffds 


( 1 ) 


with respect to the given field of force is — Fvds. The potential 
energy of the entire chain is, therefore, 

the integral being taken along the catenary itself. 


Problems XVII 

1. A heavy chain hangs over two smooth pegs on the same level and at 
a distance a apart with the two ends hanging freely and the central part in 
the form of a catenary. Show that if the chain is in equilibrium and its 
length is I 


I ae {e ^ naperian base). 
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2 . An elastic string, of natural length na, has 7i equal weights w attached 
to it at distances a, 2a, .Sa, • • • from the end by which it is suspended. 
Find the amoimt of stnjtcdi and its potential energy. Ana. Stretch = 
n{n + 1) wa/(^2\); potential energy = 7i(n + l)(2n -f l)w^a/ 

3 . An elastic string 4 ft. long has two weights of 2 lb. each attached to 
it, one at an end and one in the middle. The elasticity of the string is 
such that a 1-lb. weight attached to its end lengthens the string 4/7 ft. The 
string with its weights is lifted from the ground by its unweighted end. 
What is the least amount of work which will lift both weights from the 
ground? Atis, 8 ft.-lb. 

4 . A chain of weight C is suspended by its extremities from two points 
on the same level and a w(iight W is atta(4ied to its lowest point. If ai 
and ai are the angles with the horizontal made by the tangents to the 
curve at W and the points of suspension, respectively, show that 

tan ai ^ I 
tan ai “ ^ W' 

6. A chain of length I is hung from two points on different levels, and 
at these points makes angles a and ii with the horizontal. Show that 
the differeiuio in level of the two points is 

sin + /3) 

l-i 

cos jS) 

6. A chain 110 ft. long is suspended from two points in the same hori- 
zontal line 108 ft. apart. Show that the tension at its lowest point is 1.477 
times the weight of the chain. 

7. A chain 10 ft. long and weighing 30 lb., suspended from two points in 
the same horizontal line, has a sag of 4 ft. Find the tension at its lowest 
])oint and the angle which the tangents to the curve at the points of sus- 
pension make with the horizontal. A^^s, Tension = 3 3/8 lb., angle =» 
77° 19'. 

8. An elastic string of natural length I and weight w per unit length is 
attached to two fixed points in the same vertical line at a distance h apart, 
so that its stretch is greater than its own weight would produce. If X is the 
modulus of elasticity of the string, show that the total displacement of a point 
whose natural distance from the top is x, is 

wx.j . , hx 

9. A funicular polygon is formed by attaching n equal weights equally 
spaced to a light string of length 1. Show that if n is indefinitely increased, 
but the sum of the weights is fixed, the funicular polygon has the catenary 
as a limit. 

10 . A heavy non-uniform chain suspended from two points on the same 
level forms a semi-circle. If y is the distance of a link of the chain 
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below the line of suspension and r is the radius of the circle, show that the 
density of the chain is proportional to 

r 

(r - yy 

11. Show that the work done in stretching the cord in the elastic catenary 
is 

W = 2w>oc2e^sinh + 3 sinh® 

12. If the middle point of the chain in Fig. 102 is constrained to move along 
the 2 /-axis, show that the equilibrium is stable or unstable, according as 
a ^ c. 

13. Prove that the configuration of Fig. 102 is also a configuration of 
equilibrium for the elastic catenary. 

14. The extremities of a chain are fastened to two fixed points A and C 
in the same horizontal line. Midway between A and C, at B, there is a 
smooth peg over which the chain passes. Show that the symmetrical 
(jonfiguration of equilibrium is unstable or stable according to whether there 
exists or does not exist an unsymmetrical configuration of equilibrium. 

16. The load supported by a chain is ax^ -|- h per horizontal foot. What is 
the equation of its curve? Ans, Ily = ax*/ 12 *+■ bx^/2. 

16. A chain hangs freely from two points on the same level. At equal 
distances from its two ends, a second chain is attached to the first. Required : 
the configuration of equilibrium. 

17. A smooth heavy wire is suspended from two pegs in a horizontal line, 
at a distance 2 a apart. It passes through a small ring which is attached by a 
light wire to a point halfway between the pegs. The length of the fine 
wire is less than half the distance between the pegs. Required: the con- 
figuration of equilibrium. 


III. ELASTIC SOLIDS 

204. Deformation. — If the shape of a solid body is altered the 
body is said to be deformed. Different substances react quite 
differently to slight deformations. If a lump of putty is 
deformed, it will stay deformed, showing no tendency to return to 
its initial state. Such a substance is said to be plastic. If, how- 
ever, a piece of spring steel is slightly deformed and then released, 
it will return promptly to its initial state. Such a substance is 
said to be elastic. In the remainder of the present chapter, solids 
that are elastic will be discussed. 

206. Strains. — Any definite alteration of the form or dimen- 
sions of an elastic body is called a strain. The simplest types of 
strains are a homogeneous elongation (or contraction), as of a rod, 
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and a simple shearing strain such as that in which a right parallele- 
piped is converted into an oblique parallelepiped, the base and 
altitude, and therefore the volume, remaining unaltered. The 
simple shearing strain is well illustrated by a deck of ordinary 
playing cards which is deformed from its initial figure of a right 
parallelepiped by sliding each card in its own plane parallel to 
the edge of the deck by an amount which is proportional to its 
distance from the bottom card. 




Fio. 107. 


If the natural length of a rod is I and its strained length is I + s, 
the measure of the strain is s/l, which is the strain per unit 
length, and is constant throughout the rod if the strain is 
homogeneous, that is, all parts of the rod arc strained alike. If the 
rod is lengthened, 5 is positive; if it is shortened, s is negative. 

The measure of a shearing strain, or more simply a shear, is 
the tangent of the angle (hc/ah, Fig. 107, that is, the strain per 
unit length), through which the edge of the parallelepiped is 
rotated; or, since the angle is usually very small, it is the radian 
measure of the angle (p itself. 

206. Stress. — Any force acting between the parts of a solid 
body is called a stress. Very httle is known about the forces 
that are acting between the parts of a solid body except that, 
when the body is not acted upon by any external forces, the 
internal forces are in equilibrium among themselves. When 
external forces are applied to the body the internal forces 
are altered and therefore, in general, the shape of the body 
is altered. It is the alteration of the internal forces, brought 
about by the application of external forces, with which this dis- 
cussion is chiefly concerned. Thus, if a rod is subjected to equal 
and opposite pulls at its two ends, the stress induced in the rod is 
called a tension. If the pulls are replaced by pushes the induced 
stress is a thrust^ so that, from a mathematical point of view, a 
thrust is merely a negative tension. 
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207. Shearing Stress. — A shearing stress between two particles 
tends to produce motion in a line which is perpendicular to the 
line joining the particles. Thus, if a heavy box is resting on a 
table, the mutual action of the box and the table acro^^s the plane 
which separates them is a thrust. But if the box is given a slight 
push or pull parallel to the table, without motion occurring, the 
induced stress in the plane which separates 
them is a shearing stress. It is evident that 
shearing stresses produce shearing strains. 

The diagram which represents a shearing stress is like the 
diagram of a couple with a very short arm. When the sign of a 
shearing stress is of importance, it will be regarded as positive 
when the moment of the couple would be positive and negative 
when the moment of the couple would be negative. 

208. Generalized Hooke’s Law. — Many careful experiments 
on elastic bodies show that Hooke’s law, originally stated for 
clastic strings, can be extended to all kinds of stresses and 
strains provided they are not too large. Thus, the stress pro- 
ducing any strain is proportional to the strain produced. In the 
form of an equation 

Stress per unit area , , 

^ = constant 

Strain per unit length 



for any given type of strain and any given substance. If the 
strain is a simple elongation, this constant is called Young's 
modulus, and is denoted by the letter M, If the strain is a shear, 
this constant is called the modulus of rigidity and is denoted by 
the letter 7i. Approximate values of these moduli, measured in 
pounds per square inch,^ are given in the following table for a 
few common substances: 


Substance 

Den- 

sity 

'll = 

modulus of 
rigidity 

M = 
Young’s 
modulus 

Breaking 

tension 

Flint glass 

2.94 

3.45 X 10» 

8.5 X 106 

1 X 10' 

Brass 

8.47 

5.5 X 10» 

15 X 10« 

1 X 10^ 


7.85 

11.9 X 10“ 

35 X 106 

10 X 10^ 

Wrought iron 

7.68 

11.2 X 10« 

28.5 X 106 

7 X 10^ 

Cast iron 

7.24 

7.7 X 10« 

19.6 X 10® 

1.6 X 10* 

Copper 

8.84 

6.5 X 10« 

1 

17.5 X 106 

6 X 10* 


^ To convert from pounds per square inch to dynes per sejuare centimeter, 
multiply by 68,900. 
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209. Elastic Rods. — In the case of an elastic rod, the stress per 
unit area is the tension in the rod T divided by the area of the 
cross-section a. If s is the stretch of the rod the extended 
length minus the natural length) and I is the natural length, the 
above equation gives 

— = M p or T = Ma 
a I I 

The constant Ma depends not only upon the substance but also 
upon the body. It has heretofore been denoted by the letter 
X and called the modulus of elasticity. 

210. Application to Overrigid Frameworks. — If a framework is 
overrigid and the rods are regarded as rigid, the stresses in the 
rods cannot be determined. If the rods are regarded as elastic, 
the changes in the stresses due to the action of external forces 
can be determined. Since the framework is overrigid, there may 
exist stresses in the rods without any outside forces acting. 
These stresses are, in general, unknown, and remain so. It is 
only the changes in the stresses due to outside forces that are 
sought. 


211. First Example. — ^Let there be given a freely jointed 
framework in the form of a square with the two diagonals, the 

rods being all alike and of the 
same material. I.*et the frame- 
work rest upon a table with one 
diagonal vertical, and support 
a weight W, Required: the 
changes in the stresses of the 
rods due to the weight W, 

Let s be the length of each of 
the sides and d = di = ^2 be 
the length of the diagonals. 
Then 

d = s\/2. 



It is evident from symmetry that the stresses in the sides are 
all alike and, therefore, these changes in length are all alike. 
Let the stretches in these rods be denoted by <t] let di be the 
vertical diagonal and di its stretch; and let d 2 be the horizontal 
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rod and 62 its stretch. T^ct >S, Di, and D 2 be the stresses in the 
sides and diagonals, respectively. Then 


S 



Di = X 


dl 


D 2 


== X 


^2. 

^2 


After the load W is placed upon the framework, the diagonals 
will still be perpendicular to each other, since the square has 
become a rhomb. Hence, 




{s + 


On neglecting the squares of the small (quantities and bearing 
in mind that 

di — d^ — S'\/ 2, 

it is found that 

“h ^2 = 2\/2(r^ 


and on multiplying through by 


it becomes 


X ^ X 
d sy/ 2 ’ 


Di + D2 = 


Since the hinge at W is in equilibrium, 
lF + >S\/2+i)i=0; 

and since the hinges at the ends of the horizontal diagonal d^ are 
in equilibrium 

+ D2 = 0. 

The solution of these last three equations gives 
,S = - liV2 - 1)W, 

= - lV2W, 

D, = + 2(2 - V 2 )W. 

There is a tension in ^2, and thrusts in di and all of the sides. 

212. Second Example. — Two heavy bars are connected by 
three elastic rods, not necessarily alike but of the same length s. 
The distances from the middle rod to the end rods are a and 6, 
respectively. A pull F, perpendicular to the bars, is applied at 
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a distance c from one end of the bars. Determine the stresses 
in the rods. 

Let the moduli of elasticity of the three rods be Xi, X2, and X3, 
respectively, and let their stretches be <ri, (r2, and <r3. Since the 
I^F heavy bars are essentially rigid, 


I 


V7777y77777777777777777777777\ 

a 

b 

X, 


\ 



(To -gaJ 


0’ \ (T2 

a 


o’2 — ffa 


( 1 ) 


If aSi, S 2 , and aSs are the stresses 
in the rods. 


aSi = X 


0-1 


^2 — X2 


0-2 


( 2 )* 


A83 = X;r 


as 


Fio. 110. 


Since the upper bar is in equi- 
librium, the resolution of the 
forces parallel to the direction of the rods and the principle of 
moments give the equations 

Si + S2 + = F, ( 3 ) 

aS2 + (a + h)Sz = cF. (4) 

The solution of Eqs. (1) to (4), for aSi, S 2 , and Sz gives 
a(a — c)X2 + (a + 6)(a + 6 — c)X3. 


Si = 
aS2 = 


^2X1X2 + 62X2X3 + (a + 6)2 XiX 3 
ac\i + h{a + 6 — c)X3 


•^XiF, 


a2XiX2 4" 62X2X3 4" “h 6)2 XiX3 


\2F, 


n ^ (g 4- 6 )cXi — 6 (g — c)\2__. p 

" a 2 XiX 2 4 - 62 X 2 X 3 + (g 4- 6 ) 2 XiX 3 ’ 


For the particular case in which 

Xi = X2 ~ X3, d — hj 

the stresses are 


S. . 


s , - 'n 


c = 0, 


aS3 = 

u 


213. The Shear of a Snubbing Post. — A snubbing post is a post 
planted firmly in the ground, in a dock or on the deck of a ship 
around which a rope is thrown for the purpose of controlling the 
motion of heavy objects, such as a horse, a barge, or a ship. 

Suppose the snubbing post is a column of steel 8 inches in diam- 
eter and a force of 1 20 tons is applied by means of a rope 30 inches 
from the ground. How much does the shaft yield to the shearing 
stress to which it is subject? 
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It is clear that the shearing stress is constant throughout the 
post, for, on considering any plane section of the post par- 
allel to the ground, as at B (Fig. Ill), it is apparent that the lower 
part of the post BC exerts a force of 120 tons on the part 
AB opposite in direction to AR^ since the upper part of the post 
AB is in equilibrium, and therefore in the plane at B. There are, 
of course, other forces acting 
acrofis the plane at B which is 
equivalent to a couple acting 
onAB and which balances the 
couple due to the shearing 
stresses. These forces are 
effective in bending the post. 

They are neglected and only 
the shear considered. 

Since the shearing stress is 
constant throughout the post the shearing strain also is constant. 
Let the angle of shear be (p. The shearing stress per unit area is 

120 X 2000 , . , 

pounds per square ii^eh. 

The strain is tan and the modulus of rigidity n for steel is 11.9 
X 10^ pounds per square inch. Hence, 



120 X 2000 
IOtt 


= 11.9 X 10® X tan 


and tan - 0.000401. 

The deflection of the post due to shear is 

30 tan cp = 0.012 inches. 


214. The Shear of the Frustum of a Cone. — The frustum of a 
cone would make a poor snubbing post, but it will serve well 
enough as an illustrative example. Let its height be /i, the radius 
of its top a, and of its base b. Let R be the magnitude of a hori- 
zontal force applied at the top, and y the deflection of the cone at 
the height x due to shear. 

The total shearing stress in the horizontal plane at x is, of 
course, R] but the shearing stress per unit area is 

R 

Jfe _ (5 _ a)| * 
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which is variable. The strain tan (p at the height x is dyfdx. 
Hence, 

dy _ R 

After integrating and choosing the constant of integration so that 
y vanishes with a;, there results 

1 1 ' 

b-{h-a)l ^ 

The deflection at the top is obtained by setting 

X = h 

in this equation. Its value is 

D = 

mrab 

It is seen from this equation that the deflection for a cone, due 
to shearing stress, is the same as that of a cylinder of the same 
height and radius 

r = \^ab. 


Rh 
mr(b — a) 


216. Torsion of a Uniform Cylindrical Shaft. — Torsion is a 
strain of a solid body in which planes which are perpendicular to 

a certain axis are rotated relatively 
to one another about that axis. 
Imagine that the lower end of a 
uniform cylindrical shaft is kept 
fixed while the upper end is twisted 
through an angle ^ by a couple of 
moment C. It is desired to deter- 
mine the relation between B and 
C in terms of the known constants 
of the shaft. 

Let r be the radius of the cyl- 
inder, I its length, and n the 
modulus of rigidity of the material 
of which it is composed. Consider a thin section of the shaft of 
thickness dl formed by two planes perpendicular to the axis. 
When the shaft is strained the upper plane of this section is rotated, 
relatively to the lower, through an angle dB^ the axis of rotation 
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being the axis of the cylinder by virtue of symmetry. Let PiQ 
be a cylindrical element of the volume of the section parallel to 
the axis before it is strained, and let P^Q be the same element 
after the strain has occurred. Let da be the area of the cross- 
section of the cylindrical element made by the upper plane. If 
p is the distance of this element from the axis of rotation, pdd is 
the displacement of da from its unstrained position. Since the 
length of the element before it is strained is dZ, the measure of the 
shearing strain of this element is pdOfdL 

The stress per unit area is, by Hooke’s law, npdd/dl] there- 
fore the force acting on the element da perpendicular to the line 
joining it to the axis of rotation, and the moment of this force 
with respect to the axis of rotation, respectively, are 

do, , oj 

7ip „ da. and ?? „ p^da, 

dl dl 

The sum of the moments taken over the entire area of the circular 
cross-section is the moment of the couple, or the torque, which 
acts upon the upper surface of the section. That is, 



The integral in the right member of this expression is the moment 
of inertia of the circular area which, by Routh’s rule (Sec. 99), is 
Tr^/2. Hence, the moment of the couple is 

There is nothing to distinguish one cross-section of the shaft from 
another, except its position, and therefore the torsion is constant 
throughout the shaft. That is, 

de ^ e, 
dl r 

and accordingly. 


The torsion, therefore, is proportional to the torque. 

Since the work done by a couple of moment C in turning 
through an angle dO is 


dW = Cde, 
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the work done in turning through the finite angle B is 

This is, therefore, the potential energy of the twist. 

If the cross-sections of the shaft are not circles, they are not 
only rotated but are also distorted, and the arguments given above 
are not sufficient to determine exactly the corresponding relation- 
ships; but they will give results which are quite close for regular 
polygons of six or more sides. It was found by St. Venant that 
the couple required to produce a given twist for a rod of square 
cross-section is only 0.84 of that which is obtained by the 
above method. The sharper the corners the poorer is the 
approximation. 

216. The Spiral Spring. — An elastic wire which has been 
shaped by winding on a cylindrical core is commonly called a 
spiral spring, although more accurately it is a helical spring. It 
will be supposed that the ends of the wire have 
been bent so as to lie on the axis of the cylinder. 
It was pointed out by Binet in 1814, and veri- 
fied by very careful experiments by J. Thompson 
in 1848, that such a spring acts chiefly by torsion 
of the wire, the flexure of the wire being unim- 
portant. Assuming that this is true, the exten- 
sion of the spring for a given pull can be 
computed in terms of the constants of the wire. 
Figure 113 is such a spring constructed of two 
wires for the purpose of symmetry. It is, of 
course, just twice as strong as it would be if one of the wires were 
removed, the other remaining unaltered. 

Let r be the radius of the wire, a the radius of the coils, I the 
length of the coiled wire, n its modulus of rigidity, and 6 the angle 
of twist in the wire when the spring is under tension. It will 
be assumed that the coils lie in planes which arc perpendicular 
to the axis of the cylinder, although this is not quite true. Let p 
be any point on the coils of the spring when it is under a tension 
due to two equal and opposite pulls of magnitude P (or 2P, 
if it is a double spring as in Fig. 113) applied at the ends of the 
spring on the axis of the cylinder. 

Consider a cross-section of the wire at p formed by a plane 
which passes through the axis of the cylinder. The action of the 
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216] 


portion of the spring on one side of this plane upon the portion 
on the other side of the plane is equivalent to a force P parallel 
to the axis and a couple. Since each portion of the spring is in 
equilibrium, the sum of the forces parallel to the axis of the 
cylinder is zero and, therefore, the magnitude of the force is P; 
and, since the two forces P acting on the two ends of either portion 
have lines of action which are parallel but at a distance a apart, 
these two forces produce a couple of moment aP which is balanced 
by the couple acting at p. The moment of the couple acting 
at p is, therefore, aP also. By Eq. (215.1), therefore, 

^ sdO „ 1 ,0 

^TTUr* = aP = - 7rnrV> 

2 dl 2 1 


and the work done in twisting the entire length I of the wire is 


W = 

41 


la^P\ 

irnr^ 


If X is the amount by which the spring is extended, the work 
done by the force P in extending the spring is 


W = ^^Pdx 

and, since the work done by flexure is negligible, all of the work 
going into the twist, it follows that 


I 


Vdx = 


On differentiating, and then removing a factor P, there results 


dP _ TTiir^ 
dx 2lar ^ 


which is constant. Therefore, 



where c is the number of the coils and, approximately, 

I = 27rca. 

This is the relation between the force P and the extension of the 
spring which was sought. 

217. Flexure. — Flexure is a strain in which certain planes 
within the body are bent into cylindrical or conical surfaces. 
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Suppose that a rod or a beam is given which, whatever its cross- 
section may be, is uniform throughout its length. The forces, 
wliich are acting on its ends only, can be thought of as tensions 
or thrusts, shears or couples, or any combination of these; but 
a beam in equilibrium will be considered first upon which the 

only forces acting are couples at its 
extremities. xSince the beam is in 
equilibrium, the two couples are 
evidently equal and opposite. 

Consider a cross-section at any point P. The part of the beam 
APj also, is in equilibrium, and therefore the action of the part 
PB upon the part AP is a couple which is equal to the couple at 

P. The same is true of the cross-section at any other point 

Q, Hence, every section of the beam included between two cross- 
sections is acted upon, by the parts outside of the section, by 
equal and opposite couples. However any thin section PQ 
may be deformed, all such sections are deformed alike, and the 
curvature of the beam is constant. The beam, therefore, is bent 
into the arc of a circle. 

218. The Bending Moment. — The radius of the circle in terms 
of the applied couples and the constants of the beam will now 
be determined. 

Let AiBiCiPi be a side view of the beam in its strained position 
and A1A2D2D1 an end view. It is evident that the beam is 



Fiq. 114 . 



stretched along the top plane AiBi and compressed along the 
bottom plane PiCi. There exists, therefore, a plane G\Hi 
which is neither stretched nor compressed, and which is called 
the neutral plane. In the strained position of the beam this 
plane is, of course, cylindrical with a radius R, If the beam 
subtends an angle 6 at the axis of the cylinder and I is the length 
of the beam, then 


I == EO :=z arc GiHi, 
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Let EiF I be a thin plane section of the beam parallel to GJh, 
and at a distance y from it; 2/ is to be regarded as positive on 
one side of the plane and negative on the other side. The length 
of EiFi in its strained position is 

arc EiFi = (72 + y)e. 

Its stretch is yO, and its strain per unit length is y/R, 

I^et da be the area of the cross-section of this thin strip E1E2, 
Then the tension necessary to stretch this strip is (Sec. 209) 

M^dn; 

where M is Young’s modulus for the material of the beam. The 
total force acting across the end is, therefore, 

^juda; 

and, since the force acting is a couple, this integral must bo 
zero. The line G1G2J therefore, passes through the center of 
gravity of the end of the beam A1A2D2D], 

The moment of the tension acting along E1E2 with respect 
to the line G1G2 is 

y ■ Mj^da = ^t/da. 

Conse(|uently, the moment of the couple C which is acting upon 

the end of the beam is 

^ M r MI 

c = y^da = 

where / is the moment of inertia of the cross-section of the beam 
with respect to the line G1G2 through the center of gravity of the 
cross-section. The couple C is called the bending moment 
This equation gives the relation between the bending moment and 
the radius of the cylinder. 

219. The Work Done in Bending. — If the beam is naturally 
straight and it is acted upon only by opposing couples on its 
ends, the beam is bent into the arc of a circle of radius 72. 

Let I be the length of the beam, d the angle through which the 
end of the beam is turned, and 72 the radius of the circle into 
which the beam is bent. The work done by the couple is 
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or, since 

Re = I, 

Mil 

~ 21 ^* 

which is the potential energy of the 
bent beam. 

The work done in bending the beam 
from a circle of radius to a circle 
of radius J ?2 is 

= \"ik - k} 

220. The Beam is Also under Tension. — If, in addition to the 
couple in Sec. 218, there is also a tension acting across the end 
of the beam, the sum of the tensions is not zero, and therefore 

Jyda = yi-a, 

where a is the area of the end of the beam, and yi is a, distance 
perpendicular to the line G 1 G 2 through the center of gravity of 
the area. The point of application of the single force T which is 
equivalent to the sum of all of the tensions, lies on a line which 
is parallel to G 1 G 2 and at a distance yi from it. This line is now 
the neutral axis, since the moment of T with respect to it is zero. 
The moment of the couple is 

m 

R ' 

just as before. The bending moment is independent of the 
existence of an additional tension or thrust, but the position of 
the neutral axis is not. 

221. Beams Subject to Perpendicular Forces. — ^Let a beam be 
held fixed at one end and be acted upon by forces A and B which 
are perpendicular to it, the weight of the beam being negligible. 
The beam is in equilibrium and is rigid enough to be essentially 
straight. 

Consider any cross-section P on the left of A (Fig. 117). The 
part of the beam on the right of this section is in equilibrium. 
Call this section R and the rest of the beam L. The section of 


I 



\/ 


Fiq. 116. 
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the beam R is acted upon by A, B, and L. Hence, the action of 
L at P has a component S perpendicular to the beam, which is a 
shearing force and of such magnitude that 

A -h B -|- S =0, 

and a couple, of which the moment is 

C = aA - hB, 

where a and h are the distances 
of A and B from P, Since 

S = ~(A + B), 

it is independent of the position 
of P so long as P is on the left 
of A. If the point P passes to 
the right of A, the shear S be- 
comes equal to — B and remains constant until P passes B when 
it drops to zero. 

The magnitude of the couple changes as P moves to the right. 
If a: is the distance that P moves to the right, then 

C, = (a - x)A - (h - x)B = (aA - bB) - x(A - B) 

== C - x(A - B), 

and the couple is a linear function of rr, provided 

A ^ B, 

When the point P passes to the right of A, the equation for the 
couple becomes 

C, ^ -{h ~ x)B, 

The couple vanishes at B and remains zero to the end of the beam. 

222. The Shearing Stresses and Bending Moments of a 
Loaded Beam. — Suppose a horizontal beam is supported at two 
points and supports weights Wi, W 2 , • • • . It is desired to 
find the shearing stress and bending moment at any point of the 
beam, neglecting the weight of the beam. 

Let the beam be supported at the points A and B (Fig. 118) 
and let the weights be distributed as in the diagram. Let the 
distance AB he a, and the distances of the weights from A be 
Xi, X2y and Xz, On taking moments about the points B and A, 
successively, it is found that 

aWA = (a - xOWi + (a - X2)W2 + (a ~ Xs)W3y 
aWs = XiWi + X2W2+ XzWz, 
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Let P be any cross-section of the beam at a distance x from A ; 
and suppose, at first, that it lies in the interval WaW\. The 
section of the beam is in equilibrium under the action of 
the support at A, W^, and the action of the part PB in and across 



Wa 

W, 

J 

W2 

1 

Wb 

> 

W3 

A B 1 
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Fiu. 118. 


the plane P. This action at P can be resolved into a force — 
and a couple, of which the moment is 

C = xWa. 

Bearing in mind the conventions as to sign (Sec. 207), it is seen 
that the shearing stress is positive. The bending moment will 
be regarded as positive when the convex side of the beam is 
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Fig. 119. Fm. 120. 


upward. Hence, the bending moment at P is negative. Let 
D be the bending moment and S the shearing stress. Then 

= D = --xWa, S = Wa. 

It will be observed that S is constant, while Z) is a Unear func- 
tion of X, 
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Now let P be in the interval W 1 W 2 , Here then 

D = ^xWa + (x- xOWi = -xiWi + x(-Wa + Wi). 

The shear is again constant, and the bending moment is a linear 
function of x. 

Likewise, in the interval W^Wb, 

S TF2, 

D == -{xiW, + X 2 W 2 ) +xi-WA + Wi + W 2 ); 
and, in the interval WbWz, 

S ^Wa + Wb-W,-W 2 ^ +TF 3 , 

D = - {x,W^ + X 2 W 2 - aWB) + x(-Wa ~ Wb + W, + TF 2 ), 

= x,W, - xWz. 

The shearing force and the bending moment are represented 
below the beam in Fig. 118 which has been drawn for the values 
Wi = 40, TF 2 = 50, TF 3 = GO, = 27, TF,, = 123, 

Xi =4, X 2 = 7, 0:3 = 12, a = 10. 

The bending moment is represented by the broken dotted line, 
while the shearing stress is represented by the discontinuous 
horizontal lines. It will be observed from the diagram that the 
left end of the beam is bent downward while the right end is 
bent upward. The point of inflection is at the point where the 
bending moment vanishes. 


223. The Shearing Stresses and Bending Moments of Heavy, 
Uniform Beams. — In the previous section the weight of the beam 
was supposed to be negligible. In the present one, it will be 
assumed that the weight of the beam is the 
only force which is acting, aside from the 
supports of the beam. 

Let AB ho a. section of a horizontal beam 
of length dx and weight w per unit length, 
so that the force acting upon it, perpendic- 
ular to its length, is its weight wdx. Let S be the shearing stress 
and D the bending moment acting at A, and 

S + dS and D+ dD 




wdx 

Fig. 121 . 


the corresponding stresses acting at B. 

Since the element A B is in equilibrium, a vertical resolution of 
the forces gives the equation 

-(S + dS) + S-wdx = 0, 
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The equation of moments about the point B is 

— (Z) -f" dD) “h Z) — Sdx -f- ^2^^^ {wdx) — 0. 

F'rom these two equations, the following are derived: 


dS 

dx 


= —w. 


dD _ _ 
2x 


( 1 ) 


from which it is seen that the shearing stress and the bending 
moment of the element are defined by differential equations. 
The solution of these differential equations depends, naturally, 
upon the stresses existing in the ends of the beam, and these in 
turn depend upon the mode in which the beam is supported. 


224. The Deflection of Heavy Horizontal Beams. — It was seen 
in Sec. 218 that the bending moment for a beam in the form of a 
circular arc is 



Since this expression is independent of the length of the arc, 
it can be imagined that the length of the arc is indefinitely dimin- 
ished, and, in fact, is the arc element ds of a curve. In this 
event, R becomes the radius of curvature p of the curve at the 
element ds. Hence, the bending moment of an elastic bar or 
beam at any point of the curve of equilibrium is 

2 ) = 

P 


If the x-axis is horizontal, the ?/-axis is vertical, and the radius of 
curvature positive when the curve is concave upward, it follows 
from the calculus that 


1 

P 



But since it is convenient to have the bending moment positive 
when the curve is concave downward, it follows that 




224] 


STATICS OF DEFORMABLE BODIES 


193 


If S is eliminated between the two equations of Eq. (223.1), it is 
found that 

dW 


and therefore 


dx^ 


= w. 


D = + Bix + Bo, 


where Bo and Bi are constants of integration. If these two 
expressions for D are equated, and if the constants A;, C 2 and C 3 
are defined by the relations 


^ _ I. I 

MI MI ~ 

there results 


Bo 

MI 


— kci, 



+ CoX 



This equation again is integrable, giving 
dy 
dx 




= A:( — + CsX + Cl) = fc • p(x) 


which, on being solved for the derivative of y with respect to rr, 
gives 


_ kp 
dx ~ & 2 p 2 


kp + ^k^p^ + fcsp* + • . . . 


From the table of values of Young’s modulus given in Sec. 208, 
it is seen that the value of the constant k is very small so that it is 
quite sufficient when the deflection is small to neglect the terms of 
higher degree and take 

^ = kp = k(^ — + ^CsX^ + C2X + Cl) ; 

therefore, y = k^ — ^x^ + ^Cao;® + ^C 2 X^ + CiX + Co)^ 


where Co, • • • , Cs are the constants of integration which are 
determined by the conditions which the beam must satisfy. 


226. Heavy Beam Supported at One End Only. — ^Let one end 
of the beam be held firmly both as to position and as to direction, 
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while the other end is entirely free. At the fixed and free ends of 
the beam, 

a; = 0 and x = Ij 



respectively. Also, at the fixed end, 

dy 


2/ = 0 


and 


dx 


= 0. 


At the free end, the shearing stress 
Fig. 122. and the bending moment are both 

zero. Hence, the four constants of 
integration are determined by the four end conditions 


y = 0 

S-» 


_ 


at o; = 0 


and 


dx^ 


= 0 


d^y _ 


dx^ 


= 0 


Sit X = 1; 


whence 


Co = 0, 
Cl = 0, 


“*2^^ + Ciil + C2 
— i + C3 =0. 


0 , 


From the last column, it follows that 


C3 = I, 



and therefore the curve of the beam in equilibrium is 
y = A;( ~~x^ + 

The sag at the end of the beam is the value of y for x ecpial to Z, 
or 

End sag = 

o 


226. Heavy Beam Supported at Both Ends. — If the beam is 
supported at both ends, so that the end conditions are 

2/ = ol y = ol 

^_^>ata; = 0 and dy _ >at a; = Z, 
dx ^ 

then 


Co = 0, = 0, 

Cl = 0, + icaP + Cil = 0. 
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From the last two equations, are derived 

-I; _ 1/2 

C3 - C2 - . 


The curve of the beam is therefore given by the equation 



Aside from the constant factor ±MI (Sec. 222), the bending 
moment is the second derivative of //, and the shearing stress is 
the third derivative. Hence, 

S - »(* - Ji) 

and D — + ]^x — 


227. Elastic Wires with Applied Stresses at the Ends Only. — 

In the present section an investigation will be made of the curves 
which are assumed by naturally straight, elastic wires when a 



force and a couple in the same 
plane are applied at each end 
of the wire in such a manner, 
of course, that the wire is in 
equilibrium. A torsional stress 
is excluded, since the resulting 
curves would be in three dimen- 
sions and the subject would be 
too difficult for an elementary 


Fi(}. 124. 


treatment. 


Let ABODE be an elastic rod, naturally straight, which has 
been bent and its two ends A and E connected by a tight string. 
The rod is in equilibrium under the action of the two external 
forces T and — T, which are acting on its ends only along the same 
string, and therefore in the same straight line. Let a rigid bar 
BG be rigidly attached to the wire at some point B, and let G be 
the point where the bar and the line of the string intersect. The 
triangle ABG can be regarded as a rigid triangle in equilibrium, or, 
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if there is any difficulty in imagining this, let the bar be replaced 
by a rigid triangle rigidly attached at B and A. 

This rigid triangle is in equilibrium under the action of two 
forces, the tension of the string acting at A, and a stress acting at B 
due to the elastic rod CB, The point of application of the tension 
T acting at A can be moved to G without altering anything else, 
since, by hypothesis, the triangle is rigid. The triangle can now 
be cut down to the bar, as drawn in the diagram. Hence, the 
equilibrium of the rod BCDE will not be disturbed if a rigid bar is 
rigidly attached to the rod at B, the string attached at the point 
(?, and then the arc of the rod AB removed. A second rigid bar 
can be rigidly attached at, say, C and the string attached to the 
point F where the bar crosses the line of the string, so that the 
string now connects the points F and G, The rod CDE can be 
removed leaving the equilibrium of the rod BC still undisturbed. 

The nature of the stresses at B and C can now be examined. 
Let ys and yc be the distances of B and C from the line FG. The 
tension — T acting at G is equivalent to a force — T acting at B 
and a couple of which the moment is --ysT. Similarly, +T 
acting at F is equivalent to a force +T acting at C and a couple of 
which the moment is +ycT. 

Let X and y be the coordinates of any point of the arc BC^ the 
a;-axis being the line FG, It is evident that the bending moment 
at the point x, y, which is simply the value of the couple at that 
point, is 

D^T-y, 

where T is a constant all along the arc, and is, in fact, the magni- 
tude of the single force in the string which connects two points of 
the two bars. 

If p is the radius of curvature at the point x, ?/, then (Sec. 224) 



MI 1 

or y-^r-p 


It will improve the notation if the substitution 




mi 

T 


is made, so that 
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(Py 
4 dx^ 



is the differential equation which is satisfied by the curve. 

On multiplying through by 2dy I dx and then integrating, there 
results 





where C is the constant of integration. 

Let 6 be the angle which the tangent to the curve makes with 
the X axis. Then 

S = + (dx)' = 

and the above equation can be written 

= C + 2^2 — sin^ /i2 — sin2 

where ^ C + 

and h is evidently the maximum value of y^. 

Further integration depends upon the relative values of h and 
a, namely, 

< a^j = a^y > a^. 

228. The Equation of the Elastic Curve for < a^. — In the 

event that 

< a^y 

let 

= k^a!^ (k^ < 1); —sin ^ 0 == k sin (p; 

then 

y = h cos <p. 

In Fig. 125, let ABC be an arc of the curve and AC the line of 
tensions. With the midpoint 0 of AC as a center and A as a 
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radius, draw a semicircle which touches the curve at B. Let 
p be any point on the curve, and QpP be parallel to AC, Then 


since 

also 


ip = ZBOP, 
y = h cos (p; 


sin d 


dy 

ds 


dy d(p 
dp ds 


— h sin p 


dp 

ds 



and therefore 

ds _ ^ sin V? 

dp sin 9 

From the relation 

— sin 2^ “ ^ 
it is found that 

— sin 9 = 


2fc sin py / 1 — sin^ p. 


Hence, 


ds ^ a 1 

dp 2 \/l — gJjj2 
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it follows that 


dx 

dip 


ds 

dip 


cos 8 = 


-h 


sin ip 
tan 6* 


1 1 — 2k^ sin^ (p 

2 \/ 1 — A:^ sin*-* (p ^ 






k = sin 65° 22' 
Fig. 129. 

* dip 

\/l — fp 


X 
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where E{kj <p) is Legcndre^s elliptic integral of the second kind. 
On combining this expression for x with the equation 

y = h cos (pf 

the parametric equations of the curve are obtained (see Figs. 126 
to 130). 






1 



\ 

\ 



Since y vanishes for ^ equal to tt / 2, and since the second deriva- 
tive vanishes with y^ the curve has a point of inflection wherever 
it crosses the a;-axis, or the line of tensions. 
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229] 


229. The Equation of the Elastic Curve for = a ?, — In case 
the constants h and a are equal the parameter k is equal to unity 
and the integrals for s and x are expressible in terms of the 
elementary functions. Thus, 


y a cos <Pj 

X = l^cos ^ sec ^ = a sin ^ | log tan^| + 

and 

s = “r-^="logtan('^ + ^Y 

2 cos ^ 2 ^ \2 4/ 

Since x tends toward infinity as <p approaches 7r/2, the complete 
curve has but a single loop the two branches of which are asymp- 
totic to the a;-axis (see Fig. 131). 

230. The Equation of the Elastic Curve for — If in 

Sec. 227, the substitution 

< 1 ), 

is made, it is found that 

y = h^l — 

from which it is evident that y never vanishes. Since the curva- 
ture vanishes only with t/, it is clear that there are no points of 
inflection on the curve. The radius of curvature always is 
finite and of the same sign, and the tangent of the curve turns 
always in one direction. 

On setting 

sin ^ = —h sin \ o 

a 


and carrying through an analysis similar to that in Sec. 228, 
it is found that 

y = h^l - sin* ^0, s = 

and 

X = hE^y 2 

(See Fig. 132.) 


») - //i - ii^yu, 


231. The Potential Energy of a Bent Elastic Rod. — The work 
done in bending a naturally straight elastic rod of length I to 
the arc of a circle of radius R is (Sec. 219) 

Mil 
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If I is an element of arc ds and li is the radius of curvature, p, 
the work done in bending an arc element from its natural straight- 
ness to a curvature of 1 /p is 


dW = 


MI 

2p2" 


and the total work done in bending the rod is the integral of 
this expression. 

In the case of rods which have been bent to the shape of an 
elastic curve (Sec. 227) 

1 ^ 
p a?' 

so that 

dW = 


In the first case, which was discussed in Sec. 228, 

^ cos^ <pj ds = --7 - - 

Vl - sin-^ (P 


so that 


dW = Ta\ Vl - <p 7 ^^ 

L Vl - sinVj 


and 


W = Ta[E{k, ^) - (1 - k^)F{k, ip)] = T[x + {2k^ - l)s]. 


In the second case (Sec. 229) in which ¥ is equal to unity, 
dW = Ta cos ifdipj 

and 

W = Ta mi ip — T(x + s). 

In the third case (Sec. 230), 

__ cos^ ip ds _ 1 ak 

k^ ^ do i cosip 

Therefore, 

dW = -T^ cos = -Thyjl - F sin2 ^6 d|- 

The negative sign arises from the fact that, according to the 
conventions, 6 is zero at the point B (Fig. 125), where s also is 
zero, and decreases as s increases. Hence, the integral must be 
taken from zero to some negative value of d. It is more conven- 
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ient simply to change the sign of d and integrate over a positive 
interval of the same numerical value. Then 

dW = Th^l - F sin* 

and 

W^Th- = T^x + (I - l)« j. 

It should not be forgotten that when <p is variable and a and k 
are constants, arcs of the same curve but of different lengths are 
dealt with. If it is desired to consider the work done in bending 
the same rod to different curvatures, then s is constant and a, 
kj and (p are variables. 

232. Equations of Equilibrium of a Plane Bent Elastic Rod. — 

The elastic curve was derived under the hypothesis that no forces 
were acting upon the rod except upon its ends. If forces act 
upon each element of the rod as 
well as upon the ends, such as 
gravity, for instance, the prob- 
lem is much more complicated. 

In Fig. 133, let T, Sj and C be 
the magnitudes of the tension, 
shear, and couple of the part of 
the rod to the left upon the ele- 
ment dfi, and T + dT, S + dS, 
and C + dC be the correspond- 
ing actions of that part of the 
rod which joins ds on the right, 
external force acting upon the element ds, so that F is the magni- 
tude of the force per unit length of the rod, and F< and F„ the 
components of F along the tangent and normal of the curve. Let 
the angle which the tangent makes with the x-axis be 6, so that 

ds = p ' do. 

Then, on resolving the force along the tangent and along the nor- 
mal and taking moments about the point P, the three following 
equations are obtained: 

-T + (T + dT) cos dd - (S + dS) sin dO + Ftds = 0, 

— aS + (aS + ^aS) cos do + {T + dT) sin dS + Fnds = 0, 

-C + (,C + dC) + (aS + dS)ds = 0. 



Let Fds be the magnitude of the 
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On passing to the limit and replacing dO by ds/p, there results 


^ _ 

ds 

dH 

ds 


^- + Fi =0, 

P 

T 

- + Fn = 0, 

P 


dC 

ds 


+ S = 0. 


Since C is the bending moment, 

p 


If S is eliminated between these equations, it is found that 


and 


dT IdC , „ _ „ 
ds+pds+^^-^ 

— — + ^T + F =0 
ds^ ^ p ^ 


Let Fx and Fy be the components of F along the x- and 2/-axes 
and 0 the angle which the tangent to the curve makes with the 
ic-axis. Multiply the first of these two equations by cos P, the 
second by —sin P, and add. Then multiply the first equation 
by sin P, the second by cos P, and add. Then, since 


pdO = ds, 

it will be found that the resulting equations can be written 


or, by integration. 


d 

dsl 

A 

ds 


cos P 
sin P 


+ sin 0)+F.= 0, 
- £-,(C cos 0)+F, = 0; 


Fxds == — Gx 


— I^C^cos P + ~(C sin P) = — J*/5 

sin P - ~(C cos P) = -Jfyds = -Gy 


On multiplying the first of these two equations by sin P, the second 
by — cos P and adding, there is obtained 

dC 

-j- = — Gx sin P + Gy cos Pj 
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and since 
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it follows that 


• dy 
sin d = j-y 
as 


cos d 


dx 


The equation 

P 


C = — ^ Gxdy -f- ^ Gydx, 

"'in 

[V‘+(S)T W'+(£)' 


dy 

dx 


also holds. On equating these two values of C, there results 
finally as the differential equation of the curve 

dy 


±MI 


dx 


dx\ 


V' " (i)’ 


— ^Gxdy 


Gydx. 


Problems XVIII 

1 . An overrigid framework in the shape of a square ABCD and its diag- 
onals is formed by six similar rods joined by smooth hinges. Two equal 
forces T act at A and B parallel to the sides AD and and two opposite 
forces “T act at C and D. Find the change in the stress of each rod. 

Arts. Tension in AD = | 

Tension in AC “ 2 — '^2^ T; 

Thrust in AB = 2 ( -* 0 

2 . A rectangular gate ABCD is formed by five similar rods smoothly 
jointed at the hinges. The sixth side AD 'm an upright post which allows 
the gate to swing. A small boy of weight w stands on the hinge at C, CD 
being the lower side of the gate. Find the changes in the stresses of the five 
rods due to the boy's weight. Am. If a is the length of the horizontal rods, 
b the vertical end, d the diagonal, and if 

a» + 

^ 2a» + + 2d» 

then the changes in the stresses are 

4 -^( 1 -/)«> inAB, + 5 /"* 

in BD, -pw 

+(1 — f)^ in BC. 


in AC, 
in CD, 


and 
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3 . A steel beam projects 2 ft. beyond the wall which supports it. Its 
vertical depth at the wall is 12 in. and at its extremity 6 in. Its thickness is 
uniformly 3 in. It supports a weight of 50,000 lb. attached to its extremity. 
What is the deflection due to shear? Ans. 0.0038 in. 

4 . Prove that the droop of the ends of a plank which is supported at its 
center is only threc-flfths of the droop which its center has when it is sup- 
ported at its two ends. 

6. Prove that if a plank is supported at its two ends the work done by 
gravity in bending the plank is only one-half of the work done in lowering 
its center of gravity. 

6 . A 10-lb. weight extends a helical spring 0.672 in. The spring con- 
sists of 20 coils, 2 in. in diameter, of wire 1/5 in. in diameter. What is the* 
modulus of rigidity of the material used in the spring? Ans. 11.9 X 10®. 

7 . A steel bar, 2 in. in diameter, for which Young’s modulus is 29 X 10® 
lb. per square inch is bent into the arc of a circle of radius 400 ft. What is 
the maximum stress occurring at any point of a cross-section of the bar? 
Ans. 12,080 lb. per square inch. 

8. If w is the weight of a beam per unit length, what is the maximum 
bending moment due to its own weight of a plank which is merely supported 
at its two ends? Ans. wP/S. 


9 . A beam is held firmly in a horizontal position at one end. The other 
end is supported in such a way that its sag is only one-half of what it 
would be if it were free. What part of the weight of the plank rests upon 
this support? Ans. 3/16, 

10 . The two ends of a very flexible rod of length I arc connected by a tight 
string. Prove that the tension in the string is 


MI 

T = 13.75 


if the tangents at the ends of the rod are parallel (Fig. 127); and 


MI 

T = 21.56 


if the two ends are drawn into contact (Fig. 129). 

11 . Show that, if the two ends of a very flexible rod are in contact (Fig. 
129), the angle between the two tangents is 81° 28'. 
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CHAPTPJR X 

MOTION IN A STRAIGHT LINE 

233. The Meaning of Djmamics. — The early students of 
mechanics recognized two types of force which were called vis 
viva and vis mortua^ living force and dead force. The ideas lying 
behind these terms were somewhat vague, but in a general way 
the forces which were involved in equilibrium were dead forces 
while those which resulted in motion were living forces. Among 
modern students the term vis mortua has been discarded alto- 
gether, while the term vis viva has been preserved, but with a 
somewhat altered meaning. The distinction, between vis mor^ 
tua and vis viva is still preserved, however, not in the nature of 
the forces themselves, but in the subjects of statics and dynam- 
ics, Statics is concerned with the study of forces which are in 
balance, in equilibrium, while dynamics is concerned with unbal- 
anced forces, or forces which result in motion. 

234. Un Rorm M otipn^in a Straigh jLLine. — The simplest type 
of motion which can occur is uniform motion in a straight line. 
In accordance with Newton^s first law of motion (Sec. 45) a 
body which is moving in this manner is not acted upon by any 
exterior force, or rather, more accurately, the resultant of all the 
forces which are acting upon it is zero. An elevator which is 
ascending with uniform speed is acted upon by gravity and 
friction in one direction and by the tension of the ropes in the 
opposite direction. The forces themselves are in equilibrium 
and their resultant is zero. It is just the same as though no 
forces were acting. 

236. Non-uniform Motion. — If the motion is not uniform, even 
though it be a particle moving in a straight line, the resultant of 
the forces acting is not zero, and it is necessary to appeal to New-- 

207 
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ton^s second law of motion for guidance. The motions of rigid 
and deformable bodies and of liquids and gases, which may be, 
and usually are, very complicated, can be resolved into the 
motions of their constituent particles. In order to analyze such 
motions, it is evident that a thorough knowledge of the dynamics 
of a single particle is necessary, and the remainder of the present 
volume will be devoted to this subject. The present chapter will 
consider the simplest type of such motion, namely, the motion 
of a particle in a straight line. 


236. Velocity. — If a particle is in motion along a certain 
straight line, its position in that line at any instant t can be 
denoted by the letter s with the understanding that the coordi- 
nate s is measured from a conveniently chosen origin 0 in the line. 
Since the particle is in motion, s varies with the time ; that is, s 
is a function of the time, and when it is desired to call attention 
to this fact, it will be written s{t). 

Its velocity at the instant t is (Sec. 28) 

,. s(t + At) — sit) ds 

i“.- — A< a- 


Since the time is always the independent variable in mechanical 
problems, it is not necessary that the notation should always 
remind us of that fact, and it will be found that the notation 




which is similar to the fluxional notation of Newton, in which one 
or two dots were placed over the letter, is much simpler and more 
convenient. In this book, accents upon a letter will, with very 
few exceptions, indicate derivatives with respect to the time. 
In accordance with this notation the velocity of the particle in 
straight-line motion at any instant is the value of at that 
instant. For straight-line motion, velocity differs from speed 
only by the fact that speed is always positive, while velocity 
may be either positive or negative. • 

If the particle is moving toward the positive end of the straight 
line, it is seen from Eq. (1) that s' is positive, for sit + At) is 
algebraically greater than s(^), whether the position of the particle 
s lies on the positive side of the origin or on the negative side. 
Therefore, wherever the particle may be in the straight line, a 
positive velocity can be represented by an arrow directed toward 
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the positive end of the coordinate axis, and a negative velocity 
by an arrow directed toward the negative end. The arrow repre- 
sents the direction in which the particle is moving, and its speed. 


237. Acceleration. — The acceleration at any instant is (Sec. 31) 
lim - s'jt) ^ 


Af = 0 




The acceleration is positive if s'{t + A^) is algebraically greater 
than s\t). This is the case if the particle, wherever it may be 
in the line, is moving toward the positive end of the axis with 
increasing speed, or if it is moving toward the negative end with 
decreasing speed. Positive acceleration can be represented by 
an arrow directed toward the positive end of the axis. If the 
particle is moving toward the positive end of the axis with decreas- 
ing speed, or toward the negative end with increasing speed, the 
acceleration is negative and can be represented by an arrow 
directed toward the negative end of the axis. 

For motion in a straight line, vector addition and subtraction 
are identical with algebraic addition and subtraction. It will 
not be forgotten, of course, that velocity and acceleration are 
vectors. 


238. The Equation of Motion. — In accordance with Newton’s 
second law of motion, the rate of change of momentum of the 
particle (that is, ms" , Sec. 43, where m is the mass of the par- 
ticle) is proportional to the force which is acting upon it. If the 
units are properly chosen "proportionality" becomes equality, 
and therefore, for straight-line motion, 

ms" = the force acting. 

In most of the problems which are taken up, the force which is 
acting depends upon the position of the particle, and is therefore 
a function of s, but it may also depend upon its velocity s' 
as when friction occurs, or it may depend upon the time itself, 
as in the case of sympathetic vibrations. Various constants 
also may be in evidence, but these can be neglected and the 
equation becomes: 

ms" = /(s, s', t), (1) 

This is called the equation of motion. From a physical point of 
view, it is the force equation; but from a mathematical point of 
view, it is a differential equation of the second order, and its 
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solution requires two constants of integration. On the physical 
side, these two constants of integration correspond to the fact 
that the law which expresses the force does not depend upon the 
particular position nor the particular velocity which the particle 
may have had at the particular moment t = 0. These particular 
values are called the initial conditions. The constants of inte- 
gration are determined when the initial conditions are given; 
or, perhaps better, the constants of integration are determined 
by the initial conditions. 

I. GRAVITY AND GRAVITATION 
239. Freely Falling Bodies. — Every particle near the surface 
of the earth is attracted toward the earth by a force which, 
according to the law of gravitation, is 

/ - -p™/. 

where is a factor of proportionality which depends upon the 
units employed, m is the mass of the particle, E is the mass of 
the earth, and r is the distance from the center of the earth to the 
particle. For particles that remain near the surface of the earth, 
that is, within a thousand feet or so, the variation in is rela- 
tively so small that / is essentially constant. It can be written, 
therefore 

/ = -'tng, 

where mg is what is called the weight of the particle, and g 
is the acceleration of gravity (Sec. 50). The minus sign indicates 
that the positive end of the vertical line is upward, or toward the 
zenith. 

If this expression for / is substituted in Eq. (238.1), it becomes 
ms" = --mg. 

The mass factor m can be divided out (which shows that the 
motion is independent of the mass) leaving the acceleration 
equation 

s" = (1) 

This equation is easily integrated, the first integral being 

s' = t)o - gt, (2) 

where j’o is the constant of integration and indicates the value 
of the velocity at the instant t - 0. A second integration gives 

s = So + — ^g^, (3) 
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where sq is the constant of integration and denotes the initial 
value of the coordinate s. The values of 6o and Vq may be either 
positive or negative. 

If Eq. (1) is multiplied by 2s', it becomes 
2s V' = ~2ffs', 

each member of which is an exact differential; and the integral is 

s '2 = - 2 ( 7 s + c. 

On imposing the initial conditions, namely, 

at ^ = 0, s = So, s' = ro, 
it is found that 

c = Vq- + 2g8Q, 

and therefore 

s'2 — Vi? = —2g{s — So) (4) 

which is an integral of Eq. (1). This same equation, (4), can be 
obtained also by eliminating t between Eqs. (2) and (3). If the 
initial velocity is zero, and v denotes the velocity after the 
particle has fallen through the distance h, then 
s' V, s — So, = —h, 
and Eq. (4) takes the form 

= +2(7/1, (5) 

which is very useful and easy to remember. 

If a particle is thrown straight upward, it will rise to a certain 
height, at which the velocity vanishes, and then fall. Thus 
the particle passes through the same points twice, once ascend- 
ing and once descending. Equation (4) shows that for a given 
value of s, the value of s'^ is uniquely determined. The speed, 
therefore, at a given point is the same for the descent as for the 
ascent. 

The time at which the particle arrives at a given point is 
obtained from the solution of Eq. (3) for t. Since Eq. (3) is a 
quadratic equation in t, there are two solutions one of which 
gives the time at which the particle passes the given point in its 
upward motion, and the other in its downward motion. 

240. The Resistance is Proportional to the Speed. — Suppose 
a particle is moving in a medium which opposes the motion with 
a resistance which is proportional to the speed of the particle, 
and that there is no other force acting. Then the acceleration 
equation is 

s" = -hs', (1) 
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the minus sign indicating that the acceleration has a direction 
which is always opposite to the velocity s'. If Eq. (1) is inte- 
grated once, there results 

s' = —ks + Ci. 

If the particle is started at the origin with the speed Vq^ then 


and 

On substituting 



Eq. (2) becomes 


Cl = Vq, 

s' = Vo — ks. 
and therefore 


(t' = —kcr, 


the solution of which is 

(T 

Therefore, 


= C2C~^^ 


s 


k 


C2e~'^K 


( 2 ) 


Since, by the initial conditions, s vanishes with t, 


C2 

and the solution, therefore, is 


k 


s = y - e-l 
s' = 


(3) 


As the time increases the speed decreases and has the limit zero. 
The particle approaches asymptotically the point 


s 


k 


241. Falling Body with Resistance Proportional to the Speed. 

Ihe acceleration equation in this case differs from Eq. (240.1) 
only by the addition of the term —g to the right member, so that 

s" = -g - ks', 
or 

s" + ks' + g = 0. (1) 

It will be assumed that the particle falls from rest from the height 
So, so that 

at < = 0, s = So, s' == 0. 
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If the substitution 


s' 


= cr — 


g 

k 


( 2 ) 


is made, where a is the new dependent variable, Eq. (1) becomes 

or' + = 0, 

the solution of which is 

(F = 

where ci is the constant of integration. Therefore, Eq. (2) 
becomes 

s' = — f- 

/c 

Since s' vanishes when t vanishes 


and 



= — 
K 


g 

k 


The solution is, therefore 

» . «. + i(i - - |i. 


(3) 

(4) 


As the time increases the velocity approaches the limiting 
constant velocity —g/kj and the motion becomes approximately 
uniform motion in a straight line. The reason for this is that 
the resistance increases as the speed increases, while the accelera- 
tion due to gravity is constant. As the two accelerations are 
oppositely directed, their sum tends toward zero, and a zero 
acceleration is the condition for uniform motion. 

If a raindrop should fall 4900 feet without the resistance of 
the air its speed at the ground would be 560 feet per second, and 
it would be highly dangerous to be caught out in a summer 
shower. A hailstorm would be more destructive than machine- 
gun fire. Owing to the resistance of the air the speed of a rain- 
drop does not exceed 25 feet per second. 

242. The Resistance is Proportional to the Square of the 
Speed. — For high speeds, the resistance of the air is more nearly 
proportional to the square of the speed than to the first power. 
Assuming this law of resistance, the acceleration equations are 

(«) s" = —g + k^gs^^ (if the particle is falling), \ 

(P) 5" = —g, _ (if the particle is rising). / 
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Since the resistance changes sign with the velocity while s'* 
does not change sign with the velocity, the differential equation 
for the rising particle is different from that for the falling one. 
The equation for the falling particle will be integrated, assuming 
that it falls from rest from the height Sq. 

On setting 

^ = s', (2) 


the first equation (a) of Kq. (1) can be written 

ka^ 

1 - fcV 

the integral of which is 

tanh“^ ka = ’-kgt, 


(3) 

(4) 


the constant of integration being zero, since a vanishes with t 
by virtue of the initial conditions. 

On taking the hyperbolic tangent of both sides of Eq. (4) and 
then replacing a by s' from Eq. (2), it is found that 


tanh kgt. 


(5) 


The integral of this equation is 


s = Su — log cosh kgt, 
K^g 


( 6 ) 


Since tanh x approaches unity as x increases indefinitely, and 
log cosh X = log + 6“®) = a; + log (1 + c-^^) + log 


it is seen from Eq. (5) that the speed of the particle increases from 
zero and has the limit l//c which is constant; and from Eq. (6), 
that the motion becomes approximately uniform motion; but 
the limiting speed has, in general, a different value from what it 
would have had if the resistance had been proportional to the first 
power of the speed. 

On multiplying through Eq. (3) by 2A;o', it becomes 


2/l;W' 

1 - /cV* 


-2k^gs\ 


both members of which are integrable. The integral is 
log (1 — A;V) = —2k^g(so — s), 
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which, 

solved for gives 



s'2 = hi - e-2*»(7(s.-s))^ 

tC 

(7) 


a relation which gives the speed in terms of the distance through 
which the particle has fallen. This equation holds only if 

s < So. 


243. Sliding Down an Inclined Plane. — If a particle is on a 
smooth inclined plane, whose angle of inclination to the plane of 
the horizon is a (Fig. 134), the com- 
ponent of its weight along the plane is 
tnff sin a. The component mg cos a 
perpendicular to the plane is balanced 
by the reaction of the plane. If the 


Fig. 134. Fio. 135. 

coordinate axis is taken along the line of greatest slope in the 
inclined plane, with the positive direction up the plane, the equa- 
tion of acceleration is 

s" = —g sin a. (1) 

This equation differs from Eq. (239.1) only in that g of that equa- 
tion is replaced in p]q. (1) by gf sin a. It follows immediately, from 
the results of Sec. 239, that 

s' = Vq — g Bin a • ty 

s = So + Vot — ^g sin a • fy 

and = Vo^ + 2g sin q:(so — s). 

Imagine a number of particles released at rest from the same 
point 0 at the same instant and that each particle slides down a 
plane whose inclination differs from that of all of the others. 
Let 0 be the angle which any one of the planes makes with the 
vertical, so that 



0 



p =90^ a. 
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Let the particle which falls vertically arrive at B at the instant 
t. The length OB is equal to gt^/2. The particle which makes 
an angle with the vertical, or a with the horizontal, arrives at 
the point P at the instant ty and the length OP is 

OP = sin a == ^gP cos P = OB cos p. 

The angle OPBj therefore, is a right angle, and P lies on the circle 
which has OB as a diameter. Since this is true, whatever the 
angle p may be, all of the particles lie on the same circle. It is 
true, also, whatever value t may have. Hence, the locus of the 

particles at any instant is a circle 
the vertical diameter of which 
passes through the point 0, The 
diameter of this circle is propor- 
tional to the square of the time. 

This interesting fact enables 
us to answer easily the question : 
Along what straight line must a 
particle slide, starting from rest 
at 0, in order that it may arrive 
at a given lineL, whether straight 
or curved, in the least possible 
time? It is necessary only to 
construct the circle through 0 which is tangent to the given line 
and whose vertical diameter also passes through O; in other words, 
the vertical circle for which 0 is the highest point. The straight 
line joining 0 and the point of tangency is the line desired. If the 
line L is curved, there may be more than one such circle. In this 
event the one with the smallest diameter is to be chosen. 

244. Atwood’s Machine. — ^Let two weights wi and W 2 be tied 
to the two ends of a light string, and the string then thrown over 
a pulley which will be assumed to be without mass and frictionless. 
Since the string is incxtensible, the motion of either of the weights 
is equal and opposite to the motion of the other. 

For definiteness, let 

W2 > Wi, 

Let Sy measured from some convenient point, be the height of W 2 
and let T be the tension in the string. Since 

wi = migy W2 = m2g, 
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V' = -Wi + T 


+ ^V' = ~W 2 + T. 

0 

After multiplying the first equation by W2j the second by Wi, 
and then adding, it is found that 

T = ^ ^ 

Wi + W2' . i 

and if the first equation is subtracted from the ^ 

second, it is found that 

,, W2 — Wi . -I , 

s = — g. \ iVi ] 

W2 4 - wi LiLiJ 

It is easily verified that the tension is constant, 

and that — — 

W2 > T > w\, I 

5 ; 

The acceleration s" also is constant, and can be 1 

made as small as is desired by taking the two Fia~m ^ 

weights very nearly equal. Unfortunately, 
when the weights are very nearly equal and the forces are very 
nearly balanced, the frictional forces of the pulleys become very 
important instead of being negligible. If this were not so, the 
constant g could be determined very accurately by this method. 

246. The Force Varies Inversely as the Square of the Distance. 

Let it be supposed that a particle is projected from the surface of 
the earth, and that it rises so high that the variations in the 
attraction of the earth cannot be neglected, as it was in the dis- 
cussion of freely falling bodies (Sec. 239). Let it be assumed, 
also, that there is no atmosphere to disturb the motion. 

If m is the mass of the particle, E the mass of the earth, s the 
distance of the particle from the center of the earth, then the 
equation of motion is 


If the factor m is removed and the substitution 


= km 




218 STATICS AND THE DYNAMICS OF A PARTICLE 


is made, the acceleration equation is 

At the surface of the earth 
s" = -gr = -32.2 

n A T* 

ki = 1.186 X 10«, log = 8.0745, 

the units being one foot and one second. 

On multiplying Eq. (1) by 2s' and integrating, there results 


( 1 ) 


and s = 20,900,000 feet. 


S'2 




the constant of integration having been chosen 
s' = V when s = 


r being the radius of the earth. The particle 
until its velocity s' vanishes, that is, until 


If 


1 1 V‘ 


s 


r 


< 


2k/ 

2ki^ 

„ — , 

r 


(2: 

so that 

continues to rise 

(3) 

(4) 


there exists a positive value of s for which Eq. (3) is satisfied, 
and for which, therefore, the velocity vanishes. In this event, 
the particle turns and falls back upon the earth. 


If 


2 


r 


(5) 


there does not exist a value of s for which the velocity vanishes, 
although as s increases the velocity s' diminishes and has zero as 
a limit. It is for this reason that the value of v which satisfies 
Eq. (5) is called the velocity to infinity. 

If ’ » (6) 

r 

the value of 5 which satisfies Eq. (3) is negative, but as s is positive 
and increasing this value is never attained. The speed decreases 
as s increases, and has a limit which is positive and different from 
zero. 

The further integration of Eq. (2) depends upon the value of 
the initial speed v. 
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246. Case 1: — ^Let the value of s for which the 

velocity vanishes be denoted by 2si so that, from Eq. (245.3) 

1 

2si r 2fci* 

Then Eq. (245.2) becomes 


- a.) - - i;)’ 

which solved for s' gives 


,_ki /2s 1 — .s\: 

-vsX s ; 


0 ) 


The plus sign is to be taken when the particle is ascending, and 
the minus sign when it is descending. 

For the integration of Eq. (1) it is convenient to change the 
dependent variable from s to <p by the substitution 



s = 2si sin^ -tp^ 

, „ . 1 1 , 

“ (2) 

Then Eq. 

s = 2si sin cos • <p . 

(1) reduces to 


or 

1 

2 sin^ ^<pdip = kiSi ^dt, 

o 



(1 — cos ip)dip ~ kiSi "^dt; 

(3) 

therefore, 

3 



(p ~ sin (p — kiHi 

(4) 


if the constant of integration is chosen so that (p vanishes with L 
The particle, of course, could not move below the surface of the 
earth, but there is no mathematical difficulty. Equation (3) 
shows that if the particle starts from the center of the earth, 
for which (p is zero, it does so with an infinite speed. At the sur- 
face of the earth the value of <p is given by Eq. (2) 

r = 2si sin® (5) 


the time required to reach the surface from the center is, by 
Eq. (4), ^ 

Tr = - sin <Pr). 


( 6 ) 
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At the highest point in its path the first equation of Eq. (2) 
shows that the value of </> is equal to tt, and then Eq. (4) gives the 
time at which this point is attained, namely, 

3 

7rsi2 


= 




(7) 


The time, therefore, from the surface of the earth to the highest 
point is 

T = - Tr. 

247. Case II : — If the initial velocity is the velocity 

to infinity, Eq. (245.2) has the very simple form 


= 


therefore, 
so that 


= \/2kidt; 


t = 


3 


‘ - (M 


2 
3 

S I f 


( 1 ) 


( 2 ) 


if the constant of integration is chosen so that s vanishes with i. 

248. Case III: > 2ki^lr . — If the initial velocity is greater 
than the velocity to infinity, then si is negative (Eq. (245.3)), and 
Eq. (245.2) becomes 

*'■ - “‘{j + i)' 

Therefore, 




Vs: 


For the integration of this equation, let 
s = 2si sinh^ ^(p. 

With this substitution, Eq. (2) passes over into 

1 

2 sinh^ 2^ ^ 


( 1 ) 

( 2 ) 

(3) 


or 


(cosh ip - 

the integral of which is 

sinh (p 


or 


l)d^ = kiSi ^dt, 


<p = fciSi 
3 

Si2 . 

t = (sinh -<p), 


(4) 
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the constant of integration having been chosen so that (p vanishes 
with t, 

249. ProjectUes to the Moon, and to Infinity. — If a projectile 
were shot from the surface of the earth with just sufficient speed 
to reach the moon, a distance of 240, 000 miles, atmospheric 
resistance and other disturbances neglected, it would be found that 

26‘i = 240,000 X 5280 = 1.267 X 10^ feet, 
and therefore (Eq. (245.3)) 

V — 36,430 feet = 6.90 miles per second. 

The time from the center of the earth to the moon is (Eq. (246.7)) 
Tt, = 422,100 seconds = 4 days 21 hours 15 minutes. 

In order to obtain the time from the surface of the earth, the 
time from the center of the earth to the surface must be sub- 
tracted from this result. From Eq. (246.5), it is found that, 
since the radius of the earth is 20,900,000 feet, 

iPr = 12 ° 20 '. 8 ; 

and, from Eq. (246.6), it is found that 

Tr = 228 seconds = 3'" 48^ 

Hence, the time required for the projectile to reach the moon 
from the surface of the earth is 

4d 21b i^m _ 3m 4gB ^ 4d 2ih 11m 12" 

Setting s equal to r in Eq. (247.1) and then solving for s', it is 
found that 

s' = V = 36,730 feet = 6.95 miles per second. 

This is called the velocity to infinity, or the velocity of escape. If 
the earth were the only body in the solar system, the projectile 
would recede indefinitely from the earth and its speed relative 
to the earth would eventually approach zero. It is interesting to 
notice that the velocity to the moon is only 300 feet per second 
less than the velocity to infinity. 

250. Velocity of Escape and Surface Gravity of Other Planets. 

The equation 
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Eq. (245. 1), will hold for any other planet as well as for the earth, 
if the mass of the other planet is substituted for the mass of the 
earth; and likewise the integral 


2k^E 

y 

S 


( 1 ) 


which gives the velocity of escape. Let a be the mean density of 
the earth and r its radius. At the surface of the earth, s" is 
equal to — gr, and therefore, assuming the earth to be a sphere 

S' = = 3^ ’TtTT, (2) 

since 

E = 


Likewise, if gi, <ri, and ri represent the corresponding quantities 
for any other planet, 

Qi = |A:27r(7iri. (3) 

The gravitational constant F depends upon the units which are 
used, but its value is the same for all bodies. On taking the ratio 
of Eqs. (2) and (3), it is found that 


which says that the surface gravity of any sphere or planet is 
proportional to the product of its radius and its mean density. 

In the same manner, if v is the velocity of escape at the surface 
of the earth, Eq. (1) gives 


= 


r 


o 


If Vi is the velocity of escape on any other sphere or planet, then 

Vi^ = ^k^TTiTiri^, 


The ratio of these two equations gives 

(4) 

Since the radii of the various planets and their mean densities 
are known, their surface gravities and velocities of escape can be 
computed. The following table of their values is taken from 
Moulton's Introduction to Astronomy:" 
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lladius, 

miles 

Me«.n 
density 
(water = 1) 

Surface 

gravity 

{g - 1) 

Velocity 
of escape, 
miles 

1 

Sun 

432,200 

1 

1.40 

27.64 

384.3 

Moon 

1,080 

3.34 

0.16 

1.49 

Mercury 

1,505 

4.48? 

0.31? 

1.99 

Venus 

3,850 

4.85? 

0.85 

6 51 

Earth 

3,959 

5.53 

1.00 

6.95 

Mars 

2,170 

3.58 

0.36 

3.22 

Jupiter 

44,200 

1.25 

2.52 

38.04 

Saturn 

37,080 

0.63 

1.07 

23.53 

Uranus 

15,100 

1.44 

0.99 

14.40 

Neptune 

17,400 

1.09 

0.86 

12.95 


II. HARMONIC MOTION 

261. Simple Harmonic Motion. — As a result of Hooke’s law, 
one of the common forces that occurs in physics is a force that is 
proportional to the displacement of the particle from its position 
of equilibrium. Nearly all rapid vibrations are due to forces of 
this type of which the tuning fork and violin and piano strings 
are the most familiar examples. 

Let the origin be taken at the position of equilibrium, and let 
the s-axis be in the line of the vibration. Since the force is 
proportional to the displacement, the equation of motion is 

7ns" = —k^s. ( 1 ) 

The constant is the intensity of the force at a unit distance 
from the origin. For vibrating strings it depends upon the 
length, tension, and modulus of elasticity of the string. The 
force itself is always directed toward the origin, and since 
it is negative when 6* is positive, and positive when s is negative, 
Eq. (1) is valid on both sides of the origin. 

In the present example, it will be observed that the mass 
factor does not divide out, since the force is independent of the 
mass; but the equation can be written 
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The solution of Eq. (2) is simple, since in it the question is 
asked What function of t reproduces itself, aside from a changed 
sign and a constant multiplier ki^, when it is differentiated twice 
The answer is immediate 


s == sin kit, s = B cos kit, 
or s = A sin kit + B cos kit; (3) 

as this last form contains two independent constants of integra- 
tion, it is the general solution. Other forms of the solution are 


s = C sin (kit + c) s = D cos (kit + d); 


(4) 


and imaginary exponentials also are possible forms. 

In all of these forms the solution is periodic with the period 



p _ = 27r\/m 

/ci 


k 


(r>) 


The amplitude of the oscillation, 
which is the maximum value of s, 
depends upon the constants of inte- 
gration. In the form Eq. (4), the 
amplitude is C or D, It is to bo 
noticed that the period is independent 
of the amplitude of the oscillation 
(which is very fortunate for violinists 
and pianists). For a given k, the period increases with the square 
root of the mass; and for a given mass it varies inversely with k. 
If the solution is taken in the form 

s = D cos (kit + d). 


Fio. 138. 


and a circle of radius D (Fig. 138) is drawn, for which the s- 
axis is a diameter with the origin at the center, and if a particle 
p describes this circle with uniform speed in the period. 


P 


27r 

ki 


starting at the end of the radius which makes an angle d with the 
s-axis, then the position of the point q which is the projection 
of p on the s-axis is such that 

Oq = D cos (kit + d) = s. 

This simple geometrical illustration permits of the ready 
visualization of simple harmonic motion. 
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The velocity is 

s' = —kiD sin {kit + d), 

which is proportional to the line pq, the factor of proportionality 
being &i. Hence, 

The integral Eq. (6) can also be obtained directly from p]q. (2) 
by multiplying through by 2s' and then integrating. If s 
and s' are regarded as the coordinates of a point, the integral 
Eq. ((3) is the equation of an ellipse. 

262. Tautochrone. — Given a field of force F and a curve C 
on which is fixed a point O. The curve C is said to be a tauto- 
chro7ie with respect to the point 0, if a particle, starting from 
rest, constrained to move along C and moving under the action 
of the force F^ arrives at the point O after an interval of time T 
which is independent of the point from which the particle starts. 

In the case of simple harmonic motion, the length of time 
which is required for a particle which starts from rest to arrive 
at the origin is one-quarter of the period. That is. 



wherever the particle may have started. Since this expres- 
sion does not depend upon the initial position, the motion is 
tautochronous. 

Consider the converse proposition: For what laws of force 
is the straight lino a tautochrone, assuming that the force 
depends upon the distance s only? 

Let O be the point on the straight line for which the straight 
line is a tautochrone, and let S{s) be the acceleration of the 
particle, the coordinate s being measured from the point 0. 
Then the acceleration equation 

s" = S{s) 

gives, on multiplying through by 26*' and integrating, 

= 2 rSds. 

J «o 

Since S is a function of s alone the integral in the right member 
can be evaluated. 

Let 


f^Sds = 
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It is evident that the force must everywhere be directed toward 
the origin, and, therefore, S is negative for every positive value 
of s. Consequently, (p(s) is a positive increasing function of s 
which vanishes with s. Then 


= 2(^(so) - 

ami the time required for the particle to arrive at the origin is 
_ 1 p ds 

^ \/2 Jso V ^(So) - (p(s) 

Let 

< p { s ) == T, ( p ( So ) = To , S — 

so that the function co is the inverse of (p, and a)(r) vanishes withr. 
Then 



In order that the straight line may be a tautochrone, it is 
necessary that T shall be independent of .so, and therefore inde- 
pendent of To. The condition necessary and sufficient that this 
may be true is that 


In order that the limits of the integral shall not contain tq, set 


T = ToU. 


Then the integral becomes 
1 


T = 


1 f* 

y/^Ji Vi — u 


and its derivative with respect to to is 


dT 

dro 


J 

V2 

1 

V2 


£ 

£ 


U 


cPo). V , 1 do), V 

+j 

Vto Vi 

fco 
roV To 


du 


, 1 dco 
"^2 dr 


dr. 


Since this integral must be identically zero in to, it is necessary 
that the integrand should be identically zero in t; for if it were not 
identically zero in t, one could take to so small that the integrand 
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would have the same sign between the limits 0 and to, and then 
the integral would not be zero. Hence, 


On setting 


this equation gives 


whence 

Vt ■ q = Cx, 


(Po: . 1 do) 
^dr^+2dT=^- 

do) 


dr 


= Qy 


^dr = 


i)(t) == 2ciV^ r + C2. 


Since co(r) vanishes with r, the constant C2 is zero; and, since co(r) 
is .<?, 


s = 2ci\/tj 


T 


4^' 


which shows that the required function (p(s) is 


<p(s) = 


Since 


4ci2 


~ds 2ci2 


the only law for which the straight line is a tautochrone is that in 
which the force is attractive and directly proportional to the 
distance. 


263. Damped Harmonic Motion. — If the force which is acting 
upon the particle is attractive and directly proportional to the 
distance, and in addition there is a resistance which is pro- 
portional to the speed, the acceleration equation is 

- 2ls\ 

or s" + 2ls' + = 0. (1) 

This is a linear, homogeneous, differential equation with constant 
coefficients. The solution of such an equation can be reduced to 
the solution of an algebraic equation by the substitution 

s = eK 

By virtue of this substitution, Eq. (1) becomes 

+ 2l\ + jfc2) = 0, 

X2 + 2l\ + =: 0. 


and therefore 
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This equation gives two values of X, provided its discriminant 
P — is not zero. These values are 


Xi = -Z + Vp - fc*; X2 = -Z - 
The general solution of Eq. (1), therefore, is 

s = (2) 

If the resistance is small, and therefore I is small, so that 
P < 0, 

it is convenient to set 

\/p — = ifiy where i = 

and then 

s = (3) 

Since 

^int = ^Qg ^ I gjj^ Q-ini — (jQg gJjj 

Eq. (3) can also be written 

8 = e~^^[(A + B) cos ni + i (A -- B) sin nt\) 

or again by setting 

A + ^ = C, i{A - B) = Dy 

it becomes 

s = e~^C cos nt + D sin nt], (4) 


This expression differs from that of pure harmonic motion (Eq. 
(251.3)) only by the darnping factor Since this factor dimin- 

ishes as the time increases the amplitude of the oscillations 
diminishes, and the particle eventually comes to rest in its posi- 
tion of equilibrium; but in the meantime the period of the oscilla- 
tions remains constant, namely, 

p _ 2 t _ 27r 

~ n ~ 


This period, it will be observed, is longer than it would be if there 
were no resistance, and the greater the resistance the longer the 
period, provided of course — P is positive. 


the two values of X are equal, and 


Xi — X2 — — I, 
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5 == 

It will be found, however, that, if I equals fc, the critical value of 
I for which oscillation ceases, 

s = + B), (5) 

satisfies Eq. (1)^ and since it contains two constants of integra- 
tion, it is the general solution. If A and B are determined so as 
to satisfy the initial conditions 

S = 6*0, 6*' = 0, 

it is found that 

s = 6*o(l + (6) 

and the particle never passes through the origin. 

If 

P - F > 0, 

both values of X are real and negative; Xi, however, tends toward 
zero as I increases. If the initial conditions are 

6 = So s' == 0, 

the solution is 


S = .[(I -1- VP _ 

2VP - F 


+ (-Z + VP- 


• 2VP - 


For largo values of I the velocity is negative and very slow. 


in. CONSERVATIVE FORCES IN GENERAL 

264. The General Case for Conservative Forces. — If the given 
force depends upon the position of the particle only, the equation 
of motion is 

ms"=m, ( 1 ) 

where /(s), which will be assumed to be a continuous function of s, 
is the given force. On multiplying through by s' and then inte- 
grating, there results : 

= J'/(s)ds + constant, 

= -U(s)+E, 
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which is called the energy equation, the left member 7us'^/2 
being the kinetic energy, U(s) the potential energy, and the 
constant E the total energy. 

Since the kinetic energy is essentially positive, it is evident 
that 5 can have only such values as make the right member also 
positive. If So satisfies this condition, and is the initial value of 
5 , then 



For simplicity of notation, let 


so that 


- u(.)\ = ^(s). 


s' — ±\/^(s)* 


(4) 


Let the graph of <^(s) be represented by Fig. 139, and let 
Si, 6 * 2 , and S 3 be values of s for which (p{s) vanishes. Then tlie 
initial value of s may lie between si and S 2 , or to the right of 



s-s since (p{h) is positive in thcvsc intervals, but it cannot lie between 
S 2 and 5.3 for real values of s'. Suppose, for definiteness, that 
ip(8) is a rational fraction and that s„ lies between sj and S 2 . If 
the particle is moving toward the right, s' is positive and the 
[)ositivo sign is to be taken before the radical in Eq. (4). 

Since (p{s) vanishes at .V 2 , it can be factored, 

<^(s) = (S2 ~ S)«^(s), 

where \p{s) is a rational fraction. If no root of the numerator 
or denominator of lies between si and S 2 , ^(s) is continuous 
and positive between si and 52 . Let and be the minimum 
and maximum values of ^(.s) in this interval; then, provided 
n = 1, that is, 52 is a simple root of v? (*’)> 

i 4 \/s 2 — s ^ V ^ B^s/ S 2 — 5, for 80 ^ 5 ^ Sr 
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where cix, uLy, ttz are the x-, y-, and 2:-components of the accelera- 
tion a* 

In Fig. 141, let be the position of the particle at the instant I 
and Vi its velocity; let jh and V 2 be the position and velocity 
of the particle at the instant t + M. If the vector V 2 is drawn 
with Pi as origin, it is seen that 

V2 - Vi = P17. 

Then, if 

a = 

AL 

the vector a is the average acceleration in the interval A^, and if 
a is the limit of a as Ai diminishes, then a is the acceleration of 
the particle at pi. 

The (miniating plane of the curve at pi is defined to be the limit- 
ing position of the plane which pass(\s through the tangent at pi 
and any neigh])oring i)oint p 2 , as po approaches pi. The pruanpal 
normal of the curve li(‘s in the osculating plane, and the hi normal 
of the curve is perpendicular to the osculating plane. From these 
definitions, it is evickmt that both the velocity and acceleration 
vectors lie in the osculating plane. 




267. Polar Coordinates in the Plane. - Let V be any vector 
in the a^y-plane (Fig. 112), and let r and 0 be the polar coordinates 
of its origin. I^et and V,, be its components parallel to the 
X- and yy-axes, and V,. and Vo its compoiuuits along the radius vec- 
tor to its origin and perpendicular to this radius vector. Let 
Vxr and Wjco be the components of Vx, and W yr and V yo the compo- 
nents of Vy along and perpcmdieular to the radius vector. Then 

V. = Vxr + Vyr 

Vo = Vxo + Vye. 

Since 

Vxr = Vx COS Oy Vxo == — Vx sin 6, 

Vyr = Vy sin dy Vyo = +Vy cos 
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it follows that 

Vr = +Vx COS 0 + Vy sin \ 

Fa = ““ F* sin 6 + Vy cos 6 , ) 

Now let the vector V be the velocity v. Then 

Vx = x'y Vy = y'y 

and, since 

X = r cos $y y — T sin 0, 

it is found by differentiation that 

Vx — x^ = r' cos B — r0' sin B, \ 

Vy — y' = r* sin B + r^' cos 0. / 

On substituting Eq. (2) in Eq. (1), there results 
Vr = r', V 0 = rB'y 

from which it is learned that the component of the velocity along 
the radius vector is r', and the component perpendicular to the 
radius vector is rB\ 

Next let the vector V be the acceleration a. Then 
ax = x" = (r" — cos B — (r0" + 2r'0') sin B, 

== sin B + (r^" + 2r'0') cos B, (4) 

On substituting Eq. (4) in Eq. (1), it is found that 
ar = r" — r0'2, 

ag = re” + 2r'e' = ^(r^O')' (5) 

are the expressions for the components of the acceleration along 
the radius vector and perpendicular to it, in terms of the polar 
coordinates and their derivatives. 

268. The Intrinsic Equations. — It is convenient at times to 
resolve the acceleration into components along the tangent to 
the path of the particle and along the normal. 

Since the acceleration of the particle is the velocity of the ter- 
minus of the velocity vector in the hodograph, the components of 
a in the direction of v (or, along the tangent to the path) and 
perpendicular to it (or, along the normal) are, by Eq. (257.3) 
at = v', an = V(a\ 

where v and w are the polar coordinates of the hodograph. Since 
w is the angle which the tangent to the path makes with the 
a;-axis, and since 

pdo) = ds, 

or, pco' = s' = V, 


( 1 ) 

( 2 ) 

(3) 
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where p is the radius of curvature of the path and ds is the arc 
element, it follows that 

/ ^ 

O) = f 

p 

and therefore the components of the acceleration along the tan- 
gent and along the normal are 

s", (1) 

p 

These are called the intrinsic equations of the curve, or motion, 
since they are independent of the coordinate system. It is 
evident that if the force is always perpendicular to the path of 
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motion, the tangential component of the acceleration is always 
zero, and therefore the speed of the particle is constant. The 
acceleration vector, if it is not zero, is always directed towards the 
concave side of the curve. It also lies in the osculating plane (Sec. 
256), if the path is not a plane curve, and therefore its component 
along the binormal is always zero. 

269. Other Relations. — It will be of interest to project the 
tangential and normal components of the acceleration upon the 
X-, y-, and z-axes, and thus verify the expression already derived 
(Eq. (256.1)), for a*, and a,. It will be remembered that the 
acceleration along the binormal, which is perpendicular to the 
osculating plane, is zero. 

Let a, and y be the direction cosines of the tangent to the 
path, and X, n, and p the direction cosines of the principal nor- 
mal to the curve (that is, the normal in the osculating plane). 
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Then 



7 i 2 ^ 

ax == av^ + X ^ 

P 




Cty = fiv' + jJL—J 

P 


(1) 


t 1 

az = yv + V — 

P , 



It will be assumed as 

well known that 



II 


II 

(2) 

and it will be proved that 



II 

II 

d^z 

(3) 


Imagine a particle moving along the given path with a constant 
speed which is equal to unity. Since the speed is constant, the 
tangential component of the acceleration is zero (Eq. (258.1)) 
and therefore the acceleration has the same direction as the 
principal normal. Also, since the speed is constant, the hodo- 
graph is a curve on the surface of a sphere of radius unity. 

Let P{Xj y, z) be a point on the path of the particle and Q 
be the corresponding point on the hodograph. Let Pi be a point 
on the path near P, and Qi the corresponding point on the 
hodograph. Then 

PPi = ds, QQi = d<T, 

The radius vector v to the point Q is parallel to the tangent at P; 

and the tangent to the hodograph a at Q is parallel to the principal 

normal at P, and therefore has the same direction cosines. 

Hence, by Eq. (259.2), 

. da dfi dy 

X = jLi = -j-y 

dcr . d(T CUT 

or, 

. _ da ^ . ds _ 

ds d(T ds^ da ^ds^^ 

_ dp ds _ d^y ds __ d^y 

_ dy ds _ d^z ds _ d^z 

^ ds da ds^ da ^ ^ds^ 

The equalities in the last column follow from the fact that 
ds = pdw = PPi, do) ^ da = QQi‘, 
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that is, the angle through which the tangent at P turns is the same 
as the angle through which the radius vector of the hodograph 
turns, the length of the radius vector being unity. 

Returning now to Eq. (259.1), the expressions for the rec- 
tangular components of the acceleration become 



just as before (Eq. 256.1). 

260. Components of a Vector in Spherical Coordinates. — The 

polar coordinates of a point in three dimensions are 

X = r cos <p cos 6, 1 
y — r cos <p sin 0 , } 
z = r sin <Py ) 

where <p and 9 are angles which correspond to latitude and 
longitude on a sphere. It is desired to find the components of 
velocity along the radius vector and in two perpendicular direc- 
tions in terms of r, <py and 6 and their derivatives. 

For this purpose a new rectangular set of axes r;, and f will be 
defined, such that the {-axis coincides with the radius vector 
at the instant t. The f-axis lies in the plane which contains the 
2 -axis and the {-axis; and the 97 -axis is perpendicular to the {- 
and f-axes. Like the xz/^-trihedron, the { 9 ?f-trihedron will be 
assumed to be right handed. The table of direction cosines will 
be the same as that used in Sec. 69, namely. 


1 

1 

1 V \ 

1 f 

x\ 

ot\ 

1 1 

as 

y\ 

Pi 

1 Pi 

1 Pz 

iJ 

yi 

1 T2 

1 73 


Let V be any vector, Vy, V* its a;-, t/-, and 2 -components, 
and Vj V, Vj- its {-, 97-, and f-components. Then 

Vj = aiV. + fiiWy + TiV., ] 

Yy, = a2Yx + fi 2 Yy + 72 V*, / 

Vr = aaVx + PzYy + 73 V.. J 


( 3 ) 
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If V is taken to be the velocity of the particle and V*, Vy, and 
Va its components along the a:-, 2 /-, and 2 ;-directions, is the 
component of the velocity along the radius vector and and 
are the components in two perpendicular directions, so that 

Vr = Vf, Ve - V,, v^ = Vf. 

In order that Vr, v^, and v^ may be expressed in terms of r, and 
6 and their derivatives, it is necessary that v^r, Vy, v« and the direc- 
tion cosines ai, • • • , 73 be expressed in the same way. 

261. The Nine Direction Cosines as Functions of the Polar- 
Angles. — In any spherical triangle of which the angles are A, B, 
and C and the sides opposite these angles are a, 6, and c, the three 
following relations hold: 

cos a = cos h cos c + sin h sin c cos A, ] 
cos 5 sin a = cos b sin c — sin b cos c cos A, > (1) 

sin 5 sin a = sin b sin A. j 

If any three parts of the triangle are given, the other three parts 
are determined by these equations which are valid for all spher- 
ical triangles. 

In Fig. 144, the a?-, y-, and 2 ?-coordi- 
nates are drawn in their usual position. 
About 0 as a center is drawn a sphere 
of radius unity. Let Of be the portion 
of the radius vector intercepted by this 
sphere. The plane through Of and Oz 
intercepts the sphere in the great circle 
gf^f. Through Of pass a plane per- 
pendicular to the ff-plane. This is 
the f 7 ^plane. It intercepts the sphere 
in the great circle fr/. If Of is the 
f-axis and Of is the f-axis, then O 77 is the ry-axis and it lies in the 
intersection of the xy- and the f?y-planes. Then draw the great 
circles, a;f, fy, yf, 1 ^ 2 , and xf . 

In the spherical triangle x^q, the side xq is the longitude $ 
and the side gf is the latitude <p. The side is the angle whose 
cosine is ai, since it is the angle between the x- and the f-axes. 
The angle opposite the side a:f is a right angle. Then the first 
equation of Eq. (1) gives 

ai = cos ip cos 6. 


2 
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In the triangle qy is equal to 90° — 6, and ^y is the angle 
whose cosine is 0i. The first of Eq. (1) applied to this triangle 
gives 

iSi = cos (f sin 6. 

The arc is 90° — and is the angle whose cosine is 71. Hence 


Since the arc qq is equal to 90° {y is the pole of the great circle 
^z^q), the arc xri is equal to 90° + 0 and since xrj is the angle 
whose cosine is «2 and yrj is the angle whose cosine is 182, 

0^2 = — sin Oy 
p 2 = + cos 0. 

The arc zrj is the angle whose cosine is 72, but since zrj is equal to 
90° 

72 = 0. 

The arc z^ is obviously equal to <p, and since z^ is the angle 
whose cosine is 73 

73 = cos <p. 

In the spherical triangle xz^^ the side x^ is the angle whose cosine is 
az, xz is equal to 90°, and is equal to <p. The angle included 
between the two sides xz and is tt — d. Hence, the first equa- 
tion of Eq. (1) gives 

0:3 = — sin <p cos 6. 

Finally, in the triangle yz^j the side yz is 90°, the side is <py and 
the side yi is the angle whose cosine is The angle between the 
two sides yz and jsf is 90° + B. Hence, the first equation of 
Eq.(l) gives 

iSs = — sin <p sin 6, 

Hence, the table for the direction cosines as functions of the 
polar angles is 

ofi == cos (p cos S, a 2 — — sin as == — sin <p cos By 1 
jSi = cos (p sin By i32 = + cos By Pz = — sin ip sin By > (2) 
7i = sin <py 72 = 0, 73 = + cos <p, j 

262. The Components of Velocity in Spherical Coordinates. — 

On differentiating Eq. (260.1) it is found that 

= x' = r' cos ^ cos ^ — Tip' sin ^ cos 0 — rB' cos (p sin By 1 
= y' := r' cos ^ sin 0 — r<p' sin ^ sin B + rB' cos (p cos By ? (1) 
— z' — r'sin ip + Tip* cos ^ + 0. J 



244 STATICS AND THE DYNAMICS OF A PARTICLE 


The substitution of Eq. (261.2) and (1) in Eq. (260.3) gives the 
desired equations 

Vr = r', \ 

= r<p', > (2) 

ve = r$' cos <p. } 

263. The Component of Acceleration in Spherical Coordi- 
nates. — By differentiation of Eq. (262. 1), the following is obtained : 

x" = [r" — r(p'^ — cos^ ip] cos <p cos 6 

— [np" + 2r'<p' + rd'^ sin ip cos p] sin ip cos d 

— [r^" cos ip— 2rip'$' sin^ + 2r'0' cos p] sin B, 
y" = [r" — r^'2 — cos^ ip] cos ^ sin 0 m 

— [Tip^* + 2rV' + sin <p cos <p] sin ip sin B ^ 

+ [r^" cos ip — 2rip'B' sin <p + 2r'B' cos p] cos B, 

z" = [r" — — rB'^ cos^ p] sin p 

+ + 2r V' + sin p cos p] cos p. 

On substituting Eqs. (261.2) and (1) in Eq. (260.3), the com- 
ponents of the acceleration along the radius vector and in the 
two perpendicular directions which correspond to latitude and 
longitude, expressed in terms of the spherical coordinates and 
their derivatives, are 

=: _ y.^'2 (5Qg2 ^ 

= r^" + 2r'p' + rS'^ sin p cos py / (2) 

ae = rB^' cos p — 2rp'B^ sin p + 2r'B^ cos p, j 

Another method of deriving these accelerations is given in Sec. 352. 

264. Uniform Motion in a Circle. — If a particle moves in a 
circle of radius a with constant speed, the angle which it describes 
is proportional to the time,* that is, 

B = o)tj 

where w, which is constant, is the angular velocity. Then it 
follows that 

X = a cos <aty y ~ a sin cot; 

from which are derived 

a*' = ~ao> sin wi^, y' = +aa? cos co^, 

ar" = —aco^ cos cot, y” = — sin 

Hence, 

V == y/ x'^ + y'^ = aw. 
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x" = —ccl^Xy i/" == —o)^yj 

it is evident that the acceleration is always directed toward the 
center of the circle (Sec. 39), and is constant in magnitude, namely, 

2 

a == ao)^ — — 
a 


The hodograph is a circle of radius aw, and the position in the 
hodograph isr 90° ahead of the position of the particle in its 
circle (see Fig. 21). The velocity in the hodograph is parallel to 
the radius vector of the particle, but is oppositely directed. 
The velocity in the hodograph is, of course, the acceleration of 
the particle. 


265. The Effect of the Rotation of the Earth on the Accelera- 
tion of Gravity. — It will be assumed that the earth is a sphere 
which is homogeneous in concentric layers so that the attraction 
of the earth is directed toward the 
center of the earth. In Fig. 145, let 
QB be a light string which is support- 
ing a heavy sphere B at rest relative 
to the surface of the earth, so that 
QB is the plumb line at B, 

Relative to a set of rectangular 
axes with its origin at the center of 
the earth, the z-axm coinciding with 
the axis of the rotation of the earth 
and the x- and ^-axes fixed in direc- 
tion relative to the stars, the weight 
B describes a circle of radius BS with 
the constant angular speed w. Its acceleration «, therefore, is 
directed toward the point )S, the center of the circle which it 
describes, and in magnitude 

a = BSca^ = rco^ cos ?, 



Fig. 145 . 


where r is the radius of the earth, and I is the latitude of B, 

The acceleration a, however, is the resultant of two accelera- 
tions to which B is subject; one is the acceleration G directed 
toward the center of the earth, due to the attraction of the 
earth, and the other is — g, directed along the string toward the 
point of suspension, and is due to the tension of the string. Let 
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these accelerations be represented by the sides of the triangle 
BREf in which the angle at B is the latitude I of B. Then by the 
cosine law, 

g2 Q2 ^ 2(xG cos Z + 

= cos^ I + r^co^ cos^ 1. 

Since there are 86,164.1 seconds in a sidereal day, 

« = = 0.000072921 [log a; = 5.862854 - 10] 

86,164.1 

also 

r = 20,900,000 ft. [log r = 7.320149]. 

Hence, 

rco2 = 0.11114. 

Since rojI^/G is small (approximately 1/300), the expression for 
g, namely, 

gr = G 1 — 2-^ cos2 1 + COS^ I , 

can be expanded in powers of rw^/G by the binomial theorem with 
the result 

fir = 1 — cos^ I +•• • 

= - 2^*) - r"' cos 2? + . . . 

= 32.160 ~ 0.056 cos 2Z. 

The earth, however, is not a sphere but is an oblate spheroid, 
so that the attraction of the earth is not toward its center, the 
direction varying with the latitude. These figures, therefore, 
do not represent the entire situation. If G is taken to be the 
actual acceleration of the earth at sea level relative to a set of 
axes at the center of the earth as described above and g is the 
acceleration relative to a set of axes fixed on the surface of the 
earth the correct equations are 

G = 32.225 - .026 cos 2n 
g = 32.174 - .085 cos 2Z./ 

266. Motion in an Ellipse. — If the position of a particle is 
given by the equations 



a; = a cos nt. 


y = b &m nt, 
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the path, which is obtained by eliminating the time between these 
two equations, is the ellipse 


f 4. t. 
¥ 


= 1 . 


It is found by differentiation that 

a;' = —an sin nt^ x” = — an^ cos ni = — n^x, 

y' = +bn cos n^, y" = — sin nt = — n^z/. 

Since the components of the acceleration are proportional to 
the coordinates, the total acceleration is 

a = —nhy 


and it is therefore always directed toward the origin. 
The equation of the hodograph is 


^2^2 52^2 


= 1 , 


which is the equation of an ellipse similar to the path itself, but 
of different size unless is equal to unity. 


267. The Motion of a Particle on the Circumference of a 
Rolling Wheel. — If a wheel of radius a rolls along a straight 




line, a particle on its circumference describes a cycloid, of which 
the parametric equations are 

X = a{6 + sin 0), ^ (1) 

y = a(l + cos d),j 

where S is the angle which the particle makes at the center with 
the highest point of the circle. If the wheel rolls with a constant 
angular speed, the angle d will be equal to cjt, where w is some 
constant. Hence, 

x' = aa)(l + cos wt), x" = — aco^ sin cot, 

y' = '-(Ko sin cot, y" = — cos cot 

The acceleration is constant in magnitude and equal to aco^. 
It is always directed toward the center of the circle. This result 
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could have been anticipated, for the motion of the wheel is the 
sum of a uniform rotation about its center, in which the accelera- 
tion is constant and always directed toward the center, and a 
uniform translation in which the acceleration is zero. 

The equation of the hodograph is 

(x' - ac^y + y'2 = aV. (2) 

The curve is therefore a circle through the origin. Its center 
is on the a;'-axis and its radius is equal to aw. 


268. The Equations of Motion When the Force Is Given. — 

In the preceding examples, the coordinates of the particle were 
given as functions of the time, and the velocity and acceleration 
determined by the process of differentiation, which is relatively 
simple. If, however, the law of the force under which the particle 
is moving is given, the problem is inverted, and the process of 
integration is required. In general, the law of the force is a 
function of the coordinates of the particle; the equations of 
motion are differential equations of the second order, and there 
is one such equation for each coordinate of the particle. 

Let Z, F, and Z be the a;-, y-, and 25-components, respectively, 
of the resultant force which is acting upon the particle, and let 
m be the mass of the particle. Then, in accordance with New- 
ton’s second law, the equations of motion are 

mx^' = Z, 1 

my" == y, ? (1) 

mz" = Z. j 


If there exists a force function (potential function Sec. 64), 
U{Xj y, z), such that 


X . f-. Y - S 

dx dy 

the equations of motion are 


dz 


mx 


dU 

dx’ 


my" 


= - 

dy’ 


mz 


dU 

dz' 


( 2 ) 


269. The Energy Integral. — On multiplying the first equation 
of Eq. (268.1) by dx, the second hy dy, the third by dz, and 
adding, there is obtained the equation 

m(x"dx +y"dy + z"dz) = + y'^ + 

=Xdx + Ydy + Zdz. 


( 1 ) 
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It is seen from Sec. 58 that the right member of Eq. (1) is the 
work done by the force acting in the displacement ds. The 
left member is the change in the kinetic energy mv^l2. Equation 
(1), therefore, states that the change in the kinetic energy of the 
particle is equal to the work done upon the particle by the force 
which is acting in any infinitesimal displacement ds. Since 

= x '2 + i /'2 + 

the integration of Eq. (1) gives 

1 1 (*x,y,z 

- imuo* = [Xdx + Ydy + Zdz], (2) 

^ ^ *7X0,1/0,20 

the integral of the right member to be computed along the path 
followed by the particle. 

If Xdx + Ydy + Zdz is not an exact differential, the right 
member of Eq. (2) will depend not only on the points Xq, t/o, Zq 
and X, y, z, but also upon the path which the particle pursues 
between them. 

If a potential function U(x, z) exists, then (Sec. 64) 

Xdx + Ydy + Zdz = dU 

is an exact differential, and the integral Eq. (2) becomes 


= U{x, y, z) - U{xq, Zq), (3) 

which is independent of the path from Xoy 2 / 0 , Zo to x, y, z. 
Equation (3) can be written also 

1 


where 


and 


:;jnv^ — U(Xy yyZ) = E (a constant), 
kinetic energy, 

• U (x, y, z) = the potential energy, 
E = the total energy. 


(4) 


Thus, when there exists a potential function, the force is 
conservative, the energy of the particle is constant, and Eq. (4) 
is called the energy integral. 


270. The Motion of a Projectile in Vacuo. — If the distances 
considered are not too great, the attraction of the earth on a 
particle is virtually constant and parallel to any given vertical 
in its vicinity. The horizontal component of the force which is 



250 STATICS AND THE DYNAMICS OF A PARTICLE 


acting is zero. Let the projectile be fired a certain direction, and 
let the plane which is determined by the vertical and the initial 
velocity be taken as the xai-plane, the origin being taken at the 
gun. With the positive end of the z-axis directed upward and 
the positive end of the a;-axis in the direction of fire, the equations 
of motion are 

mx" = 0, my'' = 0, mz" = —mg] (0) 

and the initial conditions are 

at < = 0, re = 7/ = z = t/' = 0, 

x' = cos a, 
z' = Vo sin a. 

It will be observed that the factor m can be removed from the 
equations (0). The motion, therefore, does not depend upon the 
mass of the particle. The integration of the second equation 
gives the information that y' is constant. Since it is zero ini- 
tially, it is always zero and therefore y is constant. Since y is 
initially zero, it is zero throughout the motion and the path of 
motion lies in the rc^-plane. 

On removing the factor m from each of the first and third equa- 
tions and then integrating each equation once, it is found that 

x' = Cl, z' = —gt + C2, 

where ci and C 2 are the constants of integration. Since, however, 
x' =Vo cos a, z' = Vo sin a, 
for ^ 0, it follows that 

Cl == Vo cos a, C 2 = Vo sin a; 

and, therefore, 

x' == Vo cos a, z' = —gf + Vo sin a. (1) 

If each of these equations is integrated again and the con- 
stants of integration determined so as to satisfy the initial con- 
ditions, there results 

X = Vq cos a- 1, z = — ~gt^ + Vo sin a • t. (2) 


The elimination of t between these two equations gives the 
equation of the path, namely. 


z — X tan a — 


, 

2vo* cos^ a 


which is a parabola (Fig. 147). 
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Let the constant h be introduced by the relation 

= 2gh. 

Then the equation of the parabola becomes 

^2 

2 = Xt^iXia — -rr i — (3) 

Ah cos^ OL ' ^ 

By means of the substitutions, 

f == x — 2/i sin a cos a, ^ z — h sin^ a, 

Eq. (3) is simplified, and becomes 

^2 

^ ” 4h cos^ a 



Fig. 147 . 


from which it is evident that the axis of the parabola is vertical 
with the vertex upward, and that the coordinates of the vertex 
with respect to the gun are 

X = h Bin 2a, z = h sin^ a, (5) 

Evidently, h is the maximum height for all values of a which can 
be attained by the projectile for a given Vo and this value is 
attained for a equal to 90°. 

The coordinates of the focus of the parabola are 
Xf = h sin 2a, Z/ = —A cos 2a. 

Hence, the focus lies on the circle with the origin as center and a 
radius equal to h. 

The locus of the vertex as a varies is obtained by eliminating 
a between the two equations of Eq. (5). Its equation is 
x^ + (22 - hY = h\ (6) 
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which represents an ellipse through the origin, the center being 
at a distance equal to h/2 above the origin, with the horizontal 
axis twice the vertical axis. 

If or is eliminated between the two equations of Eq. (2), it is 
seen that whatever value a may have the projectile lies on the 
circle 

+ + = VoH\ (7) 

Hence, if many projectiles were fired simultaneously from the 
same point, but at different angles of elevation, the projectiles 



would at each instant lie on a circle (the synchronous curve) the 
radius of which would be VqL 
The equation 

F{x, z, a) = 0, (8) 

in which a. is regarded as a parameter, represents a family of 
curves. The envelope of this family of curves is obtained by 
eliminating a between Eq. (8) and the equation 

— - - »■ < 9 ) 

In this way the envelope of the family of parabolas, represented 
by P]q. (3), is found to be 

+ Ahz - 4^2 = q, (10) 

which is a parabola with its vertex on the z-axis at a height h 
above the origin. 

The equations of the hodograph are given parametrically (the 
parameter being t) by Eq. (1). It is seen that the hodograph 
is a vertical straight line, which is obvious otherwise, since the 
acceleration is always vertical (Fig. 147). 
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The directrix of the parabola (Eq. (3)) is the straight line 

z = h; 

and, since this equation is independent of a, the same straight 
line is the directrix for all the parabolas which have the same 
initial speed. 

If the first equation of Eq. (0) is multiplied by 2a;' and then 
integrated and the third is multiplied by 2z' and integrated, the 
results added together give the velocity integral 

^'2 + ^/2 = ^^2 _ 2 gz , ( 11 ) 

provided the constant of integration is determined so as to satisfy 
the initial conditions. From this integral, the speed can be 
determined at any point of the curve. 

Let X, z he Si point on the curve, and let P be a point on the 
directrix directly above it. Imagine a particle dropped from 
rest at P. It will pass through the point x, z after having 
fallen through the distance h — z. By Eq. (239.5), its speed at 
the point x, z is 

= 2g{h - z) = Vq^ - 2gz, 

which is the same as Eq. (11). The speed of the projectile, 
therefore, at any point in the parabola is the same as its speed 
would have been had it dropped from rest from the point on the 
directrix directly above. The velocity would be different, for 
the direction of motion would be different. 

The horizontal range of the projectile is the distance OA in 
Fig. 147. Its value is obtained by setting z equal to zero in Eq. 
(3), and then solving for x. The solution x equal to zero cor- 
responds to the position of the gun. From the other value of Xy 
it is found that 

the horizontal range = 2h sin 2a. 

For a given initial speed, the horizontal range is a maximum 
if the initial angle a is 45®. For any other given horizontal 
range, there are two angles of elevation, namely, 

a =45^ - 0y a = 45® + 

where /3 is an angle which depends upon the given range. 

Indeed it is evident that there are two trajectories through any 
given point within the envelope, but only one if the point is on the 
envelope and none if the point is outside of the envelope. If 
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the point x, z is assumed to be given and one seeks the value of 
the angle a, Eq. (3) takes the form 

tan^ a — Ahx tan a + + Ahz) = 0; 

and since this is an equation of the second degree in tan a there 
are two real solutions, a double solution, or no real solution, 
according as the discriminant 

— Ax^{x^ + Ahz) = Ax\Ah^ — Ahz — x^] = 0. 

The limiting condition 

x^ + Ahz - 4*2 = 0, 

which separates the real and complex solutions, is the same as 
Eq. (10), the equation of the envelope. Thus the points which 
lie outside of the envelope could be reached only by increasing 
the initial speed. 

271. The Effect of a Resisting Medium on a Projectile. — A 

projectile moving in a vacuum can be regarded as a particle, 
since the acceleration due to gravity is the same on every particle 
of the projectile. But if a projectile is moving in a medium such 
as the air, the surface of the projectile is acted upon by the 
pressure of the medium, and the nature of that pressure varies 
in a very complicated way with the nature of the medium, the 
shape of the projectile, the distribution of the mass within it, its 
orientation, its velocity, its rate of spin, and its axis of spin. 
The problem is an extremely complicated one and forms the 
subject matter of exterior ballistics.^ 

If, however, the projectile is a homogeneous sphere not 
rotating, and the resisting medium is at rest, the projectile can 
be regarded as a particle which is acted upon by a force which in 
magnitude is some function of the speed of the projectile and 
which has a direction opposite to the velocity of the projectile. 
Since the resistance of the medium is a force which lies in the 
vertical plane of motion, it does not alter the initial plane of 
motion which remains the plane of motion throughout. If B is 
the angle which the velocity of the projectile makes with the x- 
axis, the forces which are acting on the projectile resolved along 
the tangent to the path, and normal to it, are 
ft = —mgr sin 0 — R y 
fn = +mg cos 6. 

^ See Moulton, F. R., “ New Methods in Exterior Ballistics, 1926. 
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Since the resistance 72 is a tangential force, it does not alter the 
direction of motion. Since the force of gravity is the only force 
which is not tangential, the trajectory is always concave down- 
ward, and, therefore, the conxponent of gravity along the normal 
on the concave side is always positive. The component of 
gravity along the tangent changes sign with 0. 

The intrinsic equations of 
motion (Eq. (258.1)) are then 
mv' = —mg sin d — R, 

m- = mg cos 0, 

P 

Since R the resistance is a 
function of v, it can be written 
R = mg<p(v); 

also 

_ ds _ ^ ^ ^ 

^ dd dt do ^dd 
The negative sign is taken Fio. i 48 a. 

since s increases as decreases. 

On substituting these values of R and p and then removing the 
factor m, the equations of motion become 

= — ^(sin 6 + v6^ = —g cos 0; (1) 

and the time t can be eliminated between these two equations 
by taking their quotient, namely, 

' “ ^ = tan $ + ip(v) sec B, (2) 

V au 



a differential equation of the first order between v and B, 

If the solution of this equation, 

V = f{B) 

were known, the second equation of Eq. (1) would give the time 
< by a quadrature, 

t f/C^) sec B dB. (3) 

By virtue of the fact that 


d^ ds 
ds dt 


V cos 0, 



ds 

dt 


= V sin B, 


and 
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the x- and 2 /-coordinates also would be determined by quadratures, 
namely, 

* = - ^ ( 4 ) 

and 

2 / = - - frW tan &d0. 

Thus the entire problem would be reduced to quadratures if the 
solution of Eq. (2) were known. 

272. The Integrable Case of Legendre. — The nature of the 
function ^(w) is unknown, but it vanishes with v and quite likely 
it always increases when v increases, that is, d(p/dv is positive 
for all positive values of v. It was shown by Legendre that the 
equation can be integrated if 

ip(v) = \{a + iw"), 

fi 

where a and b are two constants. 

It will simplify the differential equation Eq. (271.2) somewhat if 
the independent variable is changed from ^ to w by the substitution 

sin 6 = tanh co. 

By this substitution Eq. (271.2) becomes 

= <p(v) + tanhw. (1) 

vdw 

For Legendre^s case, Eq. (1) becomes 

= a + bv^ + n tanh «; 

vdo) 

and by the substitution 



the equation becomes the linear equation 

^ + (u + n tanh co)w == —6. 

The integrating factor for this equation, which is a well-known 
form, is 

+ y’(a+ntanh w)rfw +aa> 

e = e cosh’^ w. 

Therefore, the solution is 
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w = ~e 


- y'Ca+n tanh (a)dti» n tanh (o)d<o 


— Wtf 

= ~e scch' 


For n equal to 2, this becomes 


”« r 

tJ(o 


■/ 


do). 


cosh” codoj. 


(2) 


— 2 tanh o)) + ^ + Ce sech^ co 

a(4 — 


4 - a2 


where C is the constant of integration. 

As the angle 0 diminishes and approaches the limit “7r/2, w 
also diminishes and tends toward — oo. Under these conditions, 


lim tanh w = -- 1, lim scch w = 0, 


and 


— 

^ ^ 4^ m 

lim e sech ^o) = lim — = 0, if a < 2. 

/ o) — a>\2 f 

6J=-Q0^^g ) 


O) *“ — oo 


Therefore, the limit of u is and 

2 — a 


lim = 


2 ~ a 


( 3 ) 


It is found by means of the reduction formula that in the 
general case 

b 


u — —be sech 




e cosh iodo) — 


7V — w 


[a •— ntanhw] 


__ sech” CO I e”“cosh”~^ CO dco. (4) 

(n^ — a^) ' 


The limit of the last term evidently is zero and therefore, in 
general, provided a < n, 

lim u = — ^ — 

CO B — 00 ^ U 

and 


lim 

CO =a — 00 


n — a 


b 


y 


and the speed tends toward a constant value. 

For a > rif the first equation of Eq. (271.1) shows that if the 
projectile were abandoned in a position of rest, v' would be 
negative, which, of course, is absurd. It will be observed that the 
limiting value of the speed is a root of the equation (p{v) = 1. 

The integral for the time t (Eq. (271.3)) becomes 
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t = - 



Since u tends toward a finite limit, the time t increases without 
limit as co tends toward minus infinity. 

The expressions of Eq. (271.4) for x and y become 

1 f" - 

X = — I sech wdco 

and 

1 r“ - 

y = I yn 

QU<tiO 


Since u has a finite limit, tanh w has — 1 as a limit and sech w 
tends to zero like it is evident that x has a finite limit while 
y has not. Thus the trajectory is asymptotic to the vertical 
line which passes through the limiting value of x (Fig. 148a). 


273. Analogy between Trajectories and Catenaries. — The 

differential equations for catenaries and trajectories, given in 
Eqs. (202.1) and (259.5), are 


For Catenaries For Trajectories 



where Z, F, and Z are the components of the force which is 
acting upon the chain per unit mass, a the mass of the chain per 
unit length, and T the tension of the chain. Fo, and Zo, are 
the components of acceleration and v the velocity of the moving 
particle. These two sets of equations are strikingly similar. 

Imagine a particle moving along the catenary with a speed 
which is always equal to the tension. Then the equations of the 
catenary become 


a(’t) - 




273] 


CURVILINEAR MOTION 


259 


which show that the acceleration of the particle lies in the same 
line as the force which is acting upon the chain, but is oppositely 
directed. The magnitude of the acceleration is crT times the 
magnitude of the force, and is therefore variable. If Fi is the 
force which acts upon a unit particle in motion and F is the force 
which acts upon a unit mass of the chain, then 

Fi = -(tTF. (2) 

If the field of force is a conservative one, so that 


^ - -&• 


^ - f - 

dy 


7 

L = — > 
dz 


and if ff is a constant, the tension of the chain is given by Eq. 
(203.1) 

T = a(Vo - V). 


Now let 


Then 


u = - vy = 


S = - F)^| = -.TZ, 


(3) 


dy 


= -<r^(Vo 


dV 

F)^ = 


fz = 

and the equations of motion of the particle can be written 
dU ,, dU 


X" = — ^ 

dx 


. dU 
^ dy dz 


(4) 


subject to the condition that 

j .'2 4 - y '2 + 2^2 = „2 = 2 U . 


274. The Curve is the Ordinary Catenary. — The curve 
formed by a uniform chain under the action of gravity is the 
ordinary catenary (Sec. 192). The force acting is a conservative 
one and er is constant. Therefore 


and 


F = -gz 
T = agz, 


if the vertical axis is the 2 -axis. Accordingly, 


U = 
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If the plane of motion is the rc 2 ;-plane, the equations of motion are 


and 


= 0 = 


2 " = = 


dx 

dz' 


Let the initial point on the curve be 
a; = 0 , 2 = 2:0. 

The general solution of the equations of Eq. ( 1 ) is 

X — Cit + C2, 

z = c cosh {agt + C3) ; 

but if the curve passes through the point ( 2 ), then 


C 2 = 0 

Zq = c cosh C 3 . 


(1) 

( 2 ) 

( 3 ) 


It is necessary also to satisfy the condition 

^'2 + ^'2 = 3 , ^^ 2^2 2 C 7 . ( 4 ) 

On differentiating Eq. (3) and substituting in Eq. (4), it is found 
that 

Cl = ±C(rg. 


Hence, the solution which satisfies all of the conditions is 

X 

c = 

~ = cosh (agt + C3), 
c 

which is the familiar equation of the catenary in parametric form. 
The force under which the particle is moving is repellant and 
its magnitude is proportional to the distance of the particle from 
the x-axis. 


276. The Trajectory is a Parabola under the Action of Gravity. 
If a particle is thrown into the air at an angle a with the 
horizon and with a speed Vq, and if, as in Sec. 270, 


vq^ = 2 gh, 


the trajectory is a parabola, and its equation, referred to its 
directrix as the rr-axis, is 


z + A cos^ a 


Ah cos^ a 


The force of gravity is 


Fi = -g, 
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V = V-2gz, 


which is real, since z is always negative. 

Instead of reversing the field, let the parabola be turned over 
by merely changing z into — 2 , leaving the field unaltered. Then 
the equation is 


z — h cos^ a 




4A cos^ a 


which is to be regarded as a catenary under the action of a force 
which is everywhere vertical, but not necessarily constant. Since 
the tension in the catenary is always equal to the speed in the 
trajectory, the equation for the tension is 

T = 

Therefore, by Eq. (273.2), 


F<t 



^2gz 


If the chain is uniform, that is, a is constant, the force which is 
acting upon the chain is attractive and inversely proportional 
to the square root of the distance from the 2 -axis. But if the 
field is the gravitational field, then F is the same as Fi, namely 
—Qj and (T varies, 


<7 


1 

y/2gz 


The weight of the chain between any two points is 


W 




Since the a:-component of the force is zero, the integration of 
the first equation of Eq. (273.1) gives 


T 


_ ^ 


where To is the tension at the vertex of the parabola, or its lowest 
point. Hence, 

(X2 — Xl) 


= g- 


To 
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This equation shows that the weight of any arc of the parabola 
is proportional to the length of its projection upon the a;-axis, 
a property already well known (Sec. 191). 


Problems XX 

1. If is a set of rectangular axes rotating with the uniform angular 
speed CO with respect to the fixed axes a;, show that 

— oji;, — 2coiy' — co*^, 

Viy = 4“ <0^, + 2co^' — co*?7. 

2 . If a string will just support a weight of 100 lb. without breaking, how 
many times per second can a 1 lb. weight go around a circle of radius 1 ft. 
if it moves on a smooth horizontal surface and is constrained to the circle 
by the string, without the string breaking? Ans, 9.03. 

3 . A la-lb. weight attached to the end of a string describes a circle of 4000 

miles radius in 24 hr. What is the tension ih.t}ie string? Ans. itj/287 lbs, 
approximately. ^ 

4 . A particle is attached by a light string of length Z to a fixed point. 
The particle describes a horizontal circle with the angular speed «,'the string 
making an angle a with the vertical. Show that 


cos a = 


X. 

Zeu* 


6. If the earth could maintain its shape and spin fast enough for objects 
at the equator to lose their weight entirely, what would be the length of the 
day? Am. 1** 25“ nearly. 

6. A rubber band of weight w per unit length and modulus of elasticity 
X is stretched to twice its natural length and placed around a horizontal pulley 
of radius a ft. How fast can the pulley spin without the band falling off? 

^\Pr.p.s. 

27ra y w ^ 


Am. 


7 . A gun is fired from the foot of an inclined plane, inclination 
Show that the distance d along the inclined plane to the point where the 
projectile strikes, and the maximum value of this distance are, respectively 

cos a sin (a — ff) 


d ^ Ml - 


max ~ h sec* 


cos* ^ 

a-i)- 


8. The maximum horizontal range of a gun is 20 miles. Show that to 
attain this range the initial speed is 1840 ft. per second, and that the time 
of flight is 81.3 sec. 

9. Show that the range JfZ of a projectile fired from a height H above 
the level ground is a root of the equation 

E* — 2hR sin 2a — 4thH cos* a = 0. 
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10. A gun is fired from an elevation H. What is the angle which gives 
the maximum horizontal range? Ans, 


11. The base of a vertical regular hexagon of sides a is on a level plain 
A projectile passes through the four corners which are off the ground. ShoM 
that 


h 


3lV3 

“ 24 ““’ 


horizontal range = oV?- 


12. A gun is fired with a muzzle velocity of 1000 ft. per second from the 
roar end of a train, which is traveling 45 miles per hour, in a direction opposite 
to that in which the train is moving. »Show that the angle of elevation 
for the maximum range is t . 

a 43“ 37' 50'<i 


13. Show that if the bullet fired from a gun is projected from the point of 
fire upon a vertical plane the projected point moves with constant speed. 

14. A bullet, fired at a vertical target at a distance a, strikes it at right 
angles. Show that the angle of elevation is (sin”^ a/h) /2, and that the height 
of the point hit is one-half gf the height of the point aimed at. 

15. A gun is fired twice from the same point, the interval of time between 
the two shots being n seconds. Show that the two bullets will collide if the 
trajectories lie in the same plane, and 

sin ^ («i -«,) ^ 

1 ^ , X 2i/o 

cos 2 (ai -r oiz) 


16. Owing to unsteadiness, the direction of a gun may lie anywhere within 
a cone whose generating angle is 0 and whose axis is the intended elevation a. 
If the initial speed Vo is constant, and $ is so small that its powers higher than 
the first can be neglected, the bullets will all strike the ground within an 
ellipse whose semiaxes, a and 6, in the plane of fire and perpendicular to it, 
respectively, arc 

a = 2h sin 2d (!Os 2a, h — 2h sin 29 sin a. 

17. Work out the complete solution for a particle moving under the action 
of gravity in a resisting medium for which (Sec. 272) n is equal to 1 and a 
is equal to 1/2. 

18. If the resistance of the medium is proportional to the fourth power of 
the speed, show that the differential equation of the trajectory is 

3-[‘+(g)f- 

19. If the potential function for a free particle of mass m is 

U{x, y, z) = h^mxvy 

show that the equations of motion can be completely integrated. 
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20. If a particle moves in the aj^-plane and the components of force, X 
and F, satisfy the relations 

dy dx* dx dy 

show that the equations of motion can be integrated by two quadratures. 
Suggestion: Under these circumstances, X -|- iF is a function of the com- 
plex variable z = x iy. That is, 

X + f F = <p{z). 

The two equations can therefore be reduced to the single one 

wz" = ip{z), 

the solution of which depends upon two quadratures. 



CHAPTER XTI 


CENTRAL FORCES 
I. GENERAL PROPERTIES 


276. Definition of a Central Force. — Whenever the force which 
acts upon a particle is always directed toward a fixed point. 


w herever the pa rticle may be, t he force which is acting is said t o 
b e a central J or ce^ itsjntensi^^ma^^^legendjipon_the^ 
otthe particle, its velocity, or even the tinie, but its direction is 
alwa^TnTtEe^tra^Etlme^wK^^a^esTKrougir tEe^particTe and 
thelSxedpoint, which is galled the c ^ter^qjy ^c^ ^ ^Ee f orces 
d\ jecte3^tQwar3^the"Sed"poin^ an aW ' active for c(^. If it is 
dir ected a way fr pinjthQ it is ei re pellant /orgg.) * 

277. The Equations of Motion. — ^T^et / be the magnitude of the 
force which is acting; /*, fy, and/* its components parallel to the x-. 


y-y and si-axes; and X, /x, and v 
its direction cosines. Let the 
origin of the rectangular axes be 
at the center of force. Then 

A = X/, X = p 

/. = m/-, ' 




Fig. 149. 


If the mass of the particle is tn, the equations of motion are 

mx = / * ^ 
r 

”^y" = / • ‘ ( 1 ) 

mz” = /•?• 
r 

If the force is an attractive force, / is negative. If it is a repellant 
force, / is positive. 

The differential equations in Eq. (1) are of the sixth order, 
that is, three equations each of the second order; therefore, six 

265 
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constants of integration are necessary for a complete solution. 
These six constants of integration can be regarded as being deter- 
mined by the six initial coordinates of position and velocity, 
namely, xo, yo, zq; Xq*, yo',- and Zo'. Other interpretations, how- 
ever, may be convenient and desirable. 

278. The Moment of Momentum Integrals. — Multiplying the 
second equation of Eq. (277.1) by —2 and the third by +y and 
then adding, the following equation is obtained: 

m(yz" - zy") = 0, 
and similarly, m(zx'' — xz") = 0, 

m(xy^' — I/a;") = 0. 

These equations can be integrated immediately, with the result 
m(yz' - zy^) = mci, \ 

m{zx' — xz') = mc 2 , > (1) 

m{xy' — yx') == mca, j 

the right members of which are the constants of integration. 

The components of the momentum of the particle, which is a 
vector, are 

mx', my^j mz\ 

Therefore, by Sec. 132, the equations in Eq. (1) are the 
components of the moment of momentum, which, by Sec. 133, also 
is a vector. Since each of the three components is constant, 
the vector itself is constant. Thus the three equations in Eq. (1) 
can be summed up in the single statement: If the force act- 
ing upon a particle is a central force, the moment of momentum of 
the particle is constant. It will be observed that this theorem is 
independent of the law of the intensity of the force. 

If the first equation of Eq. (1) is multiplied by x, the second by 
y, the third by z, and the three equations are then added, it is 
found that 

Cix + c^y + c^z == 0. (2) 

Since x, y, and z are the coordinates of the particle, it follows that 
the particle always lies in a fixed plane which passes through the 
origin, 

279. The Energy Integral. — On multiplying the first equation of 
Eq. (277.1) by x\ the second by y', the third by z\ and then add- 
ing the three equations, it is found that 

m{x'x" + y'y" + z'z") = / • Ml+ g ! .. = / . /, (1) 
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The left member of Eq. (1) is an exact derivative, that is, 
x'x" + y'y" + z'z" = hx'^ + y'^ + z'^)'. 

It 


The right member also is an exact derivative if / is a function of r 
alone, that is, if / does not depend upon r', 0', or L In this 

event, there exists a potential function C/(r), such that 


Kr) = 


dU 
dr ’ 


and Eq. (1) can be integrated. The result of integration is 

+ y'^ + z'^) - V{r) = C. (2) 


The first term of Eq. (2) , mv^l2j is the kinetic energy of the particle. 
The second term —[/(r) is the potential energy. The integral 
Eq. (2), therefore, states that the kinetic energy of the particle 
plus its potential energy is a constant^ which is here denoted by the 
letter (7. 

It will be observed that the energy integral exists only if / 
is a function of r alone, or can be expressed as a function of r alone. 
If this condition is not satisfied, the energy of the particle is not, 
in general, constant. 


280. The Motion in the Plane. — That the motion of the particle 
lies in a plane Eq. (278.1) is evident intuitionally. A plane is 
determined by the position of the center of force, the initial posi- 
tion of the particle, and the initial direction of the motion of the 
particle. The force acting upon the particle also lies in this 
plane, so that there is nothing to make the particle depart 
from it. 

Since the orientation of the axes of reference is arbitrary, it is 
simpler to choose the plane of motion of the particle as the xy- 
plane. Then 

« = 0, Cl = C2 = 0, 


and the equations of motion reduce to the fourth order set 

^ 1 

mx = / • - ^ 
r 

my" -I- 


> 


( 1 ) 



268 STATICS AND THE DYNAMICS OF A PARTICLE 

The moment of momentum integral (Eq. (278.1)), after the 
removal of the factor m and the repla jement of the letter C 3 by 
the letter A, becomes 

xi/ - yx' = h. ( 2 ) 

The energy integral, evidently, is 

U(r) = C. (3) 

281. The Equations of Motion in Polar Coordinates. — Using 
the expressions for the acceleration along the radius vector and 
perpendicular to it, given in Eq. (257.5), the equations of motion 
in polar coordinates, are 

m{re" + 2r'e') = yir^O')' = 0. 

It is, perhaps, well to recall once more that / is positive if 
the force is directed away from the center of force, that is, the 
force is repellant; and that/ is negative if the force is attractive. 
From the second equation of Eq. ( 1 ), it follows immediately that 
r^ 0 ' = A = xy' — yx\ (2) 

Since 

ds^ = dx^ + dy^ = dr^ + r^dd^, 

the energy integral (Eq. (280.3) becomes 

- U(r) = C. (3) 

282. The Linear Speed. — If r and 6 are the polar coordinates 
of a point on a curve, p is the length of the perpendicular from 
the origin to the tangent of the curve, and s is the length of the 
arc, then, from the diiferential calculus,^ 

ds _ 

do p 

Since 

ds _ s' 

de "" W 

and, from Eq. (281.2), 

. -V 

y.2 

it follows that 

p 

> Williamson, “Differential Calculus,” p. 224. 



( 1 ) 
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Since s' is the linear speed, Eq. (1) states that if the force is a 
central force the speed of the particle is inversely proportional to 
the length of the perpendicular from the center of force to the tangent 
of the curve at the particle. 

283. The Areal Velocity. — ^Let A denote the area which has 
been swept over by the radius vector, starting from some con- 
venient initial position, say ^ = 0 (Fig. 150). 



Let Pi and p 2 be two positions of the particle which subtend 
an angle AS at the origin. Then, aside from terms which depend 
upon the curvature of arc pip 2 y AA is equal to the area of the tri- 
angle Opip 2 . Hence, 


and 


AA = ^ sill + (A^)2[ ], 


^ =, ^(r + Ar') . r 1 

At 2^*^ + A0 A< + ^^At^ 


The quantity within the bracket [ ] is finite and remains finite 
for Ad = 0. Hence, passing to the limit for equal to zero, 

2A' = r^e' == xy' ~ yx' = h. (1) 

The rate at which the radius vector sweeps over areas A' is 
called the areal velocity. The constant h is therefore twice the 
areal velocity. 

It follows from Eq. (280.2) that if the force which is acting is a 
central force the areal velocity is constant; and conversely, if 
the areal velocity is constant, 

-W = 0 , 

and, therefore, the force acting is a central force. 
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It will be seen from the geometry of the situation that the 
equations in Eq. (278.1) represent the projection of the areal 
velocity upon the three fundamental planes of reference, multi- 
plied by the mass factor m. 


284. The Differential Equation of the Orbit. — When the force 
which is acting is a central force, the time t can be eliminated 
altogether from the differential equation. In order to do this, 
let u be the reciprocal of r. Then the areas integral 


becomes 

Also, 


= h 
6 ' = 






On substituting these values of r" and 6' in the first equation 
of Eq. (281.1), it becomes 

which is the differential equation of the path of the particle. 
It must not be forgotten that / itself is positive for a repellant 
force and negative for an attractive force. 

If / is a function of u alone, Eq. (1) can be integrated by multi- 
plying through by the integrating factor 2/v?’ • dujdS. In this 
manner the integral 


is obtained. If p is the length of the perpendicular from the 
origin to the tangent,^ 


Hence, 





+ u\ 





• dr. 


285. Given the Orbit to Determine the Force. — If the equa- 
tion of the path is given with the center of force at the origin, u 
1 Williamson, ‘‘Differential Calculus,'' p. 224. 
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becomes a definite function of 6; and, since differentiation is 
always possible, Eq. (284.1) determines / as a function of u and 
By or, if B is eliminated by means of the equation of the curve, as 
a function of u alone. Strictly speaking, the force is determined 
only along the path which is given, and along this path the elim- 
ination of B is legitimate. If it is known that the force is every- 
where a function of u alone, this elimination gives the desired 
expresssion for the force, but if no such restriction is given the 
force can be determined only on the given path. 

II. THE HARMONIC LAW 

286 . The Orbit is an Ellipse with the Origin at the Center.— 

As an example of the determination of the law of force, which 
is assumed to be a function of the distance only, let the given 
orbit be an ellipse with the origin at its center. 

The equation of the ellipse in polar coordinates is 

2 ^ 

^ I — cos^ & 

where h is the minor axis and e is the eccentricity; hence, 
hu = y/ 1 — cos^ B, 

On differentiating this expression twice with respect to By it is found 
that 

cos^ B — sin^ B __ sin^ B cos^ B ^ 

dB^ (1 — cos^ B)^ (1 — cos^ B^^ 

and therefore, 

4 - — Jl 

Equation (284.1) then gives 

f=-mh^uy^-, + uy-^r. 

The force is therefore directly proportional to the distance of the 
particle from the origin; and since the expression for / is negative, 
the force is an attractive one. 

287 . The Converse Problem. — The converse of the preceding 
problem is: If the force is attractive and proportional to the 
distance, what curves are possible orbits? According to Hookers 
law for small strains (Sec. 208), the force of restitution is propor- 
tional to the displacement in many physical situations, such as 
tuning forks, vibrating strings, etc. If the factor of proportion- 
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ality is independent of the direction of the displacement, which is 
not always the case, the expression for the force is 

f = 

For this law of force, Eq. (284.1) becomes 

L 

Jgi-ru - 


On multiplying through by 2du, the first integral is found to be 

(3») +“ 


If this equation is multiplied through by and then for simplic- 
ity of notation the substitutions 


w = 




= 


are made, it becomes 

1 /dwV 
4 \dd ) '' 


Therefore, 


dw 


V (c^ — g^) — (w — cY 
the integral of which is 


— ^ 2cw — u)^ 

(c 2 - g^) - (w - cY- 

= ±2d^, 


COS" 


W c 


so that 
and therefore 

7-2 = 

On setting 


a/c 


- = 2(6 — 6q Itt); 


r 


w 


= c — — g^ cos 2{d — ^o), 


(c + a/c^ — g'^) — 2a/ 6*^ — g^ cos^ {6 — Oq) 


c = 


2- 
262 ' 


r = 


1 - 


6^ 


the expression for r2 becomes 

2 ^ 62 

^ 1 — e2 cos2 {$ ~ Bq)/ 

which is the normal form of the equation of an ellipse with the 
origin at its center. 
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Since 


it is found that 


h2 

b = aVl - e*. 

r 

h = kah. 


On substituting these values of and h in the areas integral 

r^e' = h 


and then integrating, the time is obtained as a function of 6, 
This method^ however, is very complicated for a matter that is 
otherwise very simple, as is shown in the next section. 


288. The Same Problem in Rectangular Coordinates. — For 

most problems, the method of the preceding article is the simplest 
method, but it is not so for simple harmonic motion. On setting 

/ = — Pmr 

in Eq. (280.1), they become 

a;" = —k^x, 

2 /" = -khj, 


each of which is independent of the other, and represents a 
simple harmonic motion (Sec. 251). The solutions are, therefore, 

X = A cos kt + B sin ktA . . 

y = C cos kt + D sin kt,} 

where A, Cj and D are the constants of integration. Solving 
these equations, it is found that 


cos kt = 


Dx — By 

Td~-bc’ 


sin kt — 


— Cx + Ay 
AD - BC ’ 


On squaring and then adding these two equations, the time is 
eliminated, with the result 

(Dx - Byy + {Cx - Ayy = {AD ~ BC)\ (2) 

This is the equation of a central conic with the origin at the 
center, provided the right member is not zero. It is evident on 
dynamical grounds that the conic is an ellipse and not an hyper- 
bola, since the force drawing the particle toward the origin 
increases with the distance, and in an hyperbola the distance 
increases indefinitely. 

If the right member vanishes, the proportion 

A B 
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holds, provided C and D are not zero, and the equation rpHiMiws 
to the pair of coincident straight lines 

- Ayr = 0 . 

If 

A=5 = C = Z) = 0, 

the solution is 

a; = 0, 2/ = 0, 

and the particle remains at rest at the origin. 

The length of time necessary for one complete circuit of the 
ellipse, that is, the period, is 

P = f (3) 

which is independent of the constants of integration. Therefore 
the period does not depend upon the size of the ellipse. 

289. The Hodograph. — By differentiation of Eq. (288.1), the 
following equations are obtained: 

= —Ak sin kt + Bk cos kt, 

— —Ck sin kt + Dk cos kt 

The elimination of the time between these two equations gives 
the equation of the hodograph, namely, 

(Dx' - By'Y + (Cx' ~ Ayy = k\AD ~ BC)\ (1) 

A comparison of Eq. (1) with Eq. (288.2) shows that the 
hodograph is an ellipse similar to the path of the particle, but 
differing from it in size unless the value of k^ is unity. 


III. THE NEWTONIAN LAW WITH A FIXED CENTER 

290. The Path is a Conic with the Origin at the Focus. — The 
equation of a conic with the origin at the focus is 


where 


^ rss f y 

\ + e cos B 

p = a(l — c^) for the ellipse, 

p = a(e^ — 1) for the hyperbola, 


a is the semiaxis major, and e is the eccentricity. Hence, 

1 , e 

u = — I — cos^. 

p p 
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rom this it follows that 


therefore, 


d^u ^ 1 

de* “ p' 


/ = 



p r® 


Consequently the force is attractive and its intensity is inversely 
proportional to the square of the distance from the origin. 


291. Keider’s Laws of Planetary Motion. — The first two of 
Kepler’s three laws of planetary motion were published in 1609, 
and the third in 1619. They are as follows: 

/. The orbit of each planet is an ellipse with the sun at one focus, 
II, The line which joins a planet to the sun sweeps over equal 
areas in equal intervals of time, 

III, The squares of the periods of the planets are proportional 
to the cubes of their mean distances from the sun. 

It was upon the three laws of Kepler and upon his own three 
laws of motion, that Newton founded the law of gravitation. 
It follows, for example, from Kepler’s second law (Sec. 283) 
that the force which is acting upon each of the planets is always 
directed toward the sun, and is therefore a central force. It 
follows from his first law (Sec. 290) that the intensity of the 
force varies inversely as the square of the distance of the planet 
from the sun; and from the third law it follows (Sec. 309) that 
it is the same force which is acting upon each of the planets. 

Suppose, for example, that Venus and Jupiter were made of iron 
and that the sun was a magnet, while the remainder of the planets 
were composed of non-magnetic material and were acted upon 
only by gravitation. Under these circumstances the first two 
laws of Kepler would hold for each of the planets, but the third 
would no longer hold. The fact that the third law does hold, 
however, proves that gravitation is the active agent in every case. 

The merging of the three apparently independent laws of 
Kepler into the single and more fundamental law of gravitation 
by Newton is an interesting example of the process of unifying 
the activities of nature which is the goal of science. Another 
interesting example of the same kind is the inclusion of the 
domain of optics in the electromagnetic theory of James Clerk 
Maxwell. 
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292. The Law of Force is the Inverse Square. — Conversely 
let it be supposed, that the particle moves under an attractive 
central force which varies inversely as the square of the distance 
and then let the possible orbits be determined. 

On setting 

/ = — mk^u^ 


in Eq. (284.1), it becomes 

or 

(Pu , P 


or again, if u is replaced by 


u = u -\- 


it becomes 




(Pu 


+ w = 0, 


the solution of which is (Sec. 251) 

u — A cos (0 — 0o). 

Hence, 

]^2 

u = p + A cos (e — do) 

and 

hi 

^ Ah^ 

1 "I" "■ 


( 1 ) 


If this expression is compared with the equation of a conic 


r 


V 

1 + e cos {B — 




it is seen that the orbit is a conic with the origin at one of the foci, 
and that 


h^ 

A* 


4 = 


e. 


For an ellipse 
for a parabola 
for a hyperbola 


p = a(l - e*), 
V = 2 ?, 
p = a(e* - 1), 


h = A-y/ o\/ 1 — e < I;"! 
h = k\/2q, e = 1;a2) 

h = A\/ e* — 1, e > iJ 
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The letter q represents the distance from the focus to the vertex. 
For the sake of a name, the vertex nearest the center of force is 
called the perihelion point; therefore, q is the perihelion distance. 
In the case of an ellipse, the more remote vertex is called 
the aphelion point. 


293. The Energy Equation. — The integral Eq. (281.3) is 
irn(r'* + - C/(r) = C, 

where U (r) is determined by the relation 


therefore, 


dC7 _ f 

’dr ~ 



Hence, the energy equation is 

- ~ = C. 


( 1 ) 


On eliminating 0' by means of the areas integral 

r^e' = h, 

the energy integral becomes 



The species of the conic is determined by the sign of the energy 
constant (7. If C is negative, r cannot become infinite, for the 
terms which contain r in the denominator would vanish for r 
equal to infinity, and Eq. (2) would become 

= C, 

which is impossible, for the left side of this expression is positive, 
or zero, while the right side is negative. Since the orbit is a conic, 
it must be an ellipse. 

If C is zero, the particle has just sufficient speed to recede to 
infinity, that is, the limiting speed is equal to zero. 

If C is positive, and Eq. (2) is written 

1 ¥m h^m . ^ 
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it is seen that there is but one real, positive value of r, say r = ro, 
for which the right member vanishes. The value of r cannot be 
less than ro since cannot be negative, but it may have any 
larger value. If r' is neg^itive, r decreases until the value ro, is 
reached, after which r' is positive and r increases without limit. 
The orbit is therefore an hyperbola. The speed of the particle, 
however, has a finite limiting value as r increases. 

Equation (3) holds for all points of the orbit, whether C is posi- 
tive or negative; in particular, it is true at the perihelion point. 
At the perihelion point r' vanishes for all three types of conics, 
since the curve is perpendicular to the radius vector at that point. 
Also, at the perihelion point, 

c) in the ellipse, v 
in the parabola, 
and r = a(e — 1) in the hyperbola. ' 

If these values are substituted in Eq. (3), it is found that 



_ mk^a{l — e^) 

~ ~2 “^2(r^-7)2~ 

_ mk^a{e^ — 1) 
^ a2^T)2' 


k^m _ k^m 

a(l — e) 2a 

0 

k^m _ , k^m 

a(e ““ i) 2a 


for the ellipse, 
for the parabola, 
for the hyperbola. 


With these values of C, Eq. (1) becomes 
r'2 + = s'^ z= ^ for the ellipse, 1 

r'2 + r^O'^ = ^ parabola,^ 

r'2 + = s'2 = A ;2 fQj. hyperbola. 


j/(4) 


294. The Radius Vector as a Function of a Parameter. — If 

the values of C and are substituted in Eq. (293.3) and then the 
factor mk^/2 is removed, the following expressions result: 


q (l - e^) , 2 _ 1 

A:* r a 

r'^ ?? 4. ? 

A:* r* r 

^ a(^ - 1) ,21 

A:* r* r'^ a 


(ellipse), 








(parabola)' 

(hyperbola).^ 


( 1 ) 
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These equations are readily put in the form: 

rdr kdt . . 

VaW ^ 

V-^ + 4,, ® 

rdr kdt ,, , , \ 

— — : — - -^T=====r = - ^r-. (hyperDola). 

\/(a + r)2 — \/a 

Let new variables F, and G be introduced by the differential 
relations 


(hyperbola). 


(parabola), 

(hyperbola). 


(ellipse), 


(parabola), 

(hyperbola). 


dE = (ellipse), 

^ Va 

dF (parabola), . (3) 

Ic df 

(hyperbola). 

va 

Then equations (2) become 

— y= — = dE (ellipse), 

VaV - (a-ry 

— ^L = dF (parabola), . (4) 

— : — dG (hyperbola). 

V{a + r)2 - ) 

If the constants of integration are chosen so that Ey F, and G 
vanish at the perihelion points, the integrals of Eq. (4) are 
*. r = a(l — e cos E) (ellipse), 1 

r = g(l + F^) (parabola), I (5) 

r = a(e cosh G — 1) (hyperbola). J 

296. The Polar Angle as a Function of the Parameter. — If, in 

the areas integral 

= hy 

the independent variable is changed by means of Eq. (294.3), 
and the values of h and r are substituted from Eq. (292.2) and 
(294.6), the following equations result: 

de = ~ (ellipse), 

1 — eaoaE ^ ” I -- 

MF .X 4^ 


(ellipse). 


1 +/^ 


p pnsh Cr 


(parabola). 




(hyperbola). 
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If d is measured from the perihelion points, the integrals of these 
expressions are^ 


d [T-j-e E , (p , E ir \ 

tan 2 = ^ cot 75 tan (ellipse), 

0 

tan 2^^^ (parabola), 

tan I = tanh ^ = coth ^ tanh (hyperbola). 


^ 2 ) 


Since e is always less than unity in the ellipse, and greater than 
unity in the hyperbola, the substitutions 

e = cos (ellipse) and e = cosh ^ (hyperbola), 
are always possible. 


296. The Time as a Function of the Parameter. — In order to 
complete the solution of the problem, it is necessary to express 
the time also as a function of the parameter. On substituting 
the value of r from Eq. (294.5) in Eq. 294.3, it is found by a very 
simple integration that 


A 


(t — T) = E — esin E 


- T) = F + !:F^ 
V2g* 3 


k 


{t- T) =esinh(?-G 


(ellipse), 

(parabola), 

(hyperbola), 


( 1 ) 


the constant of integration having been chosen so that t has the 
value T at the perihelion point. 


297. The True, Mean, and Eccentric Anomalies. — If, for 
simplicity of notation, the substitution 

M = - T) (1) 

is made when the motion is in an ellipse, the first equation of 
Eq. (296.1) becomes 

M = E-es\nE, (2) 

is known as Kepler’s equation, although Kepler did not 
denve it in this manner. It is evident that M and E can be 
regarded as angles, and when they are so regarded they are called 
‘ Peibce, “A Short Table of Integrals” (Numbers 300, 47, 471). 
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the mean anomaly and the eccentric anomaly, respectively. The 
polar angle d when measured from the perihelion point is called 
the true anomaly. 

The first equation of Eq. (295.2) shows that as the true anom- 
aly increases from 0 to tt the eccentric anomaly also increases 
from 0 to TT, and that in this interval the true anomaly is always 
greater than the eccentric anomaly. As the true anomaly 
increases from tt to 27r, the eccentric anomaly also increases from 
TT to 27r, but in this second half of the circle the eccentric anomaly 
is greater than the true anomaly. Thus the true and the 
eccentric anomalies have the same value 2mr at the perihelion 
puint; and the same value (2n+l)7r at the aphelion points. 
Kepler’s equation (Eq. (2)) shows that in the first half-circle 
the mean anomaly is less than the eccentric anomaly, and is 
greater in the second half-circle. Thus all three anomalies 
have the same values at the perihelion and aphelion points, and 

$> E > M in the first and second quadrants, 

9 < E in the third and fourth quadrants. 

298. of Kepler’s Equation Directly from Kepler’s 

Laws. — ^Let C be the center and F the focus of an ellipse (Fig. 
151) ; CA and CB the major and 
minor semiaxes a and h] and P 
the position of the particle in the 
ellipse. Draw the auxiliary cir- 
cle, and let Q be the point where 
the perpendicular to the major 
axis PS cuts the auxiliary circle. 

DrawCP,CQ,FP,andF<}. The 
radius vector r is FP, 

.Since all of the ordinates of the 
ellipse are in the ratio of h/a to 
the corresponding ordinates of 
the auxiliary circle, the equation 

^W + Sf 

becomes 

r* = 6* sin® + (ae — a cos i?)® 

= a®[l — 2e cos J? + e* cos® E\, 



Fia. 161 . 


and therefore, 


r = a(l — e cos EP). 


( 1 ) 
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On comparing Eq. (1) with the first equation of Eq. (294.5), it is 
evident that the angle ACQ is the eccentric anomaly. The angle 
AFP is the true anomaly. 

Imagine a fictitious particle G which starts at A at the same 
instant as P, moves in the circle with uniform angular speed with 
respect to the center, and arrives back at A at the same instant 
that P does; P, however, having traveled in the ellipse in accord- 
ance with Kepler^s laws. The angle ACG is then the mean 
anomaly M. Since the angle M and the sectorial area AFP 
of the ellipse are each proportional to the time 

M _ secto r AFP __ sector of circle AFQ 
27r area of ellipse area of circle 

But 

sector AFQ = sector ACQ — triangle FCQ 
= sin E, 

Hence, 

M — 1?! ^ ^ 

2t 2 Tra^ 

and therefore, 

M — E — e sin E, 

which is Kepler’s equation (Eq. (297.2)). 

If a circle of radius ac, which is equal to CF, be drawn with C 
as center, it will cut the radius CQ in a point Qi (not shown in 
the diagram). The perpendicular QiSi to the major axis CA 
is equal to ae sin E, If the arc QG is taken equal to the straight 
line QiSi, then the angle ACG is the mean anomaly M. 

299. Analogous Discussion for the Hyperbola. — The para- 
metric equations of the equilateral hyperbola Q\AQ (Fig. 162) 
are 

X = —a cosh Gj 
y = +a sinh (?, 

the center of the hyperbola being at the origin of coordinates C. 
It will be observed that for positive values of y the parameter 
G is positive, and for negative values of y it is negative. On elimi- 
nating G between these two equations, the equation of the 
hyperbola in its normal form is obtained, namely, 

/p2 __ 2/2 = a2. 

The differential of the area swept over by the radius vector is 
2dA = xdy — ydx^ 

= -aHG. ‘ 
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Hence, if G and A vanish at the vertex of the hyperbola, 

2A = -a^G. 

That is, the parameter G is, apart from sign, twice the area CAQ, 
shaded in the diagram, divided by a*, where a is the distance AC, 
Consider now any hyperbola 
PiAP which has the same vertex A 
and the same axis AC. It has the 
same major axis a as the equilateral 
hyperbola, but its minor axis is 

b = a\/e^ — 1, e > 1. 

The parametric equations of this 
hyperbola are 

X = —a cosh . . 

y = +6 sinh gJ ^ ^ 

where G is the same parameter that 
was used for the equilateral hyper- 
bola. It is evident that for the 
same value of x, and therefore for 
the same value of G also, the ordi- 
nates of the hyperbola PiAP arc in 
the ratio 

^ = Ve* -I 
a 

to the ordinates of the equilateral hyperbola Q^AQ. 

Ijet F be the focus of the hyperbola PiAP. The rate at which 
the radius vector FP is sweeping over areas is, by Eq. (292.2), 

2A' = ky/a-s/e^ — 1, 

and therefore, if A is measured from the perihelion, 

A = e* — 1(< — r)J 



or, if 


N = 


k(t - T) 
ai ' 


( 2 ) 


sector FAP — e* — IJV. 

Also 

sector FAP = \/c* — 1 X sector FAQ 
and sector FAQ = triangle FCQ — area ACQ, 
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both the area of the triangle and the shaded area being regarded 
as positive. Therefore, 

sector FAQ = sinh G — 

and 

- 

On removing the superfluous factor a^\/e^ ~ 1/2 there remains 

N — e sinh G — Gy (3) 

which is the third equation of Eq. (296.1) and the analogue of 
Kepler^s equation. 

It is seen from Eq. (293,4) that the limiting value of the speed 
of the particle in hyperbolic motion, that is, for r infinite, is 



If a fictitious particle p starts from C when the real particle P 
is at .4, and moves along the asymptote to the equilateral hyper- 
bola QiAQ with a constant speed equal to the limiting speed of 
the real particle, then 

___ twice the area of the triangle FoCp 

for the base of this triangle is 

Cp = - T), 

y/a 

and its altitude is the perpendicular from F to the asymptote, 
which is a. {Fq = focus of equilateral hyperbola.) 

The area of the triangle is, therefore, ky/a{t — r)/2, and 

twice t he area of triangle FCp k . 

a2 -T) =N, 

300. The Period of Elliptic Motion. — From the areas integral 
and the first equation of Eq. (292.2) it is found that for elliptic 
motion 

2 A ' = h = ky/ ay / 1 __ ^2, 
which, after integration, becomes 


— 1 N = y/e^ -- I sinh G 


2A = ksfay/l - c*(« - T). 
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When the radius vector has swept over the entire ellipse, A is 
equal to wab and the time t — T is equal to the period P of the 
motion. Hence, 

2ira6 = fcVaVl - ^ 

which reduces to 



( 1 ) 


The same result is obtained immediately from the expression for 
the mean anomaly (Eq. (297.1)). It will be observed that the 
period depends only upon the major axis of the ellipse, and not 
at all upon the eccentricity, a result that one would scarcely 
anticipate. 

For particles at different distances from the center of force, 
Eq. (1) leads to the proportion 

which is Kepler^s third law. 


301. The Hodograph for the Inverse Square Law. — Setting 



in Eq. (280.1) the differential equations in rectangular coordinates 
become 

X" = y" = (1) 

and the areas integral is 

h = xy' — yx'. (2) 


If the left member of the first equation of Eq. (1) is multiplied 
by the left member of Eq. (2), and the right member of Eq. (1) 
by the right member of Eq. (2), there results 


hx” = -Ifc*- 


po^y' - xyx' ^ + y'^)y' - y{xx' + yy') 




Therefore, by integration, 

A*' = (3) 


the constant of integration being zero if the major axis of the 
conic coincides with the a:-axis, since a?' then vanishes when y 
vanishes. 
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On multiplying together the second equation of Eq. (1) and the 
areas integral (Eq. (2)), it is found that 

hy" = ~ ~ (^ + 

- - +f(^)' 

Therefore, by integration, 

hy^ = const. (4) 

At the perihelion point 

X = g, 2/ = 0, 

x' = 0, ^ g (from Eq. (2)). 


If these values are substituted in Eq. (4), it is found that the con- 
stant of integration is 


const = — — = kH^ — 1 ) = 

Q \Q / 


k^e 


for all three species of conics, q being the perihelion distance and 
p the parameter (see Eq. (292.2)). Therefore, 



which is the equation of the hodograph. Equation (7) shows that 
the hodograph is a circle whatever the value of the eccentricity 
may be. The radius of the circle is k/y/ p, and its center is on 
the latus rectum through the origin at a distance kejy/p from 
the origin. The origin, therefore, lies inside of the circle if the 
orbit is an ellipse, on the circle if it is a parabola, and outside of 
the circle if the orbit is an hyperbola. 
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302. Expansion of the Eccentric Anomaly in Series. — If z 

is defined as a function of w by the equation 


Z =- W + a(p{z), (1) 

where a is a parameter which is sufficiently small, it is possible 
to expand « as a power series in a, the coefficients of which are 
functions of w, by means of the very beautiful formula of 
Lagrange^ 


z = w + a<piw) + 2J + 

f]n—l 

+ -r -X<p(w)Y + * • • . 


\l Kepler^s equation (Eq. (297.2)) is written 
= ikf + e sin JS7, 

it has the form of Eq. (1) for which Lagrange's equation (Eq. (2)) 
is applicable. On identifying E with 2 , M with and sin with 
it is found that 

E — M + e M + | j sin 2M 
+ ^(3* sin 3M - 3 sin M) 

+ — 4 • 2® sin 2M) 

+ sin 5Af - 5 • 3^ sin 3M + 5 • 2 sin M) 

+ 6iW - 6 • 4® sin 4M + 6 • 5 • 4^* sin 2M) 

+ 

Laplace proved that this expansion is convergent for all values of 
M if the eccentricity e is less than 0.662743 • • • . 

Certain properties of this expansion are easily proved from 
Kepler's equation. E, for example, is an odd function of M] 
therefore, Eq. (3) contains only sines of multiples of M. There 
are no cosines and no constant terms. Aside from the first term 
M there are no terms which are not periodic with the period 27r. 
The coefficients of odd powers of e contain only sines of odd 
multiples of M, and the coefficients of even powers of e contain 
only sines of even multiples of M. The proof of these properties 
will be left to the student. 

^ Goubsat-Hedrick, ^‘Mathematical Analysis,*^ vol. I, p. 404. 
Williamson, “Differential Calculus,” p. 151. 
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303. The Integral i{E — M)dM . — ^Let the first term of the 
right member of Eq. (302.3) be taken to the left side, and then 
let the equation be multiplied by —dM and integrated term 
by term, the constant of integration being taken equal to zero. 
Let this integral be denoted by 


Then 


/ = - - M)dM. 

I = + e cos M + cos 2M 

+ ^^(3 cos 3M ~ 3 cos M) 

+ cos 4M — 4.2^ cos 2M) 


+ 


( 1 ) 


and, since the right member contains only trigonometric terms, 
it is evident that 

J^dM = 0 . ( 2 ) 

From Kepler^s equation, it is found that 
-/(B - M)dM = -ej sin EdM 


Since 

Hence, 


= —€ J* sin E(l — e cos E)dE^ 
dM = (1 — e cos E)dE, 


7 =5 c + c cos E — cos 2E, 


( 3 ) 


where c is some constant. In order to find the value of the 
constant c, multiply Eq. (3) by dM and integrate from zero to 
2t, The left member vanishes, by Eq. (2). Hence, 




c + e cos E — cos 2E 

c + e cos E — cos 2E 

4 


dM, 

(1 — e cos E)dE; 


and therefore 


1 2 


With this value of c, Eq. (3) becomes 

ri 1 
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304. Expansions of Other Functions. — From the expansions 
for E (Eq. (302.3)) and I (Eq. (303.1)) for which the general 
terms can be written down, a variety of other useful expansions 
are very readily obtained. From Kepler’s equation, for example, 
it follows that 


sin E = 


E - M 

f 


e 


and, therefore, by Eq. (302.3), 

sin E = Em M ^ sin 2M + “(3 sin 3M — sin M) + • • •(!) 

A o 


The eccentric anomaly is a function of the two independent 
variables e and M, On bearing this in mind, it is found from 
Kepler’s equation, 

M = E — e sin E, 

that 

dE ^ 1 

dM 1 ~ e cos E 


dE _ sin E 

de i — e cos E 


( 2 ) 


Likewise, from Eq. (303.4) 


dl 

dM 


—e sin E, 


dl r, , 1 

* - ® + ?■ 


(3) 


It must be remembered, in differentiating I with respect to 
e, that / is a function of e not only explicitly, but also implicitly 
through E, 

From the second of Eq. (3) the following is obtained: 

n dl 1 / A\ 

Therefore, by Eq. (303.1), 
cos E = cos M + gCcos 2M — 1) 

+ |e*(cos 3M — cos M) + • ■ • .(5) 

Since, by Eq. (294.5), 

- = 1 — c cos .E = 1 + sc* — 
a A de 

it follows at once that 

- = 1 — c cos M + ^(1 ™ cos 2M) 

d A 

+ f c®(cos M — cos 3 M) + • • • . (6) 

, o 
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Similarly, 




(1—6 COS Ey 


- (* + V) 


2e cos E + cos 2E, 


On comparing this expression with Eq. (303.4), it is seen that 


Hence, 

(O’— 


(0 


= 1 + gC* - 2/. 


2e cos M + e^\ 


(i-^cos2M^ 

3(|cosM-3 


COS 3Af 


)-• 


(7) 


From the first of Eq. (2) the following equation is obtained : 

a _ 1 _ 

r 1 — 6 cos E dM 

Hence, from Eq. (302.3), 


- = 1 + e cos Af + 6^ cos 2M 
r 


1 


From the relations 


+ eH ^ cos 3Af — ^ cos m\ + 
8 / 


( 8 ) 


r == a(l — 6 cos E) — 


a(l — 6^) 


1+6 COS B 


the following equations are obtained 

COS E — e 
1 — 6 COS E 

\/l — 6^ sin £7 


COS B = 


d/r 
■rfc' 


(^■1 


sm B = — j ^ = V 1 — , 

1 — 6 cos -E d6 ; 


(9) 


Therefore, 

cos B = cos M + 6(cos 2M — 1) 


sin ^ = \/l 


— 6^ si 


+ |6*(cos 3Af — cos M) + 
8 

sin M + e sin 2ilf 


+ -g (3 sin 3M - sin M) + 


.( 10 ) 


( 10 ) 


306. The Force is the Inverse Square, but Repellent. — If 
the force varies inversely as the square of the distance, but is 
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repellant ing^ead of attractive, it is necessary merely to change 
into — /c^L Sec. 292. The steps in the process of integration 
are just the same, but there are certain changes in the signs of 
the constants of integration which must be made. Thus it is 
seen from Eq. (292.1) that the path of the particle is 

^ ^ e cos (6 — do) — 1^ 

which is that branch of the hyperbola which is convex toward 
the origin. On comparing this with the branch of the hyperbola 
which is concave toward the origin, namely, 

^ p 

e cos (6 — do) + 1^ 

it is seen that the effect of changing F into is to change e 
into —e and p into —p (or a into —a). 

The energy integral (Eq. (293.2)) becomes 

+ rH'^) + . - = C; (2) 

Z T 


but since the perihelion is now a(l + e), instead of a{e — 1) as 
before, the value of C is found to be 


C = + 


2a 


( 3 ) 


which is the same as for the hyperbolic case in Sec. 293. This 
could have been anticipated; for, changing k^ into —k^ and a 
into —a in Eq. (3) leaves the expression for C unaltered. 
Similarly, 


7*2^' = A = \/kH{e^ 1)> 

_ a{e^ ^ 

k^ r d > 



(4) 


therefore, the particle arrives at infinity with a finite speed. 

Changes occur in the following equations, which are numbered 
the same as the corresponding equations already given: 

dr kdt 

, = dG = — /=f 

■\/ {r — aY — aV rv a 

r = a(l + e cosh (?), 


(294.4') 

(294.5') 
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and 


c'* + {y' - 


do 

1 + e cosh G 

(295.1') 

! - T) 
a| 

= G e sinh G, 

(296.1') 

tan ^6 

"" VeTT 2^’ 

(295.2') 

ke \2 

_ k\ 


Vp) 

P 

(301.7') 


306. Real Orbits in Imaginary Time. — The constant which 

occurs in the expression for the force in the right members of 
the differential equations in Eq. (277.1) can be associated with 
since 


cPx 

' d{W' 


and the factor which is common to the right and the left 
members of the differential equations, can then be removed. 
If the force is attractive, occurs; if repellant, -^k^ occurs. 
The change that occurs in the differential equations when is 
replaced by —k^ is exactly the same that would occur if t were 
changed into it {i = V" — 1). Hence, the curious analytical 
result that real orbits which are described under a repellant force 
are still real orbits under an attractive force, but the time in which 
they are described is purely imaginary. 

Similarly, real orbits in real time under an attractive force are 
real orbits in purely imaginary time under a repellant force. The 
hyperbolic motion, therefore, which occurs under a repellant 
inverse-square force is, from an analytic point of view, a periodic 
motion with the purely imaginary period (Eq. (300.1)) 

p _ 


IV. THE TWO-BODY PROBLEM 

307. The Two-body Problem. — Two bodies which attract 
each other as though they were particles are tossed out into empty 
space at random, and thereafter are subject to no force except 
their own mutual gravitational attraction. It is assumed that 
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the initial positions and velocities of the particles are given, and 
it is required to find their positions and velocities at any specified 
time in the future. This is the famous two-body problem which 
was solved by Newton. 

Let the two bodies be mi and m 2 (Fig. 154) with the coordinates 
Xi, 2 / 1 , Zi and 2 / 2 , ^ 2 , respectively. According to the third law 
of motion (Sec. 45), the force which mi 
exerts on m 2 is equal and opposite to the 
force which m 2 exerts on mi. In accord- 
ance with the law of gravitation this 
common attraction is along the line which 
joins them and in magnitude is 

*' r^i2 Fig. 1.54. 

where 7'i2 is the distance between them. Resolving these forces 
into their components along the a:-, ?/-, and 2 -axes, it is found that 
the differential equations are 




It will be observed that the differential equations are of the 
twelfth order, and therefore twelve integrals arc necessary for 
the complete solution of the problem. It is sometimes 
convenient to think of the twelve constants of integration as cor- 
responding to the six initial coordinates of position and the six 
initial coordinates of velocity, but other interpretations are possi- 
ble, and, indeed, usually desirable. 
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If the first equations of Eqs. (1) and (2) are added together, 
and similarly, the second equations, and the third equations, the 
following equations result: 

miari" + 7112 X 2 ' = 1 

miyi" + 1712^2^ "" 

TfiiZi' + 7712X2' = 0 . J 

Let Xy yj and z be the coordinates of the center of gravity of 
the two bodies, and let Mu be the sum of the two masses mi and 
m 2 . Then 

MuX = TTliXi + 7n2X2, ^ 

Muy = TTiii/i + m22/2, > f4) 

M 12 Z = TTliZi + 7712 X 2 , J 

Mi 2 = mi + m 2 ; 

and Eqs. (3) become 

Mux" = 0, Mi2y" = 0, M 122 " = 0. 

The first integrals of these three equations are 


Mux' = Mus cos a, 'j 


Muy' = Mus cos py > 

(5) 

Muz' = MuS cos 7 , J 


where s, a, jS, 7 are constants and 


cos^ a + cos^ + cos^ 7 = 1. 

(6) 


The equations in Eq. (5) are the three components of the total 
momentum of the system. Since each component separately is 
constant, it follows that the TTioTTieTituTTi of the systeTTi is coTistaTit. 
On removing the factor Mu from each equation, then squaring 
and adding, there results 

x'^ + y'^ + z'^ = s". (7) 

Therefore, the ceTiter of gravity of the systeTTi Tnoves with the coti- 
staTit speed s. 

Omitting the factor ikfi 2 , the integration of the equations in 
Eq. (5) gives 

X = s cos a - 1 + 3 Co,Y 

y = s cos • « + yo, > (8) 

2 = S cos 7 • < + ZOy) 

where Xo, yo, and zq are the three constants of integration. The 
equations in Eq. (8), however, are the parametric equations of a 
straight line which passes through the point Xq, yoy Zo and has a. 
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Pj and y as its direction angles. Hence, the center of gravity of the 
system moves along a straight line with constant speed. 

The six integrals in Eqs. (5) and (8) are known as the center of 
gravity integrals. 


308. The Relative Motion. — ^Let x, and z be the coordinates 
of m 2 with respect to mi. Then 

X2 - xi = X, 1/2 ~ = y^ Z2 - zi = z; ( 1 ) 

also, m 2 X 2 + miX I = 0, 

^22/2 + miyi = 0, 

m2Z2 + miZi = 0. 

if the origin is taken at the center of gravity of the two bodies. 
From these two sets of equations it is found that 


Xx 

— 

m2X 


_ miX 

mi 

+ mi 

X 2 

mi + m 2 

2/1 

— 

ntiy 

y2 

_ miy 

mi 

+ m 2 

mi + 7n2 

Zi 

- 

-m2Z 

Z2 

_ ^1^ 

mi 

+ m 2 

mi + m 2 


The substitution of these values of a;i,2/i,«i; 0 : 2 , 2 / 2 , Z 2 in Eqs. (307.1) 
and (307.2) reduces the differential equations to the single set 


x" = — /c2(mi + m2)^^^ 

y» = ► 

z" = —t?{rn,\ + 

+ 2/^ + 2 :^. 



The equations in Eq. (3) have been derived analytically, but they 
can also be derived by an appeal to intuition. The forces which 
act upon the two bodies are equal and opposite, but the accelera- 
tions, although they are oppositely directed, are not equal. 
Indeed 

miQLi “f” m2^2 ~ 0, 


If equal accelerations — ai are applied to both bodies (Fig. 
155) their relative motion will not be altered, and mi will be with- 
out acceleration. The acceleration of m 2 is then 

, m 2 + m 2 
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The vector is directed toward mi and in magnitude is equal to 

K^mi 

«2 = 

Hence, the acceleration of m 2 with respect to mi is directed toward 
mi and in magnitude is equal to 

K^{mi + m 2 ) . 

r2 ^ 

from which Eq. (3) follows at once. They are the same as the 
equations of motion of a particle about a fixed center y for which 
(Eq. (277.1)) 


/== 


^ m(mi + m2) 


309. Kepler’s Third Law. — Comparing this expression for the 
force with that which was used in Sec. 292, it is seen that all of 
the results which were obtained in the discussion for the fixed 
center (Secs. 292 to 306) are applicable, provided the which is 
used in that discussion is replaced by K^{mi + m 2 ), where 
is the gravitational constant. Therefore, the motion of m 2 
with respect to mi is a conic with its focus at mi. 

If the orbit is an ellipse the motion is periodic with the period 
(Eq. (300.1)) 

p= (1) 

/c V mi + m2 

Consider the motion of two planets about the sun. Let S be 
the mass of the sun and mi and m 2 be the masses of two of the 
planets. Then, as in Sec. 300, 

Pi + mi) ai 

According to Kepler’s third law, however, the squares of the 
periods of the planets are proportional to the cubes of their mean 
distances. Hence, so far as Kepler could detect, the factor 

“b m 2 ) 

fcilS + m J 

is equal to unity. Actually mi and m 2 are not equal, but in the 
solar system they are very small as compared with S, so that its 
largest possible value is 


S + m 2 1048 
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the mass of Jupiter being 1/1047 of the mass of the sun. Neg- 
lecting this slight discrepancy, Kepler^s third law states that 
Ki^ is equal to and therefore it is gravitation which is acting 
upon all of the planets, and not gravitation for some planets and 
magnetism or electrical attraction for others; for, in this last 
event ki^ would not be equal to k 2 ^. 

If the mean solar day is the unit of time, the mean distance of 
the earth from the sun is the unit of distance, and the mass of the 
sun is the unit of mass then in Eq. (1) 

m, = 1, m2 = .000003, P = 365.2564, 
and therefore 

ic - 0.0172021, = 0.000295912, 

and log K = 8.23558144-10, log = 6.471163 ~ 10 

The constant /c, expressed in these units, is known as the 
Gaussian Constant, 


V. THE INVERSE FIFTH POWER 


310. The Force Varies Inversely as the Fifth Power of the 
Distance. — If the force of attraction is proportional to the 
inverse fifth power of the distance, that is, if 

y =: —khnu^ = — 

Equation (284.1) which is the differential equation of the path 
becomes 


and the integral is 


(Pu , F , 




where C is the constant of integration. 

Let uq be the value of u and auo the value of the derivative of 
u with respect to d, when 6 is equal to zero. Then 




and Eq. (2) can be written 


'G“) “ fe) + ( 


1 + a* - 
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or, putting 

khil 

2h^ 

it becomes 


= 


( 


1 +a* 


khiti 

~2f^ 


u ' 


I _Mo 

\ de , 

If the transformation 


1 /? 


( 3 ) 


(4) 


1 


1 

Wo = — 
ro 


is made, it is found that 




(5) 


Equations (4) and (5) differ only in that the constants b and 
are interchanged. Consequently, any solution of Eq. (5) 
for r/ro is also a solution for its reciprocal when b and /3 are inter- 
changed. Hence, if 

r = rQ<p(e; 6, p) 

is a solution of Eq. (5), so also is 

u = uo<p(0; P, b) 

a solution. That is, 

<p(e; 6 , 0 ) . ^( 6 ; 0 , h) = 1 , 

which is a very curious relationship. 

It is evident from the form of Eq. (5) that the general solution 
for r/ro is an elliptic function of 0. The elliptic functions of 
Weierstrass lead to a more beautiful analysis of this problem 
than do the elliptic functions of Jacobi. Equation (5) is reduced 
to the normal form of Weierstrass by the substitutions 

= — r> &/3 = 7, 


S + 


where s is the new variable. That is, Eq. (5) becomes 


MV a\ . iir 

W 't+sJL' 


1 1 /r 

6 2^^ 


f 






the solution of which is 

8= 0o), 

where — da) is the Weierstrass pi function. 
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The constant y plays a role somewhat similar to the eccentric- 
ity in the family of conics. It determines the shape of the orbits. 
Conics are divided into two classes, namely, those for which 
e < 1, and those for which e > 1, with the straight line, circle, 
and parabola as limiting cases. The present family of orbits is 
divided into three classes, according as 

-oo<y<0, 0<7<1, l< 7 <+oo; 

with the limiting cases 

^ = —00^ 7=0, 7 = +1, Y = +00. 

Diagrams illustrating the different cases are given in Figs. 156 
to 160, the dotted curves being the reciprocal orbits. It will 



y = 1.005 
Fig. IGO. 


be observed that with the exception of the circle r/r^ = 1, which 
is drawn in each diagram, every orbit passes through the origin 
or through infinity. Hence, with this law of attraction, a 
family of planets and satellites, such as our own, could not exist. 

A complete analysis of this problem requires a rather full 
knowledge of elliptic functions, and is, therefore, out of place 
in the present volume. A full discussion, however, will be found 
in the American Journal of Mathematics, Vol. XXX. For the 
limiting cases 7=0 and 7 = 1, the problem is solvable by means 
of elementary functions. 

311, The Limiting Case y = 0. — If the constant y is zero, 
either 6 = 0 or jS = 0; and, since the solution for either is the 
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reciprocal of the solution for the other, it is immaterial which is 
chosen. Let 0=0. Then Eq. (310.5) becomes 



for which the solution is 

r = cos (d — do). 

Since r = Tq for 0 = 0, it is evident that 

Hence, 6^2. If 5 = 2, then do ~ 0, and the simplest form 
of the solution is 

r = To cos d. 

This is a circle which has the line joining the initial point to the 
origin as a diameter. 

The reciprocal solution 

r = ro sec d 

is a straight line. Indeed, if b is zero, it is seen from Eq. (310.3) 
that is zero, and therefore the force which is acting is always 
zero. 


312. The Limiting Case y = 1. — If the product 60 is equal to 
unity, the right member of Eq. (310.5) is a perfect square, and 
the equation can be written 


Jo 

dd 


1 


■]' 


V2bl\ro/ 

for which the solution is 

r = roVli coth {9 — 0o). ' 


The orbit is, therefore, a spiral which is asymptotic to the 
circle r = ro\/6 on the outside. The reciprocal solution is 


r = ro\/d tanh {0 — 0q), 

which is a spiral which passes through the origin and is asymp- 
totic to the circle r = r^y / /3 on the inside. 

If 

6 = /3 = 1, 
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the solution degenerates into the circle r = ro, which is the only 
orbit which does not pass through the origin or through infinity. 

Problems XXI 

1. Find the central force under which a particle describes the spiral 
rB = c; the spiral r = Ans. 

. _ mh^ . _ 2mh^ 

J '^3 > J "" Za 


2. Show that if the particle describes the lemniscate, 

r* = a* cos 20, 

under the action of a central force, then 

. _ 

J - jTi 

3. The central force under which a particle describes the cardioid 

r = a(l -h cos B) 


4. The central force under which a particle describes the circle 
r — 2a cos B 


/= " 


6. The central force under which a particle describes the curve 

and for 

. . . , 3m/iT/r\ /r\n 


X* + y* - a* itis f - ~2 
6. If the law of the central force is, 


w=)-a)‘} 


f = + %)' y < h^. 


the equation of the orbit has the form 


. 1 + e cos ikB) 

which can be regarded as a conic in which the axes are rotating. 

7. If the law of the force is 

, Cl + C 2 cos 20 

/ = -»» -2 ’ 

the orbit is an algebraic curve of the fourth degree, except when ca is zero, in 
which case it is of the second degree. 

8. If the central force is 

f « 
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and if p is the semidiametcr conjugate to r, show that the speed in the 
orbit is 

s' = kp 

9. A particle is attracted toward two fixed centers for each of which 
the force is proportional to the distance. Show that the resultant force is a 
central force which is directly proportional to the distance. 

10 . If the maximum speed in a certain elliptic harmonic motion is 3 1/4 
ft. per second, and the minimum speed is 3 ft. per second, what is the eccen- 
tricity of the ellipse? Ans, e = 5/13. 

11 . Prove that the average value (with respect to the time) of the kinetic 
energy in elliptic harmonic motion is equal to the average value of the 
potential energy. 

12 . A particle moves in an ellipse under the Newtonian law of gravita- 
tion. Prove that the average value (with respc(*t to the time) of the kinetic 
energy is equal to 1/2 the average value of the potential energy. 

13 . If <TE and Re are the mean density and the radius of the earth, and 
<rs and Rs are the mean density and the radius of any other sphere, show 
that the surface gravity gs of the sphere is 


(TsR 
ceRe ^ 


14 , Assuming that the mean distance of the moon is 238,000 miles, that 
the radius of the earth is 3958 miles, and that the period of the moon is 
27.322 days, show that a satellite of the earth which describes a circular 
orbit 100 miles above the surface of the earth has a period of 1 hr. 27.6 min. 

16 . Show that the period of a satellite which is just out of contact with 
the attracting sphere is independent of the size of the sphere and depends 
only on the density, the equation being 



where or is the mean density of the sphere and is the gravitational constant. 

16. Prove that the speed of a particle falling from infinity under tho 
Newtonian law of gravitation is 

s' == kR 



at the surface of the attracting sphere. 

17 . If the rate at which the radius vector sweeps over areas is the same 
for a circular orbit and for a parabolic orbit, show that the perihelion dis- 
tance of the parabola is one-half of the radius of the circle. 

18 . Assuming that the equinoxes occur at the ends of the latus rectum of 
the orbit of the earth (whichds nearly true) and that the eccentricity of the 
orbit of the earth is 1/60, show that the interval of time from the vernal 
equinox to the autumnal equinox is 7.6 days longer than the interval of 
time from the autumnal equinox to the vernal equinox. 
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19 . The mean distance of the earth from the sun is the astronomical unit. 
The perihelion distance of Halley^s comet is approximately zero. If its 
period is 75 years, what is its aphelion distance? Ans, 35.6 A.U. 

20 . The nearest fixed star is at a distance of 275,000 A.U. What is the 
period of a comet whose aphelion is at this distance? Ans. 51,000,000 
years. 

21 . Prove that the speed in a parabolic orbit at any point is \/2 times 
the speed in the circular orbit which passes through that point. 

22 . If Sa and Sp are the speeds at aphelion and perihelion, respectively, 
prove that 

Sp^ t S(/ 1 “f“ 6 t 1 6» 

23 . If the mass of the earth were equal to the mass of the sun and its mean 
distance the same as at present, what would its period be ? Ans. 258.3 days. 

24 . A particle moves in an ellipse in accordance with the laws of Kepler. 
The points pi and pa are at the ends of a diameter, and s/ and Sa' are the 
speeds of the particle at pi and pa, respectively. Prove that 


26 . Prove that the average value of the radius vector in Keplcrian ellip- 
tic motion is 

a ^1 + with respect to the time; 

and oa/IT— c* with respect to the polar angle. 

26 . Prove that the average value of the reciprocal of the radius vector 
with respect to the time is 1/a, and with respect to the polar angle is 1/p. 



CHAPTER XIII 


CONSTRAINED MOTION 

313. Freedom and Constraint. — A particle which is free to 
move without any restriction is said to have three degrees of free- 
dorriy for its velocity at any instant can be specified by three inde- 
pendent coordinates ; or, the position of the particle in space can 
be specified by means of three independent coordinates. 

If a particle is free to move anywhere upon a given surface, 

<p{x, y, z] t) = 0, (1) 

but cannot leave the surface, it is said to have two degrees of 
freedom and one degree of constraint. The surface, or even the 
equation of the surface (Eq. (1)), is called the constraint. 

If a particle is free to move anywhere upon a given line, which 
is defined by the equations, 

<Pi(Xy yyz;t) = 0 , <P2{Xy yyZ;t) = 0 , ( 2 ) 

but cannot leave the line, it is said to have one degree of freedom 
and two degrees of constraint, the constraints being the two equa- 
tions which define the line. 

It will be observed that the constraints may depend upon the 
time. If they do, the surface or line in which the particle is com- 
pelled to move is itself in motion, but in a perfectly definite, speci- 
fied manner. If the constraints do not depend upon the time, 
the surface or line to which the particle is constrained is fixed in 
space. 

The constraint may be completCy as when a particle is compelled 
to move upon the surface of a sphere by means of a light stiff rod 
which is fixed at one point and to which the particle is rigidly 
attached; or it may be one sided, as when the rigid rod just men- 
tioned is replaced by a light string. In the latter case, the par- 
ticle is free to move anywhere within the sphere whose radius is 
the length of the string between the fixed point and the particle. 

In the present chapter, only fixed constraints will be considered, 
and, for the most part, the constraints will be complete. 

305 
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I. LINEAR CONSTRAINTS 

314, The Particle Has One Degree of Freedom. — The motion 
of a particle along a curve depends upon the forces which are 
acting upon it, and not at all upon the mechanical contrivance by 
means of which the particle is constrained to follow the curve ; but, 
for the sake of definiteness and simplicity, the particle will be 

regarded as a bead which slides 
along a wire which has the form 
of the given curve. 

The forces which are acting 
upon the bead can be divided into 
two classes: first, the forces which 
act upon the bead irrespective of 
the wire, such as gravity, tensions 
of strings, magnetism, etc. ; second, 
the action of the wire upon the 
bead. Let X, F, and Z be the 
magnitudes of components of 
the resultant F of the forces of the first class, and Xi, Fi, and Zi 
the components of the action of the wire Fi upon the bead. 
Then the equations of motion of the bead, of which the mass is 
m, are (Sec. 268) 

mx" = X + XiA 

= F + Fi, } (1) 

mz" = Z + Zi, ) 

The motion is just the same as though the bead were free, and 
the forces of constraint were added to the forces which are other- 
wise acting. 

Notwithstanding that the equations in Eq. (1) are true, they 
are not independent, for the coordinates of the bead must satisfy 
the two equations of constraint 

y, 2) = 0, ip 2 {x, 2 /, z) = 0, (2) 

which define the given curve. Indeed, Eqs. (2) can be imagined 
solved, say for y and z in terms of x. Then y and z can be elim- 
inated from Eq. (1), leaving a single differential equation to be 
solved for x. When x is obtained as a function of <, the coordi- 
nates y and z are obtained as functions of t merely by substitut- 
ing the value of x. While this process is conceivable, it is not, in 
general, a wise method of procedure; since the forces of constraint, 
in general, cannot be written down explicitly. 
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316. The Equation of the Curve Is Given Parametrically. — 

Since the particle has but one degree of freedom its coordinates can 
be expressed by means of a single parameter. As the parameter 
varies, the particle moves along the curve, so that it is necessary 
merely to know the value of the parameter as a function of the 
time in order to know the position of the particle at any desired 
instant. 

Let the parametric equations of the line be 

3: = coi(g), y = z = m{q), (1) 

where q is the parameter. 

If these expressions for the coordinates are substituted in the 
expression for the kinetic energy (Eq. (269.2)), the following equa- 
tion is obtained: 


1 r , /do., VI 1 

sHUv +Uj> 2 


Jxo,vo,Zi 




[Xdx + Ydy + Zdz] + [Xidx + Yidy + Z.dz]. (2) 


\ 

Uxo,yo,ZQ 


The coefficient of in the left member of this equation is a func- 
tion of q alone. The first integral of the right member is the work 
done by the applied forces in moving the particle along the curve 
from the initial point Xo^ yoj Zo to the point x^y^z; while the second 
integral in the right member is the work done by the forces of 
constraint. The components of the forces of constraint which 
are normal to the curve do no work, since they are perpendicular 
to the displacements of the bead. The tangential component, 
which arises from friction of the bead with the wire or to the resist- 
ance of the surrounding medium, will do work, however, unless 
the wire is smooth and a surrounding medium does not exist. 

In what follows it will bo supposed that friction and resistance 
do not occur. It will be supposed further that the components 
of the applied forces, X, F, and Z, depend upon the position of 
the particle alone. They are therefore functions of q, but not 
functions of q^ and t. Under these circumstances, 

Xdx + Ydy + Zdz = Qdq, 


where Q is a function of q alone; and Eq. (2) becomes 
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the right member of which is a function of q. If it is assumed 
that this function is known, Eq. (3) can be solved for q', namely, 


= /(?) 


and, therefore, 


± 


Thus the solution of the problem is obtained by two quadratures. 

316. The Applied Force is Gravity Only. — Under the hypoth- 
eses that gravity is the only force acting upon the bead aside 
from the constraints, that the wire is smooth, and that the x- and 
y-axes are horizontal and that the positive end of the z-axis is 
directed vertically upward, the components of the applied forces 


z = y = 0, 


Z = —mg. 


If s' is the speed of the bead along the curve, Eq. (315.3) becomes, 
after removing the factor m, 

s '2 _ = _2p j dz = 2g{zQ — z). (1) 

Jxo,yo,zo 

Thus the speed of the bead depends only upon the vertical 
distance through which bead has fallen, and not at all upon the 
shape of the curve. For a given curve z is a known function of 
the arc s and, therefore, Eq. (1) gives the result 


t- to = 


+ 2g{zo - zlsj) 


317. The Fixed Curve is a Helix. — Suppose, for example, the 
given curve is the helix 

a; = a cos CO, 2 / = a sin co, z = 5co, (1) 

which lies upon a vertical cylinder of radius a. Then 

+ z'2 = (a^ + 

Let the initial values of co and s' be 

coo == 2mr, Sq' = Vq = 0. 

Then Eq. (316.1) becomes 




(2nir — co), 
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^ r ~2hg 

\/2n7r — CO \a^ + 6^ 

The negative sign is necessary since 2n7r — co cannot be nega- 
tive, and, therefore, co must be a decreasing function of the time. 

The integral of this equation which satisfies the initial con- 
dition is 

Vw - CO = 


= 2mr 


Hence, 


X = a cos 


2(a2 + 62) 


2(a2 + 62) 


y = —a sin 


2'(a2 + 62) 


z = 27rn6 — 


'2(a2 + 62) 


If the angle which the tangent to the helix makes with the 
a; 2 /-plane be denoted by a, then 

b 

sm a = - 

Va" + 6* 


z = 2mrb — sin2 


Thus the time required for the bead to descend through a 
distance z is the same as though, starting from rest, it were 
sliding down an inclined plane for which the angle of inclination 
with the horizontal was a. (Sec. 243). 

If for simplicity of notation, the substitution 

- 

a? + b* 

is made, the equation of the hodograph is 

X* = --ayi sin "M^ 2 ^ 2 /' = —ayt cos ^m^ 2 ^ = —6/4^. (3) 

This is the equation of a helix which lies on a cone the generating 
angle of which is 

/3 = tan 

0 
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The radius vector p is proportional to the time, since 

p = \/x'2 + + 2 '^ = \/a2 + 6 V. 

The coils of the helix arc not equidistant, however, but draw 
closer together as the time increases. 

On differentiating Eq. (3), it is found that 

gQg gin ^^^2^ 

2 /" = sin — ap cos 

Jt 

The components of the reaction of the helix on the bead are 
obtained by the substitution of Eq. (4) in Eq. (314.1). Since 

X = 0, F = 0, Z- -mg, 
it is found that 

= mx", Fi = mv'\ Z, = 

Let R and T be the components of the reaction parallel to the 
a; 2 /-plane, but along the radius vector and perpendicular to it. 
Then 

R = -a^H\ T = -an, Zi = (5) 

Thus two of the components are constant, while the third is pro- 
portional to the square of the time. 

II. PENDULUMS 

318. The Simple Pendulum. — The simple pendulum consists 
of a particle which is constrained to move without friction on the 
circumference of a vertical circle and which is acted upon only by 
gravity. Mechanically, it is approximated by a heavy bob sus- 
pended by a light rod one point of which is fixed. Let 0 (Fig. 162) 
be the point of suspension of the pendulum, and let I be its length, 
so that Z is the radius of the circle which is described by the center 
of gravity of the bob. 

The component of the acceleration of gravity perpendicular to 
the rod is —g sin d. In polar coordinates the acceleration per- 
pendicular to the radius vector is (Sec. 257) + 2r'^'. But, 

since the curve is a circle, 

r == I and r' = 0; 
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hence, 

= -gr sin 0. (1) 

and this is the equation of motion of the pendulum. On multiply- 
ing through by 2d' and then integrating, there results 


6'^ = -^(cos 6 — cos do), (2) 

the constant of integration having been 
determined so that the speed vanishes 
when d = ^ 0 . This would be the case if 
the pendulum were released from rest 
at 0 = ^ 0 * 

Since 

cos ^ = 1 — 2 sin^ ^d, 

Eq. (2) can be written 


0 ' = 4 - 2 


' 1 1 
sin^ -do — sin^ ^d, (3) 



Fm. 162 . 


319. Case I : The Angle Oq is Real. — If the pendulum actually 
stops at some point of the circle, the angle is real and less than 
TT. If the pendulum does not stop at any point of the circle the 
angle do is equal to tt or is complex. It will be supposed in the 
present section that 

0 < ^0 < TT, 

and for this range of values it is convenient to make the 
substitution 

sin ^d = sin • sin ip, (1) 

thus introducing a new variable tp. This substitution trans- 
forms Eq. (318.3) into 


<p' = - sinsi^osinV; 


and therefore, if 

sin® 2^0 = 

the value of the time is given by the integral 

11 p d<p 

V ^ Jo 's/I — A:® sin® <p’ 


t - <0 


(3) 
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to being the value of t when the pendulum is at its lowest point. 
When the pendulum is at its highest point, (p is equal to 7r/2 and, 
therefore, the expression for the quarter period is 


Ip ^ [1 d < p 

4 \ <7 Jo \7l — ^ 


(4) 


This is Legendre’s elliptic integral of the first kind and 
is usually denoted by the symbol K{k), It was tabulated by 
Legendre for values of A; < 1. A five-place table will be found 
in Peirce’s “Short Table of Integrals,” page 121. If is small, 
the integral (Eq. (4)) can be expanded in powers of k^ by the 
binomial theorem, and then integrated term by term. Since 

(1 — k^ sin^ = 1 + ^ ^ /^4 


and 


l*3*5*(2n- 
2-4-6 • • • (2nj 


1 ) 


^2n gij^2n ^ ^ 


} 


T 



sin^” <p d<p 


1-3-5 • • • (2»i - 1) w 
2.4-6 • • • i2n) ‘2’ 


it follows that the value of the period P is 


P = 27r 


1 + 


+ 


5 )^^ + 


3-5 


a:l)’ 






(2n - 1) 


2 . 4.6 


(2n) 




(5) 


The parameter k^ increases as the amplitude of the oscillation 
do increases; and it is evident that P increases as k^ increases. 
In this respect it differs from the period of simple harmonic 
motion which is independent of the amplitude of the oscillation 
(Sec. 251). 

For infinitesimal oscillations, Eq. (318.1) reduces to 


e" e, 


which is the equation of simple harmonic motion; and the solu- 
tion is 



The period is 
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and this is the value to which Eq. (5) reduces for equal to zero. 
The true expression for the period (Eq. (5)) shows that for finite 
oscillations P is always greater than the value Po which, on 
account of its simplicity, is commonly used. 

320. Case II : The Angle Oo is Equal to — If the angle Bq is 
equal to tt, Eq. (318.2) reduces to 

= 2.^^ cos 

and, therefore, 

ti) being the value of t for B equal to zero. For all positive values 
of t — ii) the particle is rising, since 

tan +|) =eVr (1) 

The pendulum approaches the vertical position asymptotically, 
never reaching it. 


321. Case III: The Pendulum Does Not Oscillate. — If the 

constant of integration in Eq. (318.2) is greater than + 2g/l, 
there does not exist a real angle Bo for which the angular speed of 
the pendulum vanishes, and the pendulum continues to move 
always in the same direction. 

Let a be a positive number greater than L Then for this case, 
Eq. (318.2) can be written 

if2^'2 = 2g{a + I cos B) = 29 r|^a + Z — 2? sin^ ^0 

= 2g{a + Z) ^1 — sin^ i B^y (1) 

where 


< 1 . 

a + I 


and k^ decreases as a increases. For the sake of notation, let 

n = VM'L+J) 

21 

Then the integral of Eq. (1) is 
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This is the same elliptic integral as before. Taking d = tt for 
the upper limit of the integral, the corresponding value of ^ 
is the half period. Hence, the expression for the complete period 
is 



322. The Pendulum Hodograph. — From Eq. (318.2) is derived 
1$^ =z V = \/2gl ‘\/ cos d — cos ^o, (1) 


which is the equation of the hodograph in polar coordinates. 
The angle which the velocity vector makes with the horizontal 
is ^ or ^ + TT, the direction of the velocity changing from one to 
the other where the angular speed vanishes; so that in the hodo- 
graph (Eq. (1)) the angle 6 is measured from a horizontal line. 




Hodograph of pendulum. 

do = TT 

Fig. 164 . 


323. The Tension in the Pendulum Rod. — By Eq. (257.5), 
the acceleration along the radius vector is r" — and the force 
necessary to produce this acceleration is m(r" — This is 

the pull of the rod on the bob. The pull of the bob on the rod is 
equal and opposite, namely, m(— r" + r^'^), and this pull arises 
from the inertia of the bob. To this must be added the com- 
ponent of gravity along the radius vector, namely, mg cos d. 
Since 


r = I 


r" = 0, 
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the sum of these two forces, that is, the tension in the rod, is 
T = mld'^ + mg cos Q = mg (3 cos ^ — 2 cos 6^). 

The tension changes into a thrust if and when 

2 

cos ^ = g cos 00 . 

324. The Effect of a Resisting Medium. — In order to attain the 
results of the previous discussion, it would be necessary not only 
to free the pendulum from friction but also to swing the pendu- 
lum in a vacuum in order to free it from the effects of a resisting 
medium. If, however, these actions are taken into account, 
the equation of motion (Eq. (318.1)) becomes 

mW' = —mg sin 0 + 1?, (1) 

where R is the resistance due to friction and the medium. Since 
the resistance vanishes with the velocity, R must carry 0' as a 
factor, and in general will be a function 0' only. 

First Hypothesis, — If the amplitude of the oscillation of the 
pendulum is small, R will probably be proportional to 0', that is, 

R = —2mkl0'j 

the direction of the resistance being always opposite to the 
velocity of the bob. Also, for small oscillations, sin 0 can be 
replaced by 0, and the acceleration equation is, approximately, 

?0" + 2H0' + g0 = 0. (2) 

Since this is a linear, homogeneous, differential equation with 
constant coefficients, the substitution 

0 = 

reduces it to 

fc^‘|^X2 + 2fcX + ?j =0; 

and, therefore, 

X - ± 

If the resistance is feeble, the constant k is small and the 
radicand is negative. Setting, therefore, 

= I - 

the two values of X are 

Xi = —A; + ip, X 2 = —k — ip, i — y/— 1. 
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Hence, the general solution of Eq. (1) is 
0 = 

where A and B are the constants of integration. But since 
~ cos fit + i sin = cos tit — i sin fxty 

the solution can be written 

0 = e~^^[(A + B) cos fit + i{A — B) sin nt] 

= e“**[C cos iit + D sin fit], 

where 

C = A + B, D = i(A- B). 

If the pendulum is released from rest when it makes an angle 
00 with the vertical, the initial conditions are 

6 = 00, 6 q' = 0, 

and the values of C and D are 

do, D = *00. 

Therefore, the solution which satisfies the initial conditions is 

a 

0=9 ^-kt + k sin fit], 

M 

Ic^ 4- fi2 

= ^ 0oe~** sin fit. 

M 

Owing to the factor which is called the damping factor, 
the amplitude of the oscillations decreases and approaches zero 
as a limit. The period of the oscillations, however, is 



which is constant. It will be observed that the period is longer 
than when there is no resistance. Not only does the resistance 
steadily diminish the amplitude of the oscillations, but it also 
increases the period of the oscillation. The amplitudes of succes- 
sive oscillations decrease like the terms of a geometric progression. 

If 00, 01, 02, • • • are the values of 0 for i = 0, 

fi fi 

then 

_2A:t 

00 ~ 00 , 01 ~ 00 ^ ^ , 02 = 00 ^ ^ > * * * ) 

__2n^ 

0» = 0oe 
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Second Hypothesis , — If the resistance is assumed to be propor- 
tional to the square of the angular speed, then 

R = ±^mkW^, 

Since the resistance is always opposite in sign from d' and 0'^ does 
not change sign with 0', it is necessary to take the minus sign 
when 0' is positive, that is when the pendulum is swinging toward 
the right (in Fig. 162), and the positive sign when is negative 
and the pendulum is swinging toward the left. When the 
pendulum is swinging toward the right, Eq. (1) is 

e" + 2 = - 7 sin 6. (4) 

Let the independent variable be changed from t to B, Then 

^ ^ 

dt dd' dt do 2 dd' 


and Eq. (4) can be written 


dd'^ 

dS 


+ ke'^ 


2g 


sin 6. 


(5) 


This is a linear, non-homogeneous, differential equation of the 
first order for If the right member were zero, the solution 
would be If the solution of Eq. (5) is assumed to 

have the form 

= Ae~^^ + B cos ^ + C sin 0, (6) 

where B and C are undetermined constants, it is found by sub- 
stituting Eq. (6) in Eq. (5), that the equation is satisfied if 

R _ r 

^ /(P + ly ^ ilk^ + !)• 

Hence, the solution of Eq. (5) is 


0'^ = Ae-^^ + 6 — ksin 6). (7) 

If the resistance is feeble and the initial value of B is small, the 
right member of Eq. (7) can be expanded as a power series in B. 
Neglecting the third and higher powers of 0, and then determining 
the constant A so that &' is zero when B = — ^o, Eq. (7) becomes 

- (1 + keo)n 

Z(1 + kBa + ^ k^Bo^) 

g f 

= fif ^ + e] [tfo - (1 + kea)e]. 

+ kOa + ^k^6<?\ 
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The solution of Eq. (8) which satisfies the initial conditions 

e = 0' = 0, 


IS 


6 = - 


Q' = 



. kSf? ^o(2 + fc^o) 

2(r+ fcdo) ““ 2(1+1^ 

0q(2 -j- kOo) 


cos fit, 


2Vl + kdo (l + ^ 


1 sin ju/, 


where 



1 + kdo 


^ l + kdo + ^W 


The duration of the swing for which 6' is positive is 


M \gy^2{\+ke,)) 


( 9 ) 


which is slightly longer than for the simple pendulum, the excess 
depending upon the amplitude 0^), The value of 0 at the end of 
the swing is 

1 + *l?0 

as is also evident from Eq. (8). 

For the return swing, it is necessary in Eqs. (8) and (9) merely 
to replace — by +^i and change k into —k. At the end of the 
second swing, the numerical value of 0 is 


and 



e, __ 

1 + 2^00 

2(1 + fc^o)(l "1“ ^kdo) 


In general, at the end of the n**" swing, the numerical values are 


1 -f" Tlkdq 

and 

r /Vi . \ 

" V 2[H- nkdo] [1 + (n - l)A:(?o ] ) 

Not only does the amplitude of the swing always decrease, but 
the duration of the swing also decreases and approaches the half 
period of the simple pendulum. 
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326. The Cycloidal Pendulum. — For small oscillations the 
simple pendulum gives very nearly simple harmonic motion. It 
is natural to enquire, therefore, whether there exists a curve, 
along which the particle is constrained to move without friction, 
for which the motion is exactly simple harmonic under the action 
of gravity. 

In Fig. 165, let s be the length of arc, measured from some 
convenient point. According to Sec. 258, the acceleration along 
the curve is s". Let 6 be the angle 
which the normal to the curve makes 
with the vertical. The component of 
the acceleration of gravity along the 
curve is —g sin 6, in accordance with 
the usual conventions. Hence, what- 
ever the curve may be, the differential 
equation 

s" = —g sin 6 (1) 

must be satisfied. If the motion is 
to be simple harmonic, the differential 
equation 

s" = ^k% 

where is some constant, also must be satisfied. Since the 
left members of Eqs. (1) and (2) are the same, the right members 
also must be the same, and therefore 

1.2 

sin 0 = s. (3) 

0 

Since 6 is also the angle which the curve makes with the 
horizontal, which is here taken to be the x-axis, 



( 2 ) 


cos 6 


dx 


sm 6 = , • 
ds 


( 4 ) 


Hence, on differentiating Eq. (3) and then eliminating ds by means 
of Eq. (4), 

dx — ^2 cos^ ddOj 


dy = ^ sin 6 cos Odd. 
Then, by integration, 

x-Xo = j^ (20 + sin 20), 

y -yo= -jli cos 20. 


( 5 ) 
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These are the parametric equations of a cycloid with the concave 
side upward, and such cycloids are the only curves which satisfy 
the conditions. The origin will be midway between the two cusps 
if 


Xo = 0 , 


t/o =- 


JL. 

4k^’ 


and with these values Eq. (5) becomes 

2/ = - 1 I 2 (1 + cos 20). 


( 6 ) 


If a is the radius of the rolling circle which generates . the 
cycloid, then (Sec. 267) 


a 



or 




The enquiry is, therefore, answered in the affirmative, and the 
cycloid with the concave side upward is the curve sought. The 
period of the motion is (Sec. 251) 

27r 

P - T - ^^l f P) 

and this is the same as the period of infinitesimal oscillations of a 
simple pendulum of which the length is 4a. From the general 
equation for the radius of curvature of the cycloid 

p = 4a cos 6, 


325] 


CONSTRAINED MOTION 


321 


it is seen that at its lowest point the cycloid is best fitted by a 
circle of radius 4a. 

Since the evolute of a cycloid ABC (Fig. 166) is a similar 
cycloid^ ADC y it is evident that if the upper end of the light rod 
which supports the bob were a thin steel spring, fastened at D, 
and the arcs AD and CD were of metal and shaped to the evolute 
of ABCy then the bob would move on the cycloid ABC] and, 
theoretically, at least, the cycloidal pendulum would be 
realized. Pendulums of this type have been tried, but experience 
has decided in favor of circular pendulums of small angular 
oscillation, the effort being made to keep the amplitudes 
constant. 

Since the period of the oscillation of the cycloidal pendulum 
is independent of the amplitude, the cycloid is a tautochrone for 
the force of gravity (Sec. 327). 


326. The Intrinsic Equations. — ^Let the components of the 
force which is acting upon the bead along the tangent, principal 
normal, and binormal be /«, /p, and/z,; and let the magnitudes of 
the components of the normal reaction of the curve upon the bead 
be Tp and n. Then the intrinsic equations of the motion of the 
bead are (Sec. 258) 

ms" =/«, 

m— =/p + Tp, 

P 

and 0 — fb + . 

The first 6i these equations is closely related to the energy 
equation, for 

„ ds' , 1 ds'^ 

s = 7 - • s = K — f" ; 
ds 2 ds 

and, therefore, 

|mds'2 = ftdsy 



which is simply the differential of Kq. (269.2). The second and 
third equations are useful in determining the force which the 
curve exerts upon the bead. 

For example, in the cycloidal motion of the previous section 
the integral of Eq. (325.2) is 

s'2 = - s2). 

So being the point on the curve at which the speed vanishes. 
* See Williamson, Differential Calculus,^' p. 337. 
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Since 

s = 4a sin p = 4a cos 

it is found readily that 


m — = mg 
p 


sin^ ^0 -- sin^ 0 
cos 6 


From Fig. 165, it is seen that 

fp = —mg cos 6; 

and, therefore, 


Tp = mg 


sin^ ^0 — sin^ 0 + co s^ d 
cos 0 


There is no component of force along the binormal which is 
perpendicular to the plane of the curve. 

If the pendulum is released from rest at the points A or C, the 
value of 6q is ± 7r/2 and 

Vp = 2mg cos 0 = — 2/^; 

that is, the normal reaction of the curve is equal to twice the 
normal component of gravity, and in the opposite direction, 
if the pendulum swings over the entire cycloid. 


in. TAUTOCHRONES AND BRACHISTOCHRONES 

327. Tautochrones. — If a particle, starting from rest, and 
moving along a given curve C under the action of a given force 
F and the reaction of the curve, arrives at a fixed point 0 of the 
curve after an interval of time which is independent of the 
initial position of the particle on the curve, the curve is said to 
be a tautochrone for the given force; and the point 0 is called the 
point of tautochronism. 

If Ft is the component of the force along the tangent of the 
curve, and Z, 7, and Z are the components of the force parallel 
to the rc-, and 2 -axes, then the first of the intrinsic equations 
(Eq. (326.1)) gives 

w'-f,-(4 + yJ + z*). (1) 

If s is measured from the point of tautochronism, the parametric 
equations of the curve can be written 

X = vi{s), y = Ms), z = V3(s)- 



327 ] 


CONSTRAINED MOTION 


323 


If the force f is a function of the position only of the particle, 
Xy Y, Z, dx/dSj dy/dsj and dz/ds will all be functions of s, and, 
therefore, Eq. (1) can be written 

ms" = ^(s) (2) 

where ‘f>(s) is some function of s. It was proved in Sec. 252, 
however, that the only differential equation of the form of Eq. 
(2) for which the period of the motion is independent of the initial 
position is 

s" = 

where is some constant, and therefore 

4 + »'a + 4 - 

Of course, 

by the definitions of the quantities involved. These two differ- 
ential equations must be satisfied by the curve. But since there 
are three quantities dx/ds, dy/dsy and dz/ds with which to satisfy 
them it is evident that there will be, in general, infinitely many 
tautochrones for a given law of force and a given point of tauto- 
chronism. It is possible to impose a third condition, and what 
that condition shall be, is, within limits, a matter of choice. 
It may be required that the tautochrone shall lie on a given 
surface, 

fix, y, z) = 0; 

or that it shall be a tautochrone for a certain other law of force, 
Xidx + Yidy + Zidz = — fci^s. 


or some other not impossible condition. 

If there exists a potential function U (x, ?/, z) for the given law of 
force, Eq. (3) is at once integrable; for 


and therefore 


, ydy „dz _ dU 
^ds ds ^ ^'ds ~~ ds 


UiXyyyZ) +h= 


If the curve is also a tautochrone for a second law of force, for 
which also a potential function Ui(Xy y, z) exists, then likewise 

1 
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and the curve will lie upon the surface 

k,\U{x, y, z) + h) - k\U,{x, 7 /, z) + Ai) = 0. 

328. Tautochrbnes on Vertical Cylinders. — It was proved in 
Sec. 325 that the cycloid, which is concave upward and for which 
the normal at the vertex is vertical, is the only tautochrone for 
gravity which lies in a vertical plane. If this vertical plane, 
including the cycloid, be wrapped around any vertical cylinder 
which has no corners in such a way that the original normal at 
the vertex coincides with one of the generators of the cylinder, 
the cycloid will be bent into a twisted curve on the surface of the 
cylinder. This twisted curve is still a tautochrone for gravity, 
for the bending of the vertical plane in the manner described 
does not alter the length of any arc of the cycloid, nor does it 
change the tangential component of gravity along the curve. 
The motion along the curve, therefore, is not altered by this 
bending, and the twisted curve remains a tautochrone. 

Conversely, if a curve on a vertical cylinder is a tautochrone 
under gravity, and if the surface of the cylinder is developed 
on a vertical plane in such a way that its generators remain 
vertical, the given curve, still remaining a tautochrone, will 
develop into a cycloid. 

329. The Brachistochrone. — Given two points A and B with 
A higher than B, it is required to find the curve joining A and B 
along which a bead will slide under the action of gravity, starting 
from A, with or without initial speed, in the least possible time. 
This famous problem was first proposed by John Bernoulli in 
1696, and is, therefore, sometimes called Bernoulli's problem; 
at other times the required curve is called the curve of quickest 
descentj or the brachistochrone. 

Let the a:-axis be horizontal, and the z-axis vertical with the 
positive end directed upward. Let the a^z-plane contain the two 
points A and B, and let the origin be at A. It is taken as evident 
that the required curve will lie in this plane. If s is the length 
of arc of the curve as measured from Ay s' will be the speed of the 
bead along the curve. The equation of energy then gives the 
equation 

— so'^ = —2gz, 

Therefore, 
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Ic = -f 
2(7 


dz 

dx 


Since t is to be a minimum, it is required to find a curve C for 
which the definite integral 



shall be a minimum, the limits of integration Xi and X 2 , which 
are the values of x for the points A and By being fixed. 

The problem of finding a function which minimizes a definite 
integral was a new type of problem at the time the brachisto- 
chrone problem was proposed, and it gave rise to that branch of 
mathematics which is called the calculus of variations, ^ 


330. The Minimizing of a Certain Definite Integral. — The 

integral I can be written briefly^ 


/ = 



where 


f(z> Z') 


Vl + z'\ 

y/k — 2 


( 1 ) 


The ordinates of the curve C which minimizes this integral 
can be written 

z = z{x)y Xi ^ X ^ ^2. 


Let f(a;) be any continuous function of x which admits a 
continuous first derivative between the limits Xi and x^, and which 
vanishes for x = Xi and x = X 2 ; that is. 


f (Xi) = 0, f(X2) = 0. 


Then any curve which passes through the points A and B and 
is in the neighborhood of C between these points will have the 
form 

Z = z(x) + €^{x)y 

if € is a constant which is sufficiently small. The integral /, 
therefore, becomes 

/(O = ry(z + et,z' + ^ndx 

Jx\ 

^ For a very readable account of the brachistochrone problem and its 
relation to the calculus of variations, sec G. A. Buss, Calculus of Varia- 
tions,” p. 41, The Cams Mathematical MonographSy No. 1, 1925. 

2 In sections 330 and 331 accents indicate differentiation with respect to x. 
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with the understanding that 7(0) is a minimum value of 7(e). 
By the usual principles of maxima and minima, the first deriva- 
tive of 7(e) with respect to e must vanish for e = 0, that is, 


Jx, 

By differentiating the product 
is easily found that 

and therefore Eq. (2) can be written 
dll .,ol/ 


)roduct f I with respect to x, it 

Jx.dz 


or, since 

by virtue of the fact that 

f(a:i) = 0, ^(Xi) = 0, 

the condition that 7(0) shall be a minimum becomes 


= ( 

**f d/ 


:.-0 J , 


j.,«* 1 


This condition must hold for every function f Therefore, 
i/ _ - c- 

dz' I dz^ ~ 

A/Xl 

and, by differentiation with respect to x, 

dx dz^ dz dzdz' ' dz'^ dz ' ^ 

assuming, of course, that the minimizing curve C has a second 
derivative 2 ". This is known as Euler^s differential equation, 
since it was derived by Euler in 1744. 

Now 

and as this vanishes, by the preceding equation, it follows that 

— / = constant. (5) 

dz 
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331. Application to the Brachistochrone. — The argument 
which has been outlined above depends essentially upon the fact 
that f(Zj z') does not contain x explicitly, and therefore it holds 
for a wider class of problems than the one which is being discussed 
at the moment. For the brachistochrone (Eq. (330.1)), 


and 


f = 

's/k — z 

VW- ^(1 + 3'")' 


Hence, by Eq. (330.5), 

/ - 2'^/. = — _r— , (1) 

dz' \/ {k — z){l + z'^) \/2a 

the constant being given the form ll\/2a for convenience. 
From Eq. (1), it is found that z satisfies the differential equation 

_2a- (k- z) 

In order to solve this differential equation, let a new variable 
6 be introduced by the relation 

k — z = 2a cos^ 0 = a(l + cos 2$). (3) 

If it is not forgotten that z' is the derivative of z with respect 
to Xj it is readily verified that this substitution transforms 
Eq. (2) into the equation 

= 2a(l + cos 26); 


and therefore the two coordinates x and z are given parametrically 
by the two equations 

X — Xo = a{2$ + sin 20), 1 
z — k = —a{l + cos 20), / 

On comparing these equations with Eq. (325.6), it is seen that 
the minimizing curve C, that is, the brachistochrone, also is a 
cycloid with the tangent at the vertex horizontal and the curve 
concave upward, just as in the tautochrone. The horizontal line 
on which the circle rolls is at a distance k above the point A. 


332. The Required Cycloid Always Exists. — Naturally, the 
question arises, ‘^Does there exist a cycloid of the type described 
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which connects the points A and B] and if so, is it unique The 
determination of the constants a anda^oof Eq. (331.4), for a given 
pair of points A and jB, involves the solution of a transcendental 
equation, which is laborious; but it is not difficult to see geo- 
metrically that the answer is in the affirmative. 

In Fig. 167, let A and B be the two given points, and let AD 
= A. If the cycloid exists, the horizontal line CDG is its base. 
Draw the line BE perpendicular to the base. The quadrilateral 
ABED is a trapezoid. For simplicity of language it will be said 
that the problem is to circumscribe the trapezoid ABED with a 
cycloid. Let the problem be inverted: Given a cycloid F^ABiGi 
for which the radius of the rolling circle is unity. Can a trapezoid 



Fkj. 167. 

similar to ABED be inscribed in it? Assume, for the moment, 
that it can and that the solution is unique. Let ABxE\Di be the 
required trapezoid. In the plane of ABED, place the lines ABi 
and ADi in coincidence with the lines AB and AD, respectively. 
With A as a center, let the plane of the cycloid FiABiGi be 
stretched in all directions in the ratio ABj ABx, Then the points 
B\, G\, and D\ will coincide with the points B, G, and D, respec- 
tively and the cycloid FiAB^Gi will be transformed into the 
cycloid FABG which is the cycloid required, since its base is hori- 
zontal and it passes through the given points A and B, 

It remains to be shown that a trapezoid similar to ABED can 
be inscribed in the unit cycloid and that (aside from a reflection 
in the axis of symmetry of the cycloid) there is only one. Draw a 
line making an angle a with the base FiGi equal to the angle BCG, 
This line will cut the cycloid in two points, say A and Bi, Draw 
the perpendiculars to the base ADi and BiEi. Then the trape- 
zoid ABiEiDi will be similar to the trapezoid ABED if 

ADi ^ AD 
DiEi DE 
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Let Cl be the vertex of the angle a. If the point Ci coincides 
with the point Fi, then ADi = 0 9 ^ 0. Hence, the ratio 

ADi/DiEi is equal to zero. Let the point C'l move toward the 
left. The perpendicular ADi increases steadily, while the dis- 
tance DiEi decreases steadily and has the limit zero, which occurs 
when the points A and Bi coincide. Hence, the ratio ADi/D\E\ 
increases steadily and has no upper limit. It passes the ratio 
AD/DE once and only once. Hence, the problem admits one 
and only one solution. 

The problem of the brachistochrone admits of a great variety 
of generalizations. To find, for example, the curve of quickest 
descent from a fixed point to a fixed surface under the action of 
gravity, or from one fixed surface to another, brachistochrones 
which are restricted to a given surface, brachistochrones under a 
general law of force, etc. The solutions of these problems require 
a deeper knowledge of the calculus of variations than the student 
is assumed to possess, and the problem will not be pursued further 
here. 

IV. SURFACE CONSTRAINTS 

333. The Motion of a Particle Constrained to a Surface. — If a 
particle of mass 771 is constrained to move on a fixed, smooth sur- 
face, it will be acted upon not only by the applied forces, of which 
the resultant is F with components X, F, and Z, but also by the 
reaction of the surface R (Fig, 168), of which the components are 
Bxf Ry, and Rz. As these are the only forces 
the equations of motion are 

Tnx" = X + Rxj 1 
mz/" = F + Ry, V (1) 

m 2 " Z + Rz.) 

Since the surface is assumed to be smooth, 
its reaction is in the line of the normal to the 
surface through the particle. Let the equation 
of the surface be 

Six, y, z) = 0. 

Then the equations of the tangent plane and of 
point X, Uy z are, respectively, 

^ ? 'Ll = L~ i 

^ R 

dx dy dz 


which are acting, 



the normal at the 


(tangent plane). 


(normal). 
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Af Af 

in which 17, and f are the running coordinates and and 

are the values of the derivatives of / at the point x, ?/, z. The 
direction cosines of the normal, therefore are proportional to 
these derivatives; that is, 


d/ . y . df 
dx' dy' dz 


cos 7ix : cos ny : cos nz. 


The magnitude of the reaction R is unknown; but the magni- 
tudes of its projections upon the x-, ?/-, and 21-axes are proportional 
to the direction cosines, and therefore 


Rx i Ry: Rz 


dx' dy' dz 


If X is the factor of proportionality, Eq. (1) becomes 


Actually, 


7nx" = 

X 

+ 

4 >\ 

dx 


11 

Y 

+ 

4 


mz" = 

Z 

+ 

€■1 




R 



m 

+ 

1 


(!) 


(2) 


but, since R is unknown, so also is X. 

The equations of Eq. (2) are true, but they are not independent, 
since the coordinates x, ?/, and z must satisfy the equation of the 
surface 

fix, y, z) = 0, 


and the equation derived from it by differentiation with respect to 
i, namely, 


dx 




d/ 

dz 


= 0. 


( 3 ) 


Equation (3) can be interpreted as saying that the motion at any 
instant lies in the tangent plane; or, if it is multiplied by Xd/, it 
becomes 

Rxdx + Rydy + R^dz = 0, 

which states that the work done by the reaction of the surface is 
zero, which is obvious otherwise from the fact that the displace- 
ment of the particle is always perpendicular to the reaction. 
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Since motion along a curve can be regarded as motion along 
two mutually intersecting surfaces, the above discussion shows 
that the equations of motion for a particle which is constrained 
to move along a given curve can be written 

mx" = X + \r^ + ] 


m7j" = 7 + • 

m" = 7 + X.g + X^^^ 


(4) 


the given curve being the intersection of the two surfaces 


/i(^, 2/, z) = 0, /afe y, z) = 0, 

and Xi and X 2 being proportional, respectively, to the reactions of 
the two surfaces. 


334. The Energy Integral. — If the first equation of Eq. (333.1) 
is multiplied by x', the second by ?/', the third by 2 ', and the 
three equations are then added, there results 


m(a:'rc" + i/y" + = Xa:' + + Zz\ 


since the coefficient of X vanishes, by Eq. (333.3). Therefore, by 
integration, 

+ 2/'“ + 7^) = = J {Xdx + Ydy + Zdz) + C. (1) 

This is the energy equation, and it will be observed that it does 
not contain the unknown reaction U. 

If the applied forces are derived from a potential function 
U{Xyy,z)j then 

Xdx + Ydy + Zdz = dU, 
and Eq. (1) becomes 

^ms'^ = t/ + C, (2) 

just as though no constraints existed. 

336. The Intrinsic Equations. — Notwithstanding that the 
trajectory of the particle lies upon a given surface, the intrinsic 
equations of Sec. 320 are still true, namely, 

W2- ' fp ”}“ r pj 

P 


ms" = ft, 


0 = fb -\- Tb, (1) 
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where the letters have the same significance as before. Let P 
be the position of the particle on the surface (Fig. 169) and let 
the plane tangent to the surface at P be drawn. Let the line 
AB be the tangent to the trajectory, with 5 increasing in the 
direction from A toward B, Let the plane which is normal to 
the surface at P and in which the line AB lies be drawn, and let 
Cn be the intersection of the surface with this normal plane. 
Finally, let the osculating plane of the trajectory at P be drawn, 
and let the angle between the osculating plane and the normal 
plane be 6, 

The orthogonal projection of the trajectory upon the tangent 
plane is denoted by Co. The principal radius of curvature of the 



trajectory is denoted by p, and the radii of curvature of Cn and 
Co by pn and po, respectively. The components of the applied 
force in the directions of the principal normal and the binormal 
(positive toward the right of the osculating plane in the diagram) 
of the trajectory are fp and /&. Let the components in the 
directions pn and po be /n and /o. Let r be the reaction of the 
surface on the particle, which, since it is normal to the surface, 
is directed along pn. Let Vp and n be its components along the 
principal normal and along the binormal. Then 

r cos B = Tp —r sin 6 = n. 

Also, 

fn = fp COS 6 — fb sin 6, 
fo = fp sin 6 + fb COS B, 
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If the second and third equations of Eq. (1) are multiplied by 
+COS 0 and —sin respectively, and added; then multiplied by 
+sin d and +cos B and added, there results 

m — cos B = fn + r, 

P 

.S'2 . 

m - sin B = fo. 

P 

But it is known from the geometry of surfaces^ that 
cos ^ _ 1 ^ sin P _ 1 

P pn p pQ 

The intrinsic equations can, therefore, be written in the form 

ws" = ft, ni— = /n + r, = /o. (2) 

Pn PO 

The second of these equations gives the important result that 
the normal reaction r of the surface at the point P can be com- 
puted if the velocity at P is given; since, for a given surface and 
applied force, pn and fn can be computed. 

336. Applications of the Intrinsic Equations. — If a surface 
is deformed in such a way that curves drawn on the surface are 
not altered in length, then the radius of geodesic curvature which 
has been denoted by po also remains unaltered in length. Hence, 
if the surface is so deformed and if the applied force also is 
changed in such a way that the component in the tangent plane 
is unaltered, the first and third of the intrinsic equations of Eq. 
(335.2) remain unaltered. The radius of curvature pn of course, 
is altered and, in general, therefore, the normal reaction of the 
surface is altered; but this does not affect the motion of the 
particle. 

If, for example, a particle moves on a vertical cylinder, the 
cross-section of which is a curve without corners, the path which 
is described upon the cylinder by a particle under the action of 
gravity will become a parabola with a vertical axis, if the cylinder 
is cut along a generator and rolled out upon a vertical plane. 

If a particle describes a path upon a cone, of which the axis is 
vertical, under the action of gravity, and if the cone is cut along 
a generator and rolled out upon a horizontal plane, the path of 

^ Meusriier's theorem. See Goursat-Hedrick, “Mathematical Analy- 
sis,'^ vol. I, p. 497. 
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the particle will become a curve which could be described by the 
particle under the action of a central force of constant magnitude. 

If a particle describes a path upon a cone under the action of a 
central force, the center of which is at the apex of the cone, the 
curve described when the surface of the cone is rolled out upon 
a plane will be a possible trajectory for a particle moving in 
the plane under the same law of force. 

337. Geodesics. — The simplest case of motion on a surface 
that can arise is that for which the applied force is always zero. 
For this case, the equations of motion (333.1)) are 

~ my" = mz" = (1) 

and the energy integral (Eq. (334.2)) is 

^ms'^ = constant; (2) 

therefore the speed is constant. The curves described under 
these conditions are called the geodesics of the surface. They 
correspond to the straight lines in a plane. If two points on a 
surface are not too far apart, the shortest line on the surface which 
joins them is the geodesic which passes through them. They are 
also the curves assumed by a stretched string on the surface. 

The intrinsic equations (Eq. (335.2)) become 

s^^ s^^ 

ms" = 0, m — = r, m— = 0; 

Pn PO 

the first of which states that the speed of the particle is constant; 
the second, that the normal reaction of the surface is inversely 
proportional to the radius of curvature of the surface which lies 
in the normal plane through the tangent to the curve; and the 
third, that po is infinite, which is a characteristic property of 
geodesics. 

Since the reaction of the surface is the only force which is 
acting, and since the acceleration of the particle always lies in 
its osculating plane, it is evident that the principal radius of 
curvature has the same direction as the normal to the surface. 
Therefore, p„ is the principal radius of curvature of the trajectory. 

338. Geodesics on a Surface of Revolution. — In general, 
it is a very difficult matter to determine the geodesic curves on a 
surface but, in the case that the surface is one of revolution, the 
problem can always be reduced to a quadrature. 
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Let the equation of the surface be expressed parametrically 
by the equations 

X — r cos 0, y = r dj z = #(r), 

so that the 2 ;-axis is the axis of revolution. The parameters r 
and 0 are simply the polar coordinates of the projection of a 
point of the surface upon the x 2 /-plane. Since no force is acting, 
other than the constraint, the speed is constant. Let 

^ dr 

Then 

S '2 == ^ 2^/2 + (1 + ^ 2)^/2 == ^^ 2 ^ ( 1 ) 

Furthermore, since the normal to the surface always passes 
through the 2 -axis, the moment of momentum of the particle 
with respect to the 2 -axis is constant. That is, 

r20' = L (2) 

Bearing in mind that 



it is found that Eq. (1) can be written 

== 

On substituting P for h^/vo^ and then solving, there results 


and therefore 


dr _ Ir^ — rH^ 

^'dd ■” -V r+V" ^ 


(3) 


Thus 0 is determined as a function of r by a quadrature, the 
sign before the radical being determined by the initial condition. 
Since z is given as a function of r originally, the equations of the 
geodesic are given as a function of the parameter r. 

The constant h is the moment of the velocity of the particle 
with respect to the 2 -axis. Let i be the angle which the geodesic 
makes with the meridian of the surface at any point. The 
velocity can be resolved into two components: y cos t along 
the meridian, and v sin i along the parallel perpendicular to the 
meridian. The moment of the component along the meridian 
V cos i with respect to the 2 -axis is zero. The moment of the 
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component along the parallel v sin / with respect to the 2 :-axis 
is rv sin i. Therefore, 

rv sin i == h; 

but since is a constant Vo and h/vo is equal to Z, this equation 
reduces to 

r sin i = I, 

an equation which is due to Clairaut. 

339. Motion on the Surface of a Sphere. — In terms of the 
spherical coordinates, the accelerations along the radius vector 
and in two directions perpendicular to it are (Eq. (263.2)) 

ctr = r" — r<p'^ — cos^ 

= r<p" + 2rV' + sin (p cos 
ae = r0" cos <p — 2r<p'd' sin (p + 2r'0' cos <pj 

where (p is the latitude and 6 is the longitude on the sphere. 

If a particle is constrained to move on the surface of a sphere of 
radius a, and if the center of the sphere is taken as the origin of 
coordinates, the radius vector r is a constant and therefore r' 
and r'' are always zero. Hence, if the applied force / is resolved 
into rectangular components /r, /^, and fe, in which fr is positive 
if directed away from the origin, is positive in the direction 
toward the north pole, and^ is positive in the direction of increas- 
ing longitudes, the equations of motion for a particle of mass m 
constrained to the surface of a smooth sphere are 

m{-'a<p'^ — ad'^ cos^ <p) = /r + i?, 1 

m{afp'^ + a6'^ sin ^ cos v?) — S<f>j / (1) 

m{ad^' cos (p — 2a^'^' sin <p) = fe, J 

where R is the reaction of the sphere on the particle. The last 
two of these equations depend only upon the two variables ip 
and 6 and their derivatives. For a given force/ and given initial 
conditions, these two equations are sufficient to determine ip and 6 
as functions of L When the motion is known, the first equation 
suffices to determine the reaction R, 

If the second equation is multiplied by the third by cos <p 
and they are then added, there results 

ma{ip'ip*' + cos^ ip — sin ^ cos ip) = /^ • +/^ cos ip -O'] 

and, on integrating, 

• cos^ ~ J* ^ 



337 


339 ] CONSTRAINED MOTION 

The first equation then gives 

= C J* (pdd). 

Since, however, 

s'2 = a2(/2^0'2cos2^), 
a simpler expression is 

R.-(f. + 

340 . The Spherical Pendulum. — If a heavy bob, attached to 
a light rod, is suspended from a fixed point in such a way that it is 
free to swing in any vertical plane through the point of suspen- 
sion, it is called a spherical pendulum, since the bob remains 
always on the surface of a fixed sphere whose center is at the 
point of suspension. 

Let the origin be taken at the point of suspension with the 
; 2 -axis directed upward. The applied force which is acting upon 
the bob is its weight mg. On resolving this force along the radius 
vector (Fig. 170) and along two mutually perpendicular direc- 
tions tangent to the sphere, it is found that 

fr = —mg sin f<p = —7ng cos fe = 0. 


The equations of motion (Eq. (339.1)), therefore, are 



If the last equation of Eq. (1) is multiplied by cos <p, it becomes 
an exact differential, the integral of which is 

0' cos^ <p ^ h, (3) 

This is merely the areas integral in spherical coordinates. 
Indeed, since the reaction of the sphere always passes through 
the 2 ;-axis and the applied force is always parallel to the «-axis, 
it is evident that the moment of all of the forces with respect 
to the 2 -axis is zero, and therefore an areas integral exists. If 
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the constant h is not zero, this integral shows that the meridian 
plane which passes through the pendulum turns always in the 
same direction. If h is zero, ^ is a constant and the spherical 
pendulum reduces to the simple pendulum. 


341. The Coordinate z is an Elliptic Function of d and of t . — 

The result of eliminating 0' between Eqs. (340.2) and (340.3) is 
the equation 


= C - 


2g . 

a cos^ 


( 1 ) 


which defines ^ as a function of the time. The time can be 
eliminated from this equation by means of Eq. (340.3), giving 
the differential equation of the path, 

^ cos^ <p - sin <p cos* v - ¥] (2) 

and if this equation is multiplied through by a cos <p, and then z 
is substituted for a sin p, it becomes 

% - - *') - ® 

Since the polynomial under the radical sign is of the third 
degree, z is an elliptic function of d. 

On setting, successively, in the radicand z equal to — oo, —a, 
and + cx?, the corresponding values of the radicand are 



— 00 , and + oo. Thus one root, Z 3 , always lies 

between +a and + 00 . Since the only values of z which are 
admissible in the problem are those for which 

— a^z^ +a, 

and since, for real values of the derivative, the radicand must be 
positive for such values of z as actually occur (Fig. 171), it follows 
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that there are two real roots between ~a and +a. Let these 
two roots be Zi and Z2. By the theory of equations, 


+ 22 + 23 = 


^12^2 + 22^3 + 2:321 


21^22:3 = 


¥ - C 
2 g ^ 


(4) 


and, therefore, from the second equation. 


2:3 = ~ 


+ 2:122 
2:1 + 22 


The corresponding values of the constants C and are 

^ _ 2 g 2i^ 4 ~ 2: i22 + 2:0 ^ — 

Z\ + 22 

h-^a^ = - ( «'’ - - 2_sl). 

4- 


Since AV, ~ 21^, and — 22^ are certainly positive if h 
is not zero, it follows from the expression for that Zi + 22 
is always negative. Interpreted geometrically, this means that 
there are two circles of latitude on the sphere between which the 
bob always lies, and that the circle of latitude which is halfway 
between these two always lies below the equator. On introducing 
the roots, 21, 22 , and 23 , Eq. (3) takes the form 


- (21 + Z 2) ^ 

(a2 - 2i2)(a2 - 22^) 

~ // 1 

-- yji’ - ^ 

and, similarly, 

so that z is an elliptic function of t also. 



(5) 


( 6 ) 


342. The Integration for 2 as a Function of t . — If the roots are 
taken in the order 

2l < 22 < Z 3 , 

the substitution 

2 - 2i = (22 - Zl)v^, 
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where is a new variable, reduces Kq. (341.6) to the first normal 
form of Legendre, namely, 

J "*® dv 

0 > 




whore 

Therefore, 

and 


*2 = 


Z2 - Zi 
“ Zi 


VCl - - W) 

V2g(zs - zi) 


X = 


^; = sn 


2a 


z = Zi + (Z 2 — Zi)sn^\t, 
The complete period of an oscillation for z is 


2 n 

U- 


V(i 


— I — .. = ^Kik), 

«*)(! - kV) X 


where K is the same function of k that occurred for the simple 
pendulum (Sec. 319). The complete period for the pendulum, 
however, is twice this value, or 

4 

period = zKik), 


since the pendulum rises and falls twice in each complete oscil- 
lation. It is interesting to note that 

\/ z — Zi ~ ‘s/ Zz — 2:isn \ty 

\/ zz — z = y/z% — Zicn Xf, 
and y/ Zz — z — y/ Zz — 0idn \L 


343. The Rotation of the Line of Apsides. — The integration of 
2 as a function of 0 (Eq. (341.5)) is a more complicated integra- 
tion,^ and it will not be carried out here. Puiseux, however, 
has given an interesting demonstration of the fact that in making 
a complete oscillation the angle B through which the pendulum 
turns is greater than 27r. Equation (341.5) can be written 

dz ^ ^ 

do ay/ (a 2 — z^/ia^ — zz^) (1) 

y/lz - zi){z2 - z){[zi + Z2]z + [a 2 + ziZz]). 
Since, by Eq. (341.4), 

^3(2^1 + Zz) + (a2 4- ZiZ^ = 0, 

the first term of which is negative and the second positive, it 
follows that, if 0 < Zz, 

z(zi + Zz) + (a 2 -f- Z1Z2) > 0 ; 

1 See Appell and Lacour, “Th4orie des Fonctions Elliptiqiies,’^ p. 90. 
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and therefore, since 

— a < Zi < z < Z 2 < +a, 

in the motion of the pendulum, 

-a(zi+ Z 2 ) + (a^ + Z 1 Z 2 ) > z(zi + Z 2 ) + (a2 + Z 1 Z 2 ) > 

+a(zi + Z 2 ) + (a^ + Z 1 Z 2 ). (2) 

But 

(a^ + Z1Z2) — a(zi + Z2) = (a — Zi)(a — Z2) = 

(a 2 + Z1Z2) + a(zi + Z2) = (a + Zi)(a + Z2) = S\ 

the letters S and D being introduced for the sake of brevity. 
With this notation, the angle 6 through which the pendulum 
turns while it rises from Zi to Z 2 , that is in a quarter period, is 

aSDdz 


■f 


)z, - ^^)\/(z - Zi)(Z2 “ zYilzi + Z2]z + + Z1Z2) 

If it is borne in mind that 


D 'S/ ziZ\ “h 02) + Z\Z 2 ^ /S, 

it is evident that 

dz 


nZi 


Z'^)V (z - 2 i )(22 — 2 ) 


< e < 


But 


Z ^)\/ (z - Zi)(Z2 — z) 


Jii (a^ - 


adz 


z‘)V (z - Zi)(Zj 


-^ 2 ) = 2(3 + 2)} 


and, therefore, 

<9< 


’(1 + 1) <9 <1(1 + 1} ( 3 ) 


Figure 172 represents the pro- 
jection of the path of the pendulum 
upon a horizontal plane for the case 

0 > Z 2 > zi. 

The circle Ci has a radius equal to 
\/ — Zi^, and the circle C 2 has a 

radius equal io\^a^ — z<^. It will 
be observed that the projection of 
the path is something like a rotating ellipse, and that the direction 
of the rotation is the same as the direction of the motion of the bob 
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in its orbit. This is expressed more simply by saying that the 
rotation of the line of apsides is in the same direction as the motion 
of the pendulum in its orbit. 


344. Special Cases. — 7. ThePendulum Rises Just to the Equator. 
If the constant C is equal to it is shown by the last equation of 
Eq. (341.4) that the root Z 2 is equal to zero; since Zi is always 
negative, and Zz is greater than +a. For this value of 22 , 
Eqs. (341.5) and (341.6) can be written 


^ — zi^dz ^ 

(a^ — z^)\/z[zi(a^ — z^) — z(a^ — Zi^)] 

■ 

a \^z[zi(a^ — z^) — z{a^ — Z\^)] 


( 1 ) 


Greenhill has shown that there exists a combination of these 
two expressions that can be integrated in terms of the elementary 
fun ctions. Let the second equation of Eq. (1) be multiplied by 
Va^ — z^ / 2 and then subtracted from the first of Eq. (1). The 
result is 


2a 

1 + 2' * 

2^" - z2 Vz[zi(a^ - z^) - z(a^ - z,*) 


The equations of Eq. (341.4) become 


Zi 4- z,i = 


2ff’ 


Z 1 Z 3 


from which it is found that 
\/2g(a^ 


= hv- 

2a 2^^ 


— n?-. 


■2l. 


Hence, if the constant of integration is suitably determined, the 
integration of p]q. (2) gives 


e-lhV-za=co8-^yjl-^ 


(3) 


From Sec. 342, it is found that 

Z = ZlCU^ \ty 

and, therefore, 0 is completely defined as a function of the time. 
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II, The Roots Zi and Z 2 are Equal , — Since Zi + Z 2 must be 
negative, their common value is negative if the two are equal. 
On setting Z 2 equal to Zi in Eq. (341.6), it becomes 


dz 

dt 

Since the factor 



(1) 


is negative for every value of z between +a and —a, the only 
solution of Eq. (1) is 

z = Zu 


that is, z is constant. Equation (340.3) then gives 


and, therefore, 


, _ ha^ __ I 

0 = J — 

\ -Zi 


■Zi 


The pendulum in this case describes a cone, and is therefore 
identical with the conical pendulum. 


346. The Surface Reaction. — According to Sec. 339, the 
surface reaction is 


By Eq. (340.2), 




ms ' 


and from Fig. 170, 
Also (Eq. (341.4)) 


= —2mg sin <p + moC, 


fr = —mg sin ip. 




SO that 


a(zi + 22 ) 


R = “[32 — 2(zi +Z 2 + 23 )]. 


(1) 


If R is negative the pendulum rod is under tension. The 
coordinate 2 varies from 21 at the lowest point to 22 at the highest 
point. Hence, 

^(2i — 222 — 223) ^ R ^ ^( — 2zi + Z 2 — 223). (2) 



344 STATICS AND THE DYNAMICS OF A PARTICLE 


The tension changes to a thrust if z attains the value 
z = |(;2i + Z2 + Zz). 

This can happen only if the last member of the inequality Eq. ( 2 ) 
is positive, for the left member is certainly negative; that is, if 

> 2(^1 + Zz), 

Since Zi + Zz is positive, it is necessary that 22 be positive. 

If the tension in the rod changes to a thrust, the 
projection of the trajectory upon a horizontal plane has a point 
of inflection at the point where the change occurs; for the osculat- 
ing plane of the trajectory, in which lies the resultant of all the 
forces which are acting upon the bob, at that instant passes 
through the vertical (the only force acting being gravity), 
and the radius of curvature changes sign. 

Problems XXII 

1 . Taking the value of g as 32.173 — 0.085 cos 21, where I is the latitude 
compute the length of the pendulum which makes one complete oscillation 
in 1 sec. for latitudes 35®, 40®, and 45®. Ans, 0.81425 ft.; 0.81460 ft.; 0.81495 
ft. 

2 . The bob of a pendulum, which should beat once per second (that is, one 
complete oscillation) can be raised or lowered by means of a screw which has 
50 threads to the inch. If the clock, to which the pendulum is attached, 
loses 1 min. per day, how many turns of the screw will make the clock 
keep time correctly? Ans, 0.679 = 245®. 

3 . If a pendulum which beats seconds in latitude 35® be carried to 
latitude 40®, how much will it gain in 24 hr.? Ans. 19 sec. 

4 . A particle, constrained to move on a circle, is attracted toward a 
fixed center on the circumference. What is the law of force if the reaction 
of the circle is constant? 

6 . Find the time required for a bead to slide down the curve 



from 2 = 6 to 25 = c, assuming that the speed vanishes for 2 == 0. 

Ans. T = (c — h)l's/2ga. 

6 . A bead slides freely on a smooth elliptic wire in a vertical plane, 
the equations of the ellipse being 

X = a cos X, z — h sin X. 

1 X + 5^ cos^ X^ ^ 

^/2gh ^ sill — sin X 


Show that 
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7 . The particle A is constrained to move on the a;-axis, and B is con- 
strained to move on the ?/-axis. If they are at rest initially and attract 
each other according to any law whi(;h depends only on their mutual dis- 
tance, show that they will arrive at the origin simultaneously. 

8 . A heavy bead slides along a curve in a vertical plane which is of 

such a nature that the vertical component of the velocity is constant. What 
is the equation of the curve? Am. (Sgex)^ = {h — — 2gz)\ 

9. A bead slides on a vertical plane curve under the action of 
gravity. What is the equation of the curve if its normal reaction is 
equal to n times the normal component of the weight of the bead? Am. 
w = 1, a straight line; w — 2, a cycloid; • • • . 

10 . Through the fixed point Oi in space there pass n straight lines 
along which n particles slide. The particles start from Oi at rest under the 
action of a force which is proportional to the distance toward a fixed point 
O 2 . Show that the particles cross the sphere which has O 1 O 2 as a diameter 
at the same instant. 

11 . A heavy particle, starting from rest at a point 0, slides along a certain 
plane vertical curve and arrives at any point P of the curve in the same time 
that would have been required in sliding along the chord OP. What is 
the curve? [Euler.] Am. A leinniscate. 

12. Show that the lemniscate possesses the same property as in the preced- 
ing example when the weight of the particle is replaced by an attractive 
force with its center at 0, the law of attraction being the direct first power. 
[Bonnet.] 

13 . A bead slides down a parabola, parameter p, which is in a vertical 
plane with its axis horizontal. The bead starts from rest at a height h 
above the axis. At what point does the reaction of the curve change sign? 
Am. The point whose ordinate is the positive root of the equation 

3p^y — 2p^h = 0 . 

14 . The depth of a smooth spherical bowl is one and one-half times the 
radius of the sphere. A particle is projected horizontally from the bottom 
of the bowl with just enough speed to make it rise to the edge of the bowl, 
describe a parabola, and fall back to the opposite edge of the bowl. If a 
is the radius of the sphere, show that the speed at the top of the parabola 
is \/ag/2i and that the speeds at the top of the parabola, the edge of the 
bowl, and the bottom of the bowl are in the ratios l:2:\/l0. 

16 . The cusps of a series of cycloids (Eq. (325.6)) are cut off by a line 
7/ = — a, leaving a series of detached cycloidal arcs. A particle is started into 
motion on one of the arcs, which are smooth, and arrives at the end of it 
with just sufficient speed to jump over to the next arc, which it follows to the 
end, then jumps the next gap, and so on. Show that its period is 

T = 

16 . Find the plane tautochrone for an attractive force which is propor- 
tional to the distance, the origin being the point of tautochronism. Am. 
0 = const.; or r = roe^^. 
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17. Show that if the oscillations of a spherical pendulum are infinitely 
small, the trajectory is an ellipse and the period is 

T = 

18. What is the period of a conical pendulum of length 4 ft. when the rod 
makes an angle of 30° with the vertical, and what is the tension in the rod if 
the bob weighs 5 lb.? Ans. 2.00 sec.; 5.77 lb. 

19. A conical pendulum makes 40 revolutions per minute about the 
vertical axis, and the bob weighs 1 1 /2 lb. Find the inclination of the rod 
to the vertical, and the tension in the rod. Ans. 23° 25'; 1.63 lb. Z = 2 ft. 

20 . A particle moves on the surface of a sphere subject to a force which 
varies inversely as the cube of the distance from the xy-plane. Show that 
the trajectory is a spherical conic (the intersection of a sphere and a cone). 

21. If a particle moves on a surface subject to no forces except the con- 
straint of the surface and friction, the trajectory is a geodesic. 

22. Show that the tension in the rod of a spherical pendulum cannot 
change into a thrust unless cos <pi < 1 /3 (zi — a sin <pi ) ; and if this condition 
is satisfied the change will occur if, and only if, 

(2z 2 4- 2i)* < - 8a2. 

23 . A particle moves upon the helicoidal surface 

X = r cos Of y T sin 0, z == 

under the action of a force mfxr directed away from the z-axis. Show that 
the motion of the particle is defined by the two independent equations 

r'2 (y2 ^ ^2)^'2 __ ^^2 == c, 

(r* -f k^)0' = h. 

24 . A family of cycloids has the same base and a cusp at O in common, 
but the radii of the rolling circles are different. If particles slide down the 
various cycloids under the action of gravity, starting simultaneously from 
rest at the point O, show that at any instant the curve formed by the 
particles (the synchronous curve) is an orthogonal curve of the family of 
cycloids. [Euler.] 
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THE GENERALIZED COORDINATES OF LAGRANGE 

l. TRANSFORMATION OF COORDINATES 

346. Changing the System of Coordinates. — It is frequently 
desirable, or even necessary, to change the variables from one 
system to another, a process with which the student is already 
familiar. It was seen in the last chapter that the equations of 
constrained motion of a particle in rectangular coordinates, three 
in number, are not independent. By changing to spherical coor- 
dinates, it was found that the equations of motion for a particle 
constrained to the surface of a sphere were reduced in number to 
two, and that these two equations were independent. For 
motion on a given surface, two coordinates are sufficient to define 
the position of the particle; and therefore, in general, two equa- 
tions, each of the second order, are sufficient to define the motion. 
For motion along a curve, one coordinate is sufficient to define 
the iK)sition of the particle ; and one equation of the second order 
is sufficient to define the motion. 

Lagrange has shown in a very general manner how this change 
of variables can be effected, whether the change be accompanied 
by a reduction in the number of variables or not. Indeed, it is a 
relatively simple matter to write down the equations of motion, 
ah initiOj in any desired system of coordinates by means of the 
form which Lagrange gave to the equations of motion. 

347. The Equations of Lagrange for a Free Particle. — 

p]xprcssed in rectangular coordinates, the equations of motion of a 
free particle are 

m. x" = Z, my^' = F, m 2 " = Z; (1) 

where X, Y, and Z are functions of x, y, z; x', y\ 2 ', and represent 
the components of the forces acting along the x-, y-, and 2 -axes, 
respectively. It will be supposed that the new variables are gi, 

347 
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q 2 f and qsj and that they are related to the variables x, and z 
by the equations 

92, 

y = viiqi, 92 , 93 ) i), > ( 2 ) 

« = <P3(qu 92 , 93 ; 0; j 

80 that the equations of transformation (Eq. (2)) may contain the 
time explicitly, or they may not: it is immaterial. In the follow- 
ing analysis, it will be understood that 


dx _ d(pi dy _ d{p 2 dz __ d<p 3 

dqi dqi dqi “ dqi’ dqi dqi 


If the first equation of Eq. (1) is multiplied by dxidqi, the second 
by dy/dqif and the third by dzidqij and the three equations are then 
added, the result is 


f dx 
m\ 
\d$i 


dy 


dz 


x" -I- -^7/" 4- 
\dqi ^ dqi ^ dqi 

For brevity of notation, let 




^ + Y^- + Zf- 

dqi dqi dqi 


(3) 


Qi 



+ Y 


dqi 



i = 1, 2, 3. 


It will be verified then without much difficulty that Eq. (3) can 
be written 


dtl \a 9 i ^ dqi^ ^ dqi } _ 


(4) 


where, as usual 


-"•[KSy+Kil)' +<!;)’]-«" 

(t-)' - s(l^)' 

\dqi/ dt\dqi/ 

On differentiating the equations of transformation (Eq. (2)) 
with respect to the time, the following equations result : 


, dx , . dx . , dx , , dx 

,/ _ ^y„' A- ^y„ ' 4 - ^2/ , , dy 

y _ ' 4_ '4. ' 4_ 

* - a9l®‘ + dq?^ + + Vt 


( 5 ) 
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348. If There Exists a Force Function. — The quantities which 
have been denoted by Qi arc defined by the equations 

Qi = x^ + • 

dqi dQi dqi 

If there exists a force function V{x, y, z; t) such that 


X 


dU 

dx’ 


Y = 


then 


dU^ 

dy’ 


Z = 


dU 
dz ’ 


Q _ dU dx . dU dy , dU dz _ 
‘ dx dqi dy dqi dz dqi’ 


/dT\' 

Wy 


i = 1, 2, 3. 


(1) 


and since 17 is a function of the qi only as these letters 
enter through x, y, and z, not t, this expression is the derivative of 
V with respect to qc, that is, 

= I"' 

dqi 

The equations of Lagrange then become 
^ ^ a 17 

dqi dqi 

The force function U is the negative of the potential energy, that 
is, 

U = - V. 

Form the difference between the kinetic and potential energies, 
and let 

L = T + U = T-V. 

Since U does not contain qi, q,.', qs, it is evident that 
aL ^ dT^^ dL 

dqi dqi’ dqi 


dqi dqi’ 


therefore, Lagrange’s equations become simply 



i = 1, 2, 3. 


( 2 ) 


The function L is called the Lagrangean function, and its negative 
was called by Helmholtz the kinetic potential. 


349. The Energy and Other Integrals. — It was proved in Sec. 
269 that whenever there exists a force function in terms of the 
variables x, y, and z which is independent of the time, there also 
exists an energy integral. Evidently, the energy integral, when 
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it exists, will be transformed by a direct substitution of the equa- 
tions of transformation (347.2) into an integral in the new vari- 
ables qi, Qo, and qz and their derivatives; but if the equations of 
transformation contain the time explicitly, the integral, expressed 
in the new variables, also, in general, will contain the time explic- 
itly. If the equations of transformation do not contain the time 
explicitly, of course, the transformed integral will not contain the 
time explicitly. 

It will be supposed, for simplicity, that the equations of trans- 
formations do not contain the time explicitly. Then 


and 


, dx . , dx , , dx , 

- ^y„' 4. ' 4.^y„' 

/ f dz f 3z f 

’ +a5.«-’ 


( 1 ) 




when expressed in the new variables, will be a homogeneous 
quadratic form in ^i', ^ 2 ', qz'- 

Let Eq. (348,1) be multiplied by q/, and then summed as to i. 
The result is 


Now 


Hence, 




( 2 ) 


If the potential function U (x, y, z) does not contain the time 
explicitly, then 32 , 53 ) does not contain it and 



Also, since T is a function of g* and qi, 


dT 


n _j_ 
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and by Euler’s theorem on homogeneous functions 
- - ,dT , ,dT , ,dT 

SO that Eq. (2) becomes 


( 4 ) 


Therefore, 


2T' - r = U'. 
T = U + C, 


( 5 ) 


which is the energy integral. 

It may happen, however, that the potential function, when 
expressed in the rectangular coordinates, contains the time 
explicitly, but that one can find a transformation (Eq. (347.2)) 
which not only frees the potential function of the time explicitly, 
but also leaves the expression for the kinetic energy free from the 
time explicitly. In this event Eqs. (2) and (3) remain unaltered, 
but Eq. (1) takes the non-homogeneous form of Eq. (347.5); 
and therefore T, the kinetic energy, is non-homogeneous in 
Qi) However, let 


T = T 2 + T^ + To, 

where T 2 is the sum of the terms which are homogeneous of the 
second degree in qi, q^!, qz, and Ti and To are homogeneous of 
degrees 1 and 0, respectively. Then Eq. (4) takes the form 

and 

r - Tg' + Ti' + To'. 


Equation (2) now becomes 

T2' ~ To' = U'; 

and, therefore, 

Ta - To = f/ + C, (6) 

an integral which is analogous to the energy integral. The 
inverse substitution will, of course, give the corresponding inte- 
gral in terms of the rectangular coordinates and the time. 

If one of the coordinates, q^ for example, does not occur in the 
expression for the Lagrangean function L, the corresponding 
differential equation reduces to 


and, therefore, 



= 0 ; 


dL 

dqz' 


constant 
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is an integral of the differential equations. This is what happens 
for the integrals of areas. The coordinate g.?, under these cir- 
cumstances, is called a cyclic or ignorable coordinate. For each 
ignorable coordinate there exists an integral. 


360. A Vector Interpretation of the Equation of Lagrange.— 

It will be helpful to an understanding of the equations of I^agrange 
to examine the nature of those equations. The equations of 
transformation (Eq. (2)) are 

^ = (Pl{QhQ^)Q^'yl')i y ~ <P2(QhQ2fQs;t)j Z = (P3{QhQ2fQ3lt) 

If q^j Q 3 , and t are kept fixed but qi is varied, the point z 
undergoes a displacement of which the components are 


dx = 


dy = ^dq,, 


dx = f^-dqr, 


and the magnitude of the displacement is 


where 


Hence, 


El 







\^QiJ Wv 


dx _ I dx 
ds Ri dqi 
dx dy 


ds Ri dqi 


dz 

ds 


1 

Ri dqi' 


dz 


and since , > , j and . are the direction cosines of the displace- 
ds ds ds ^ 

ment vector, the expressions 


1 dx 1 dy 1 dz 
Ridqi R\dqi Ri^qi 


also are the direction cosines of the displacement vector due to 
a change in qc, or, for short, the direction cosines of the qr 
direction. 

Let A be the acceleration vector of which the components 
are x'\ ?/", and z^\ Then 


Ri 


( 


dx 







is the component of the acceleration in the qi-direction. The 
change from the left member of Eq. (347.3) to the left member of 
the first equation of Elq. (347.8) is merely a change of form of 
expression, the mechanical significance remaining unaltered. 
Hence, if Aq^ is the component of A in the gi-direction. 
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j_r/a^Y _ 


= mAq^. 


Likewise, if F is the force which is acting, with the components 
X, Y, and Z along the x-; y-, and z-axes, and if is the component 
of the force in the gi-direction, then it is evident that 


1 

R 


X 


dx 

dqi 


+ r^« + zp 

dgi dq 


D 




Hence, by Newton’s second law, 


Qi 

Ri 


rIWi) ¥iJ - Ri 

which, aside from the factor l//2i, is the same as the first equation 
of Eq. (8). The interpretation of the other two equations is 
similar. 


361. Transformation to Polar Coordinates. — Suppose that 
it is desired to change from rectangular coordinates to polar 
coordinates in the plane. The equations of transformation are 
X = r cos dy y = r sin dy z = 0. 

Let r play the r61e of qi and d that of 52 . Then 

“ = cos 6y = sin Oy = y/ cos^ 0 + sin^ $ = 1; 

Sx . dy / — — 

= —r sin By ^ cos By Re — y/ sin^ 0 cos^ B = r. 


The arc element ds in polar coordinates is 


ds^ = + rm^y 

so that - 

T = + r^e'^). 


The r-direction is evidently along the radius vector away from 
the origin, and the 0-direction is perpendicular to the r-direction, 
directed 90° ahead. Hence, the components of the acceleration 
in these directions are 





1 a 

2 dr 

1 a 
2ae 


r'i -I- fiQ'i 
^'2 


]} 

]} 


= r" - re'*, 


= re" + 2r'e', 


which are the same expressions that were derived in Sec. 257. 
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352. Spherical Coordinates. — The equations of transformation 


X = r cos (p cos 6, y = r cos ^ sin 2 = r sin ip. 

From these equations, the following relations are derived: 


= + cos ip cos By 
— — r sin cos 0, 


= — r cos ip sin 0, 


= + cos ip sin By 
— —r sin ip sin 0, 


= H-r cos ip cos By 


= sin iPy 


= r cos ipy 


Hence, 

Rr = 1, = Vy Re = r cos (p. 

The arc element, in spherical coordinates, is 

= (1^2 ^ r^dip^ + cos^^ dB^; 

so that 

s'2 = j-'2 _|_ _j_ y.2 COS^^ B'^, 

The r-direction is along the radius vector directed outward; the 
^direction is along a meridian directed toward the north pole; 
the ^-direction is along a parallel of latitude in the direction of 
increasing longitude. Hence, 

- ^ 7 ] = "" - 

” wiw) - 7 J ■ si" <»» o ■ 


— 2r sin ip • (^'0', 

which are the same as those derived in Sec. 263; but they were 
derived with much less labor. 

363. Elliptic Coordinates. — If q is regarded as a parameter, the 
equation 

/|f.2 4 #2 g2 

, - + , 2 -— + T- 1=0, a^>V> c\ Q) 

— q — q — q ' 

represents a family of confocal conicoidsy the type of the conicoid 

depending upon the value of g, as follows: 

q < (ellipsoid), I 

< q <¥ (hyperboloid of one sheet), I 

< q < (hyperboloid of two sheets), j 

< q (imaginary surface). J 
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Through any fixed point x, y, z of space, there passes one and 
only one conicoid of each tsnpe. In order to determine the 
corresponding value of the parameter q, let the coordinates of 
the given point be substituted in Eq. (1), and then solve the 
equation for q. When Eq. (1) is cleared of fractions, it is seen 
that it is a cubic in q, and that there are accordingly three roots. 
In order to show that the three roots are real, let the left member 
of Eq. (1) be denoted by /(g). The derivative of /(g) is always 
positive, for 

J®! L ?(!___ 4. (V\ 

dq (a® — qy (5* — g)* (c^ — g)^ ^ ^ 

A Triply Orthogonal System of Surfaces. — The correspondence 
between the values of g and the values of / is as follows: 
g = - 00, c* - 0, c2 + 0, 5* - 0, ¥ + 0, a® - 0, a* + 0, + oo; 
/ = - 1 , + 00 , - 00 , + 00 , - 00 , + 00 , - 00 , - 1 . 



Since the derivative is always positive, the graph of /(g) is 
like Fig. 173. There is one root gs which is less than c*, a second 
one g 2 lies between c* and 6*, and the third gi lies between fe* 
and a*. Therefore, by Eq. (2), 



363 ] THE GENERALIZED COORDINATES OF LAGRANGE 357 


+ 


2/“ 


o* — — qi c‘ — qi 

+ = 1 


+ 


r 


Qi 6 * — Qi 




— 


+ 


r 


?3 — ffs o'* — 93 


+ = 1 (hyp- of two sheets), 

(hyp. of one sheet), ( t) 
+ , * = 1 (ellipsoid). 




Q2 


The direction cosines a, /3, and y of the normals to these three 
surfaces are 


ai = 


/3i = 


y 


62 _ 


a2 — 

^ o _ 1 2/ 

- 92* 62 - g/ 

lx 1 

“ R<f ^Ta' ■Ri'” h' - 53 


^ J z__ ■ 

11(0) c2 - gi^ 

c2^2’ ^ 

y 1 2 

’ fl'O) c2 - 93' 


Hence, the cosine of the angle between the normals to the hyper- 
boloid of two sheets and the hyperboloid of one sheet is 


a>«3 + /3ift + 7m = + 


+ 


( 6 ) 


(6^ 5 i )(62 _ ^2) (c2 - gi)(c2 - 52) J 

If the second equation of Eq. (4) be subtracted from the first, 
it is found that 


((?! ~ ?2) 7 




+ y + 

- (?2) ^ (62 ~ gi)(62 - q^) ^ 


Hence, 
and likewise, 


(c2 - ^i)(c 2 - 92 ) 

«]a2 + 0]02 + Ti72 = 0; 

CLzOtZ + 02^2 + 7273 = 0, 

a3«i + + 7371 = 0. 




= 0. 


(7) 


Thus, the three surfaces intersect one another always at right 
angles, and they are said to form a triply orthogonal system. The 
three roots (/i, ^ 2 , and (73 are called the elliptic coordinates of the 
point X, yj z. Their order of magnitude is 

a2 > gi > 62 > gf2 > c2 > (73. 

The Equations of Transformation . — On clearing Eq. (353.1) of 
fractions, it will be observed that 

x2(62 - q){c^ - q) + yKo^ - q){o^ - 5) + «^(a^ - q)(J>^ - q) /ox 
~ (a" ~ q)Q>^ - q)(c^ - q) = (q - qOiq - <72) (g - qs). ^ 



358 STATICS AND THE DYNAMICS OF A PARTICLE 


This is merely an identity, and holds for every value of q\ but 
if q is set equal to 6^, and successively, the equations of 
transformation (Eq. (347.2)) are obtained easily, namely. 



- 9 i)(a* - 92) - 

93) 


(a^ - - c*) 



- 6 *) (ft* - 92X6* - 



(O'* - - c*) 


( 9 i 

— — c*)(c2 — 

93) 

(rt^ - c2)(62 - c®) 


(9) 


If ga is kept fixed while q^ and qi vary, the point x, ?/, z describes 
the ellipsoid. Thus it can be said that q^ equal to a constant is 



the ellipsoid, q 2 constant is the hyperboloid of one sheet, and qi 
constant is the hyperboloid of two sheets. It is readily verified 
from Eqs. (9) and (5) that the ga-direction is normal to the ellip- 
soid in the sense ga increasing, the g 2 -direction is normal to the 
hyperboloid of one sheet, and the gi-direction is normal to the 
hyperboloid of two sheets. Since these directions are mutually 
at right angles, it follows that 

ds^ = R,Hqi^ + R^Hq^^ + Rz^dq,^] 


where R^, R^, and Rz^ are certain functions of gi, g 2 , and ga 
which were defined in Sec. 350. 

The Expression for the Kinetic Energy , — On differentiating Eq. 
(9) logarithmically, there results 
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dx — 
dy = 


dqi 

1 

; M 

1 

_ <^g 3 

d? — 3 i 

a* — 32 

a* — 33. 

dqi 

dqi 

dqs 

¥ — 3 i 

6* - 32 

V‘ — 33. 

_d 3 i__ 

_ <^g 2 

dqz 

c* - 3 i 

c* - 32 

& - 33. 


dz^l 

Squaring and adding, the cross-product terms disappear by 
virtue of relations in Eq. (7). The coefficient of dq^ is 
2 


bx 


iV 4- 4- I 4- 

1/ \dgi/ \^Qi/ 4L(a2 ~ 




qiY (b^ - qiY 


+ 


that is, 

Now, from Eq. (8), 

M 

so that 


\c^ 


^1- 


2 = 1 ^ 
‘ 4 dq 


, by Eq. (3). 


<i=«, 

(g - gi)(g - g2)(g - ga). 
(a* - 3) (6^ - 3 )(c2 - qy 


( 10 ) 


^ ^ g^)(g - ga) 4. - « '1 

dg («*> - q){¥ - g)(c^ - g) ^ 

where the terms not computed carry {q — gi) as a factor, and 
therefore vanish when q is set equal to qi. Therefore, 

(g2 - gl)(g3 - gl) . 


= -! 


and, similarly, 


Ej* = 
Es* = 


4 (a^ - gi)(6* - gi)(c’' — ffi)’ 
1 (g2 - gi)(g2 - gs) , 

4 (a* — 32) - 32) (o'* — 32) 

1 (gl - g3)(g2 - gs) 


4 (a* - - g3)(c^ - g.3) 

The expression for the kinetic energy is now easily written. 


It is 


T = 2 »^[/ i : i * 3 /^ + + R,%'^\\ 


and from this expression the equation of motion can be derived 
without further difficulty. 

If Fi, F2, and Fs are the components of the force which is 
acting in the 31-, 32-, and 33-directions, then (Sec. 350) 

Qi — FiRi, Qi — F 2 R 2 ) Q 3 ~ F 3 ^ 3 . 
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Elliptic Coordinates in the Plane , — If gi, and ga are regarded 
as the independent variables, and x, ?/, and z are determined by 
Eq. (9), it is seen that if ga approaches the value of tends 
toward zero; in the limit, for gs = z is zero, and 

^2 _ («’’ - gi) (a^ - 92 ) . _ (gi - h'^){h^ - 92 ) 

^ ~ (a^ - ¥) ■■ ^ (a* - h^) 

The limits of the three surfaces (Eq. (4)) are 


, ^ -I 

— qi — gi 


+ 


y 


a^ — g2 ¥ — g2 


= 1 


(hyperbola), 

(ellipse). 


and the third is arbitrary. 

Since z and ga are constants, the expression for the arc element 
becomes 


with 


= R^Hqi^ + i^2"dg2S 




1 g2 - gl , 

4(a^~gi)(6^~ gi) 




^2 - gi 


4 (a^ - g2)(62 - g2) 


The gi-direction is normal to the hyperbola, and the g 2 -direction 
is normal to the ellipse. If the force is resolved into its two com- 
ponents El and F 2 in these directions, then 


Qi = E JRij Q 2 — F 2 ^ 2 * 


These relations, together with the expression for the kinetic 
energy, 


T = + i?s*92'*), 


are sufficient for writing down the equations of motion. 


II. MOVING CONSTRAINTS 

364. Moving Constraints. — If a particle is constrained to move 
along a fixed curve, the equation of the curve can be expressed 
parametrically. Thus, 

« = V>i(9), V = <P2(9), 2 = ^ 3 ( 9 ); 

but if the curve itself has a prescribed motion, its parametric 
equation has the form 

^ = <Pi{q, t), y = ^ 2 (g, t), z = <pz{q, t). 
Similarly, if a particle is constrained to move on a fixed surface, 
the coordinates can be expressed in terms of two parameters 
^ = ^i((?i, ^2), y = v?2(gi, g2), « = ^ 3 (gi, g2). 
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If the surface is in motion, in some prescribed manner, the expres- 
sions for the coordinates a:, ?/, and z have the form 

^ ^2,* 0, y = Mqi, Q2; 0, 2 : = ^ 3 (^ 1 , ^ 2 ; t). 

All four of the above cases are particular instances of the trans- 
formation of Lagrange (Eq. (347.2)) in which the number of param- 
eters is less than the original number of the coordinates, the 
number of the parameters being equal to the number of the 
degrees of freedom of the particle. In all such cases the equa- 
tions of Lagrange are immediately applicable. Two illustrations 
of the application of these equations will be given. 

366. The Particle is Constrained to a Moving Line. — A heavy 
bead is free to slide without friction along a straight line which 
describes a right circular cone, about a ver- 
tical axis, with uniform angular speed co. 

It is required to describe the motion of the 
bead. 

Let r be the distance of the bead from 
the apex of the cone, positive if above the 
vertex and negative if below the vertex. Let 
a be the angle which the line makes with the 
vertical axis. Then the rectangular coordi- 
nates of the bead are (Fig. 175) 

X = r sin a cos y = r sin a sin o)t, 

= r cos a, (I'' 

in which r plays the role of the parameter 
Qj and a and co are constants. 

The derivatives with respect to the time can be written 

f X , f y f \ f ^ f 

X’ = ^r' - tay, y' = r' + wx, 2 = - r'. 
Therefore, 

T = + ?/'2 4- 2 '’) = sin^ a). 

Also, 

JJ = —mgz = —mgr cos a. 

Hence, the Lagrangean function (Sec. 348) is 

L — T + U = ^m(r'2 + wV sin^ «) ~ mgr cos «. 
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The equation of motion (Eq. (348.2)) becomes 

(^k\ _ = 0 - 

\dr'} dr 

or, after removing the factor m, and developing, 

r" — rco^ sin^ a = —g cos a. (2) 

This is the equation of the motion of a particle along a fixed 
straight line subject to two forces; the first is one of repulsion 
from the origin; the second is a constant force always directed 
toward the negative end of the r-axis. The solution is 

g cos a 


r = A cosh (co< sin ot) B sinh {cot sin a) + 


£0^ sin^ a 


If the initial conditions are 

r = ro. 


then 


^ = ro 


g cos a 
0)2 sin^ a 


0 , 

B = 0; 


and the solution becomes 

( g cos a\ u / ^ • \ \ Q cos a 

r = I ro V -^2 ) cosh {ot sm a) + - ^ . » — 

\ sin^ aj ^ sm^ a 

For CO = 0, or « = 0, this solution reduces, as it should, to 

1 .2 

r = ro — cos a. 

The particle will rise or fall according as 

^ g cos a 
ro ^ - V -.- o — 

^ co^ sin^ a 

Equation (2) admits the integral 

r '2 — |. 2^2 gjjj 2 ^ = —2gr cos a + C, 
which is an illustration of the general integral (Eq. (349.6)), 


366. The Particle is Constrained to a Moving Plane Surface. — 

A particle, which is acted upon by an attractive force which is 
proportional to its distance from a fixed point 0, is constrained 
to move on a smooth plane which is in motion. The plane pivots 
on the point 0, and its normal at 0 describes a cone with uniform 
angular motion. It is desired to find the motion of the particle. 

Let f and be a set of rectangular axes in the moving plane, 
with origin at 0; the {-axis coinciding with the intersection of the 
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moving plane and the a; 2 /-plane. If a is the angle between the 
two planes, the equations of transformation are 

X = ^ cos (at — rj cos a sin (at, 
y = ^ sin (at + rj cos a cos (at, 
z = rj sin a; 

and their derivatives with respect to the time are 

x' = cos (at — ri' cos Oi sin (at — (ay, 

2 /' = sin (at + rj' cos a cos (at + <ax, 
z' = + 17 ' sin a. 

Therefore, 

a;'2 + y>2 ^/2 ^'2 + + 2cU COS - 7J^') 

The force function U can be written 

U = — + 2/^ + 2 :^) = — “h 


Hence, the Lagrangean function 
L = + 2w cos a(iv' 

From this it is easily found that 


rn- t/is 

~ v(') + cos* a) 


l/dLV , l/dLV „ . ,, 

-^-cosa, =, + fa, cos a, 

— ^ ^ ~ ~ a + (A;^ — 0,2) f, 

- — ^ = +f'w cos a + (k^ — ca^ cos^ a)ij. 


The equations of motion are, therefore, 

f" — 2ca cos arj' + (k^ — w^) f = 0, 

rj'' + 2co COS af' + (k^ — COS^ a)ij = 0. 


These equations are linear and homogeneous with constant coeffi- 
cients. The solution is reduced, by means of the substitution 

f = Ae^^, Yj = (1) 


to the solution of two algebraic equations 

A[X2 + (fc2 - 0,2)] - i3[2Xo, cos a] = 0, 

.4 [2X0, cos a] + J5[X2 + (ft2 - 0)2 cos2 a)] = 0, 


( 2 ) 
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which are linear and homogeneous in the constants A and B. 
In order that there may exist a solution, other than the trivial 
solution in which both A and B are zero, it is necessary that the 
determinant shall vanish, that is, 


or 


— w^), -“2Xco cos a 
2Xco cos a, X^ + (P — co^COS^a)! 


= 0 , 


X4 + [2F + (3 C0S2 a - l)a)2]X2 + ■ 

The solution of this equation is 
X2 = -jfc2 + ^2(1 _ 3 COS* a) 


( 0 * cos* a) = 0. (3) 


( 4 ) 


+ + (lO^* - lo) 


cos^ a + 9 cos^ a. 


Thus it is evident that the four values of X occur in pairs, the two 
members of a pair differing only in sign. There are only two 
values of X^; and these two reduce to one if the radicand vanishes. 
For this exceptional case there are only two solutions of the 
form of Eq. (1). In the general case, however, Eq. (4) gives two 

distinct values of X^, As the nature 
of the motion depends upon whether 
the values of X^ are positive, nega- 
tive, or complex, it is desirable to 
examine further the roots of Eq. (3) . 
The two roots have the same or 
opposite signs according as 



“) 


^ 0 . 


It is readily verified that if k^/w^ is large both roots are negative 
(see Fig. 176). On crossing the line k^/ta^ = 1, one of the roots 
changes sign, so that in the triangle ABD one root is positive 
and one is negative. In the triangle ACD the situation is more 
complicated, for the discriminant vanishes along the curve 


1 + 


If 


(l6^, - lo) 


this curve, 


< 0 * 


= a: > 0, 


cos* a + 9 cos^ a = 0. 


cos* a — y ^ +1, 


1 — lOy + IQxy + 9^/* = 0, 
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which is a hyperbola through the point C, is asymptotic to the 
a;-axis and to a line whose slope is —16/9, and to which the line 
X = y m tangent. Thus the triangle ACD is divided into three 
regions. In the neighborhood of A both roots are positive. 
In the part cut out by the hyperbola, both roots are complex; 
and in the remainder of the triangle both roots are negative. 
In the region of complex roots, the real part of the root is positive 
if the point x, y is below the line 

2a: + 3y - 1 = 0, 

and negative if the point lies above it. This line passes through 
the point of tangency of the line x = y and the hyperbola. 

If the four values of X are denoted by Xi, X2, Xg, and X4, the 
complete solution is 

^ = Aie^^*' + + A^e^^^y 

rj = 


where, from Eq. (2), 

Bi = 


Xi^ + (k^ - co ^) 
2Xt cos a 


If both values of X^ are negative, all four of the roots Xi, • • • , 
X4 are pure imaginaries, and the motion is compounded out of 
two simple harmonic motions. If one value of X^ is positive and 
one is negative, two of the roots are pure imaginaries and two 
are real, of which one is positive and one negative (equal numeri- 
cally, however). The motion is compounded out of a simple 
harmonic motion and an exponential motion. The particle 
therefore, in general, recedes from the origin, but oscillates in 
doing so. If both roots are positive, all four exponentials are 
real and the particle, in general, recedes from the origin without 
oscillation. This is the case when the plane has a high inclina- 
tion and revolves rapidly, and the attractive force is relatively 
feeble. 

The integral I5q. (349.6) exists, since the Lagrangean function 
does not contain the time explicitly, namely, 

+ rj^ COS^ a) + = C* 

The energy is not constant since the revolving plane does work 
upon the particle. While the reaction of the plane is always 
normal to the plane, it is not normal to the curve described by 
the particle in space, and therefore it does work upon the particle. 
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III. RELATIVE MOTION 

367 . Motion Relative to the Surface of the Earth. — When it 
is said that a system of rectangular axes is fixed/’ it is meant 
that it is fixed relative to the center of gravity of the system of 
stars, or the galaxy; or, that it is in uniform translation with 
respect to such a system, since the differential equations of 
motion are the same for the two cases. 

On account of both the annual revolution of the earth about 
the sun, and the daily rotation of the earth upon its own axis, 
a system of axes fixed relatively to the surface of the earth is not 
a system which is fixed in the sense which has just been defined. 
If the earth did not rotate upon its axis, the revolution about the 
sun would introduce merely a translation of the axis, the origin 
of the axis describing an ellipse about the sun annually. Such a 
translation is not a uniform translation, since the origin does not 
describe a straight line with uniform speed. The period of the 
motion (one year), however, is so large that no perceptible effect 
is produced in motions which occur on the surface of the earth; 
and therefore the departure from uniformity, due to this cause, 
generally can be ignored. 

It is otherwise with the rotation of the earth, which has a 
period of 23 hours, 56 minutes, 4.1 seconds, or 86,164.1 mean 
solar seconds; for, not only is the period much shorter, but the 
axes, which are fixed relatively to the surface of the earth, are 
in rotation with respect to a system of fixed axes. It will be of 
interest, therefore, to see in what manner the apparent motions 
on the surface of the earth depend upon the rotation of the earth. 

368 . The Equations of Transformation. — Let a system of axes 
with the origin at the center of the earth and the 2 :-axis coinciding 
with the axis of rotation be regarded as a system of fixed axes, 
the x- and ^/-axes in the plane of the equator having fixed directions 
with respect to the stars. With respect to these axes, the earth 
is rotating with the angular speed 

" - sffSn - 

which is so small that its square can generally be neglected . 
At the point P on the surface of the earth (Fig. 177) take a system 
of rectangular axes with the f-axis coinciding with the normal 
to the surface, the {-axis directed toward the east, and the 97 - 
axis directed toward the north. Let ai, • • • , 73, as indicated 
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in the table, be the cosines of the angles which the axes of one 
system make with the axes of the other. 



V 

f 

X ai 

012 

as 

V 

^2 


Z 7i 

72 

78 


Let the polar coordinates of P with respect to the x-, ?/-, and fl- 
axes be 

Xo = r cos (p cos Of (/a = r cos (p sin 6, Zq = r sin (p. 

In accordance with the conventions of Sec. 350, the ^-axis coin- 
cides with the ^-direction, the ? 7 -axis coincides with the ^-direction 



Fig. 177 . Fig. 178 . 


and the f-axis coincides with the r-direction. Hence, the expres- 
sions in Eq. (350.1) give 

ai = — sin Oj a 2 = — sin (p cos 0, as = cos (p cos 6; 
Pi = + cos d, i ^2 = sin <p sin d, = cos ip sin 

7 i = 0, 72 = + cos ip, 73 = sin ip. 

Since P is fixed on the surface of the earth, the angle ^ is 
constant and d is equal to Hence, the equations of trans- 
formation from one system to the other 

X = Xo aif + a2'n + 

2 / = 2/0 + Pi^ + P2'n + 

Z = Zq + 7if + 72»7 + Taf 

become 

X — a cos ip cos cat — ^ sin cjt — rf sin ip cos w/ + f cos ip cos cat, 

y = a cos ip sin wt + ^ cos wt — rj sin ^ sin + f cos a sin wt, 

z = asin ip “fO -fty cos ip + f sin ip, 

the radius of sphere having been taken equal to a. 
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The equations of transformation having been derived for the 
sphere, it is evident that the same equations hold for any surface 
of revolution provided (p is taken as the complement of the angle 
which the normal to the surface at P makes with the 2 ;-axis, and 
a is the distance from P to the 0 -axis measured along the normal. 
In particular, they hold if the earth is regarded as an oblate 
spheroid (Fig. 178) instead of a sphere. 

The Components of Acceleration along the f-, r;-, and ^-axes . — 
The derivatives with respect to the time rr', ?/', 0 ' are 

re' = Xo' + (oJi'? + a^ri + aa'f) + («if' + 

2/' = 2 / 0 ' + (^i'{ + 02'ri + ^ 3 'f) + m' + M + /33f'), 

0 ' = 0o' + {yi^ + 72 '^ + 73 'f) + (7if^ + 72^' + 73r')j 

and these values, substituted in the expression for the kinetic 
energy T = m + y'^ + z^^)/2 give, 

T = 

+ mo)(^ri' sin <p — ff' cos (p — tyf' sin <p + f cos p + cos p) 

+ + -772 sin2 p + 2^^ cos^ p — vt sin p cos p 

— arj sin p cos ^ + af cos^ p + cos^ 

The accelerations a,,, and along the f-, 17 -, and f-axes are 
(Sec. 350) 



and the explicit expressions for these accelerations are 

+ 2w({' cos p — rf sin ^) — \ 

otr, = v” + sin p + 0 )^ sin p{ — rj sin ^ + f cos ^ + I 

a cos p), > (1) 

= f" — 2a>{' cos ^ — co^ cos pi—ri sin p + f cos ^ + 

a cos p). ) 

369. A Vector Resolution of the Acceleration. — The terms 
which carry co^ as a factor in Eq. (358.1) are readily seen to be the 
negative of the components of the centrifugal acceleration of a 
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point r;, f which is at rest relative to the ry-, and f-axes. In 
Fig. 179, let ^POZ be the T/f-plane, which also passes through the 
2;-axis. 

Let the point C be the projection of the point f, t?, f upon this 
plane. Let AC he the perpendicular from C to the 2:-axis, and 
PQ the perpendicular from P to the 2-axis. Then 

OP — a, PQ = a cos PE = f , EC = ry, 
and AC = a cos v? + f cos <p — rj mn <p. 

— y 

The components of the vector AC along the rj- and f-axes are, 
respectively, 

— (a cos ^ + f cos ^ — 17 sin <p) sin <p 
and +(a cos ^ + f cos ^ — 17 sin <p) cos <p. 



Let L be a vector perpendicular to the 2-axis, with its origin 
in the 2-axis and its terminus at the point f, r;, f. Then co^L 
is the centrifugal acceleration due to the rotation of the earth, 
and its components along the 17-, and f-axes are 

0)2^, — sin ^( — 77 sin 99 + f cos ^ + a cos <p), 

+0)2 cos <p{—v sin ^ + f cos (p + a cos <p). 

The terms which carry 2co as a factor also are the components 
of a vector which is known as the compound centrifugal accelera- 
tion ^ since it depends not only upon rotation of the earth considered 
as a vector but also upon the relative velocity vector 17', f'. 
In Fig. 180, the rotation of the earth is represented by the vector 
(o, and the relative velocity, of which the components are 
and by v. The compound centrifugal acceleration is repre- 
sented by the vector ctcc» Imagine the plane which contains the 
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vectors w and v to be rotated about the axis of o with the angular 
speed CO in the sense indicated by the vector (o, the angle ov 
remaining constant. It will be shown that acc is twice the 
velocity of the terminus of v in this rotation, and therefore is 
perpendicular to the plane which contains <i> and v. 



Let the direction cosines of co be a, and 7, the direction 
cosines of v be X, and and the direction cosines of the velocity 
of the terminus of v in this rotation be a, and c. Then 

a = 0, = cos (p, 7 

. r 

A == ^ u = - > V 

V V 


= sin ip, ] 

= i'. } (1) 


Since the velocity of the terminus of v is perpendicular both 
to V and co, the following two equations hold: 


aa + bp + cy = 0, 
aX 4” 6 /i + cj' = 0. 

Therefore, 

vp — ixy __ \y — va __ pa — \p 
a b c 

= ^/IpP — pyy + (X 7 — pay + (pa ~ \py, 
the last equality holding, since 


Now 


+ 62 + c2 = 1. 
a\ Pp yv = cos <*)V, 


and, therefore, 

y/ (pp — pyY + (X7 — paY + (pet — WpY = sin <«>v. 


( 2 ) 


( 3 ) 
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On substituting the values from Eqs. (1) and (3) in Eq. (2), and 
then multiplying through by w, the components of the velocity 
of the terminus of v are found to be 

03 V sin <*)V • a = cos (p — rj' sin a), 

03 V sin G>v • 6 = 03 ^' sin p, 

03 V sm <i>v • c = cos (p, 

which are just one-half of the components of the compound 
centrifugal acceleration. 

The terms 77", and are obviously the components of 
the relative acceleration ^ and therefore the total acceleration is 
resolvable into the three components: the relative acceleration, 
the centrifugal acceleration reversed, and the compound centrif- 
ugal acceleration. This proposition, which is known as the 
theorem of Coriolis^ is true even though the {-, ?;-, and f-axes are 
not in simple rotation about a fixed axis. The present example 
is merely a particular instance of it. 

360. The Plumb Line. — Let a sphere of mass m be suspended 
from a point on the f-axis by a string in which the tension is T. 
It will be supposed that the sphere is at rest at the origin. The 
plumb line will coincide with the f-axis, since by definition, the 
f-axis is vertical, and vertical means the direction of the plumb 
line. Let G be the acceleration of the gravitational attraction 
on the sphere. The earth is assumed to be symmetrical with 
respect to the lyf-plane, which is a meridian plane of the earth 
and, therefore, G will lie in this plane. Let its components along 
the 77- and f-axes be G, and G^. Then the acceleration equations 
are 

+ 2co(f' cos V? ““ 77' sin <p) — = 0, 

77^^ -j- 2co^^ sin <p 

+ 03 ^ sin ^( — 77 sin ^ + f cos v? + a cos ip) = (?»,, ... 

f " — 2a>J' cos (p 

— 03 ^ cos v?( “ ^ sin f cos (p + a cos <p) = — Gf + —T. 

m 

Since the sphere is relatively at rest at the origin, 

= »?'' = r" = r = = f' = ^ ^ = r = o; 

and therefore 

Grf = ao)^ sin <p cos <p, ~T = — ao3^ cos^ <p. 
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If the earth were not rotating, the value of T/m would be G, 
and since 

GV = V(P - = G^l - sin^ ^ cos* <p 

= G — ^ -g sin* <p cos* ^ + • ■ • , 

it is seen that T is slightly diminished by the rotation of the earth. 
The quantity — aco^ cos^ ^ is the acceleration of gravity which 
is commonly denoted by the letter g. 

The value of w (Sec. 358) is approximately 1/14,000. This 
value is so small that, for regions in which g can be regarded as 
constant, the remaining terms in the acceleration equations which 
carry co^ as a factor are wholly inappreciable. They will therefore 
be dropped from further consideration. 

361. Freely Falling Bodies. — The equations of motion for a 
freely falling body or a projectile, for a limited region in which it 
is permissible to regard ^ as a constant, are 

+ 2w(f' cos ^ — I?' sin ^) = 0, I 
7?" + 2cof' sin ip ^ f 

f" — 2co{' cos ^ j 

Each of these equations is an exact differential. On integrating, 
there results 

+ 2co(f cos ^ — r; sin == Ci, 1 

77' + 2ajf sin (p = C2, > (2) 

f ' — 2w^ cos ip = cz — gt,) 

For a body falling freely from rest from a point on the f-axis at a 

height h above the origin. 

Cl = 2o)h cos (p, C2 = 0, C3 = 0. 

From the second and third equations of Eq. (2), it is found that 
(f ' cos <p — Ti' sin ip) = 2a;f — g cos ip • /, 
which, substituted in the first of Eq. (1), gives 

= 2(ag cos ip • f. 

This last equation is easily integrated, and its solution is 

f = C4 cos 2o)t + C5 sin 2(»)t + ^ 

By virtue of the initial conditions, 

g cos ip^ 
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and therefore 


_ g cosjp( 
2co V 


sin 2o)t^ 
2co > 


= cos ^ + aj^( * • • ). 

The integration of the second and third equations of Eq. (2) 
is now easily effected. If the terms which carry co^ as a factor are 
neglected, the solution which satisfies the initial conditions is 


i = gwg cos (p • 


V = 0, 


t =h- 


The trajectory, therefore, lies in the ff-plane, or the prime ver- 
tical, as it is called by the astronomers. Its equation is 


^ 3 


4 03 cos (p 


(h ~ 


which is the equation of a semicubical parabola. The body falls 
toward the east, and in latitude 40® the amount of the deviation 

3 

is 0.00000928 X feet, if h is expressed in feet. For a drop 
of 1000 feet, the eastward deviation is 3.52 inches. 

It is useless to compute the terms in In order to give them 
any significance, it would be necessary to take into account not 
only the changes in the value of g due to changes in height, but 
also the attraction of the moon and irregularities in the density 
of the earth. 


362. The Foucault Pendulum. — The Foucault pendulum differs 
from an ordinary spherical pendulum in that the Foucault pen- 
dulum is started from a position of rest relative to the surface 
of the earth, and the effects of the rotation of the earth 
are taken into account. Let the pendulum be of length I 
and be suspended from the origin of the t?-, and f-axes. Let 
the tension in the suspending wire be denoted by mT, m being the 
mass of the pendulum bob. The components of T along the 
coordinate axes are —T^/l, — Tri/l, and and, therefore, 

the equations of motion are 

t 

I" + 2w(f' cos (p -- v' sin 

7;" + 2«$'sin^ = -tJ’ i (1) 

— 2co^' cos<p = —T^^—g. 
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The equation of constraint, of course, is 


If w were zero, these would be the equations of motion for the 
spherical pendulum. Their solution is therefore more difficult 
and the motion is more complicated, if one considers the general 
case. Indeed, it is not known how to integrate them in finite terms 
for the general case. But if the motion is restricted to 
very small (infinitesimal) oscillations about the position of 
equilibrium, the equations of motion can be very much simplified. 

Let J/Z, y]/ly and their derivatives be regarded as small quanti- 
ties of the first order, so that their squares and cross-products 
and terms of higher order can be neglected. Then 


reduces to 


t = -(i 
f = -i, 




which is constant, 
or, effectively. 


The third equation then gives 
r = gr — 2co^' cos (p] 


since, when this value of T is introduced into the first two equa- 
tions, the second term of T merely introduces a second-order 
term which would be dropped. On writing 


a>i = CO sin (p (2) 

for simplicity of notation, and dropping second-order terms, the 
first two equations become 


r' - 

T]” + 


(3) 


Let the motion be referred to axes which arc rotating backward 
with the constant angular speed coi, by means of the trans- 
formation 


f = +?i cos coi^ + 7/1 sin coi^, 
7/ = — sin coi^ ”1“ 7/1 cos coi^. 
Then Eqs. (3) become 


} 


+ (cox* + = 0, 

vi" 4" ^<<>x® + '"^vi — 0) 


(4) 
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or, more simply, 

ii' + = 0, + ’^»7i = 0. (5) 

Thus, whatever the initial conditions may be, the motion with 

respect to the rotating axes is simple harmonic with the period 

P, - 2,^i. 

just as for the simple pendulum. The period of the rotating 
axes 

P = “ = - (sidereal time) (6) 

CO 1 CO sin v? sin ^ ^ 

depends only upon the latitude and not at all upon the initial 
conditions or the length and weight of the pendulum. 

In the Foucault experiment the pendulum is drawn out of the 
vertical and released from rest relative to the surface of the earth. 
That is, initially, =7;' =0; and from Eq. (4) it is learned that 
this compels 

^i'(O) = -O)lVl(0)y Vi = +coiji(0). (7) 

The areas integral of Eq. (5) is 

~ ’ 71 ^/ = constant = 

= + ^ 71 ^( 0 )) by Eq. (7), 

= coia^ 

where a is the major axis and b is the minor axis of the ellipse. 
Hence, 

„ 27rafe 

= p-; 

and on replacing the value of coi from Eq. (6), this becomes 

a _ b 

P “Pi* 

This is the theorem of Chevilliet. The major and minor axes of 
the ellipse are proportional, respectively, to the period of 
the rotating axes and the natural period of the pendulum. 

In order to keep the pendulum in motion for as long a time as 
possible, it is desirable to have the bob as heavy and the wire as 
long as possible. In the original experiment of Foucault in the 
Pantheon at Paris in 1851, 

I = 67 meters, a = 3"", ^ = ^200^ ~ ^ ^ 
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Problems XXIII 

1 . By means of Eq. (361.2) show that a projectile which has a flat tra- 
jectory seems to deviate toward the right in the northern hemisphere and 
toward the left in the southern hemisphere. (FereFs law.) 

2 . A heavy pendulum bob is suspended by a light rod of length I, The 
point of suspension of the rod describes a circle of radius a with the uniform 
angular speed «. Show that if 9 is zero when t is zero, the equation of motion 
of the pendulum is 

9” -f ^0)2 sin (9 — (ot) -f | sin ^ = 0. 

3 . According to the method of Lagrange, the equations of motion of a 
particle which moves upon the helicoidal surface 

X ^ r cos 9f y — r sin 0, z = h9, 

and which is repelled from the axis by a force which is proportional to the 
distance from the axis, are 

r" - = fcV, ([6* + r^9y = 0. 

4 . A particle of mass m is constrained to move on a smooth plane whic^h 
turns with uniform motion about a horizontal axis which is taken as the 
a^-axis. Aside from the constraint it is subject to no force except that of 
gravity. Show that the projection of the path of the particle upon the 
2 ^z-plane is the curve 

r = A sinh {9 — 9o) 4* sin 9. 

6 . If the origin is a position of stable equilibrium for a particle upon a 
surface under the action of gravity, so that the equation of the surface 
near the origin is 

z = + higher degree terms, 

and if the oscillations of the particle about this position of equilibrium are 
very small (infinitesimal), the coordinates of the particle are given by the 
equations 

a; = A cos ^ y - B cos ^ + ^ 2 )* 

The projection of the path on the a?j/-plane is an algebraic curve if a and b 
are commensurable. If they are incommensurable, the path fills the entire 
rectangle of sides 2A and 2B, in the sense that it passes any given point 
within the rectangle a;i, yi infinitely many times within a given distance 
e > 0, however small e may be. 

6 . A circular hoop turns with uniform angular motion about an axis which 
passes through the circumference of the hoop, and is perpendicular to the 
plane of the hoop. A bead slides freely on the hoop, subject to no force 
save the constraint of the hoop. Show that the motion of the bead relative 
to the hoop is the same as the motion of a simple pendulum, and that for 
infinitesimal oscillations it has the same period as the hoop itself. 



CHAPTER XV 


THE CANONICAL EQUATIONS OF HAMILTON 
363. Introduction. — The equations of Lagrange, 



in a sense, are symbolical only, since dT/dqi is not itself one of 
the variables. Inasmuch as T is a quadratic function of g/, ^ 2 ', 
gs', these equations, when written out explicitly, are three differ- 
ential equations, each of the second order, and each linear in 

/Y " n " n " 

; 5^2 , gs . 

It was Poisson who first suggested taking the partial deriva- 
tives of T with respect to the qi as new variables; but it was 
Hamilton who carried the transformation to its conclusion. 
The resulting equations are called canonical on account of their 
simplicity of form. They are not of particular advantage in the 
solution of elementary problems, such as those which have hereto- 
fore been considered. They have been employed to advantage, 
particularly by Poincar^, in long and difficult investigations in 
the domain of celestial mechanics and mathematical physics, 
where changes of variables are frequent. A knowledge of this 
form of the equations is, therefore, indispensable to anyone who 
would pursue these subjects. 

364. The Equations of Transformation Do Not Contain the 
Time Explicitly. — The kinetic energy of a particle of mass m 
expressed in terms of the rectangular coordinates is 

T = + v'^ + z'*). (1) 

If the equations of transformation (Eq. (347.2)) 

® Qs)) y ~ V’aCffif 92> Q's)? * = VsCgi, Ss, 93 ) (2) 

do not contain the time explicitly, the transformed expression 
for the kinetic energy is a homogeneous quadratic form in qi, 

Q2, Qi. 

It is assumed, of course, that in the equations of transformation, 
the functions ^i, ^ 2 , and ^ 3 , are independent functions. That is to 

377 
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say, there does not exist a relation, which is independent of 
qh ? 2 , qzy explicitly, of the form 

^2, ^ 3 ) = 0, 

in the arguments $ 1 , qi, and q^. If such a relation existed, the 
rectangular coordinates would not be independent, and the parti- 
cle would not be free. If the notation 

' = <Pij h j = 1, 2, 3 

dqj 

be used, this condition is expressed by the non-vanishing of the 
functional determinant;^ that is. 


^11 

<P2l 

^12 

^22 

^13 

^23 

+0. 

(3) 

(pz\ 

<PZ2 

(pzz 




It will be assumed hereafter that this condition is satisfied. 
The derivatives of x, 1 /, z are 

— <Puqi + ^ 12 ^ 2 ^ + (pnq^) 1 
= <Puqi + ^ 22 ^ 2 ' + (p^^qs'f / 
and z* = ^pz\q\ + ipz%q% + ^%%qz - ) 

Therefore, the expression for T in terms of the new variables is 


T = + ^21 4" + 2{(p\i(pn + ^^21^22 

“h ^zi<P^^qiq2 4“ 2(^iiv?i3 4" ^ 21^23 4" ^zi^z^qi'qz 4^ (^^12 
+ + V^^32)5'^^2 4" 2(v?12V?13 + ^22^23 4” <PZ2^33)q2 qs' 

4 - (^^13 4 - ^^3 + ^^ 33 )^'^ 3 ]. (^) 


366. Introduction of New Dependent Variables. — ^Let new 
variables pi, p 2 , and ps be introduced by the relations 


so that 
Pi 


dgi' 


Ph 


dT 

dq^' ~ 


dT 

d,? = 


m 


P2 

m 


Pa 

m 


= [(^^11 + ^^21 4“ 4- (V?11^12 4“ ^^21^22 4- ^31^532)^2' 

+ {^ii<Pn + ^21^23 4" ^31^33)^3^, 
~ [(^11^12 4“ ^21^22 4" ^319^32)^/ 4" (^12 4" ^^22 4*. 

4“ (^12^13 4* V=>22^23 4“ ^^32^533)^3^, 
= [(^11^^13 4“ ^21^23 4” ^31^33)^1' 4* (^12^13 + ^22^23 
4- <pz 2 <pzi)q 2 4- (^13 4- <f^ 2 z 4“ ^33)5^3']. 

^ Goursat-Hedrick, ‘‘Mathematical Analysis,” vol. I, p. 52. 


( 1 ) 


( 2 ) 
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These equations are linear not only in the letters pu p2, and 
7?3, but also in the accented letters q^j and They can be 
solved, therefore, for q\, ^2', qz in terms of pi, p2, Ps, provided 
the determinant of Eq. (2) is not zero. It is readily verified, 
however, that this determinant is the square of A (Eq. (364.3)) 
which by hypothesis is not zero. The solution of Eq. (2), there- 
fore, is always possible, and 

mqi = + A. 12 P 2 + Aisp^y I 

mq2 = A21P1 + A 22 P 2 "f" A23P.3, / (3) 

= A31P1 + A32P2 + A33P3; J 

where the letters Aij are functions of (/i, (72, qs. These expressions 
for qi'y q 2 y gs', substituted in Eq. (364.5), make T a homogeneous 
quadratic form in pi, p2, j)z with coefficients Bij which are func- 
tions of gi, g2, ga; namely, 

T= + 2 /ii 2 Pip 2 + 2B13P1P3 

+ B22P^ + 2B23P2P3 + Bssps^]* (4) 

The significance of the quantities pi, p2, and p3 can be obtained 
as follows: The components of the momentum of the particle 
in the x-, i/-, and z-directions are 

mx' = m[ipuqi + (pnq2 + flags'], 
my' = m[ip2iq\ + <p22q2 + 923g3'], 
mz' = m[<p^iqi + ipz 2 q 2 + ^uqzV 

The component of the momentum in the gi-direction, which 
can be denoted.by Mi, is obtained by multiplying these equations, 
respectively, by <p\\/R\, ^2i/72i, and <^31/^1 which, by Sec. 350, are 
the direction cosines of the gi-direction, and then adding. The 
result is 


TYt 

Ml = -w [(^^11 <f^2l + ^^3l)g/ + (^>11^12 + ^^^21^22 + ^31^32)g2' 

Hi 

"I” (^11^13 4" ^21^23 4~ ^3l^33)g34' 
Pi = RiMi; 


Therefore, 


and similarly for p2 and ps. That is, the quantities pi are the 
components of the momentum of the particle in the gi-directions 
multiplied by the quantities Ri. For this reason the p* are called 
the generalized momenta. 


366. Transformation of the Equations of Lagrange to the 
Canonical Form of Hamilton. — The kinetic energy is now 
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expressed in two different ways. In Eq. (364.5) the variables are 
^ 2 , ^ 3 ) Accordingly, when it is desired to call 

attention to the fact that these are the variables which are used, 
the kinetic energy will be denoted by Ts. In Eq. (365.4), 
however, the variables are ^ 2 , Vu V 2 , Ps and, when it is 
desired to call attention to the fact that these are the variables, 
the kinetic energy will be denoted by T^, With this understand- 
ing, the equations of Lagrange are 

(S)' ■ '5 - ' 

and, therefore, by Eq. (365.1), 


Regarding qi, qi, q^; q\\ 52 ', q^ as independent variables, the 
total differential of T is 

or 

Regarding gi, g 2 , qz] Pu P 2 , Pz as the independent variables, 

+ ( 3 ) 

Also, since T is a homogeneous function of the second degree, 

3 3 

2r = 23‘'S = (4) 

I «= 1 ^ * 1=1 


and therefore 


2dT = Xp,dqi' + 


On subtracting Eq. (2) from Eq. (5), there results 

3 3 

+ S (6) 

Bearing in mind that the differentials of qi, qs, qz; pi, pz, pz are 
entirely independent, a comparison of Eqs. (3) and (6) shows that 


( 7 ) 
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Then from Eqs. (1) and (7), the following are derived: 

+ ( 8 ) 

If there exists a force function f7(gi, qt, qz', t), which may con- 
tain the time explicitly, but not g/, qi ',qz, such that 


<3.- = 


dU^ 

dqi 


then Eq. (8) becomes (dropping the subscript on T) 


Now let 


, dT 


, dT , dU 


( 9 ) 


T - U H. 


The function H is called the Hamiltonian function, just as 
T + [/ = L, 

in Sec. 348, was called the Lagrangean function. The function 
U does not depend upon pi, p 2 , Ps, so that 

^ dT _ ^ 

dpi dpi dpi 


Therefore Eq. (9) becomes, on using the Hamiltonian function, 


= 


dH 

dpi 



i = 1, 2, 3. (10) 


These are the canonical equations which were sought. In the 
Lagrangean set, there are three equations each of the second 
order; while in the canonical set there are six equations each 
of the first order. In forming the Hamiltonian function, it 
must not be forgotten that the kinetic energy has the form of 
Eq. (365.4) and not that of Eq. (364.5). 


367. Removal of the Restriction. — The preceding argument 
rests upon the assumption that the equations of transformation 
(Eq. (364.2)) do not contain the time explicitly. As a matter 
of fact, this assumption was made merely that the argument 
might be as simple and as clear as possible. It made all the 
equations homogeneous and, therefore, relatively simple. The 
removal of the restriction makes the equations non-homogeneous 
and, therefore, more complicated, but it does not alter the course 
of the argument. 

In the first place, the functional determinant (Eq. (364.3)) of 
the equations of transformation (Eq. (364.2)) under the assump- 
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tion that they contain the time explicitly, remains unaltered. 
The equations in Eq. (364.4) become non-homogeneous by the 
addition of a term ^lo, ^ 20 , ^30 to the first, second, and third 
equations, respectively, where 

_ 

- at ■ 

The expression for the kinetic energy (Eq. (364.5)) becomes non- 
homogeneous, and can be written 

r = 7^2 + + To, ( 1 ) 

where T 2 is the sum of the terms which are homogeneous of 
degree 2, and therefore identical with the terms written explicitly 
in Eq. (364.5); Ti are the terms which are homogeneous of degree 
1 in 71 ', 72 ', 73 '; and To is the sum of the terms which are inde- 
pendent of 7 i', 72 ', Qz- 

In Sec. 365, Eq. (1) remains unaltered. Equation (2) becomes 
non-homogeneous, but the terms already written remain 
unaltered. The condition for the possibility of the solution of 
Eq. (365.2) for the q/ in terms of the depends, not upon 
their homogeneity or non-homogeneity, but upon the determi- 
nant of the linear terms. This determinant is unaltered and has 
the same significance as before. Therefore, this solution is 
always possible. Equations (365.3) and (365.4) become non- 
homogeneous; and so also do the equations for momenta which 
follow, but the significance of pi, p 2 , Ps remains unaltered, in 
the sense that 

Pi ~ RiM i. 


Equations (366.1), (366.2), and (366.3) are unaltered; but 
Eq. (366.4) becomes 


+ T,. 


( 2 ) 


Therefore, taking = Ti — To, 


Do = - To, 


i 1 


the subscript 5 having the same significance as before. Dif- 
ferentiating, 


dDo = '^Qi'dpi + 
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which, since the terms within the parenthesis vanish, becomes 


dD, = - XjM,. 


dQi 


(3) 


On replacing the letters q/ in Z)b by their values in terms of pi, pt, 
Pa, Da becomes Dt with the arguments qi, qa, qa; Pi, Pa, Pa- On 
differentiating Da, however, 

iD, - Sf > + Sf ‘.Jg.. (4) 

The differentials 

dqi, dq2y dqz] dpi, dp 2 , dpz 

are six arbitrary differentials, but whatever their values may be 

dDz ^ dD^, 

Therefore, on comparing Eqs. (3) and (4), it is seen that 

d7\ ^ _ dD4 
dqi ~ ^q^ 

Then, from Eqs. (366.1) and (5), 


, dD, 

= vr 


(5) 


Qi = 


dDi , 3Di 


dpi 




If a potential function U(qi, q 2 , qz; t) exists, and if 


H = 

Di - U = Ta- 

1 

0 

( 6 ) 

just as before. 


, , dH 

, , dH 


dpi 

qa = + 5 - ' 

apa 

qa = +-, ’ 
dpa 

► (7) 

II 

1 

II 

1 

, dH 

Pa = — . 

dqa J 



which are Hamilton's equations for a free particle without any 
restrictions save that the equations of transformation are holo- 
nomic (Sec. 347). 


368. The Energy Integral. — If the potential function TJ does 
not contain the time and if the equations of transformation (Eq. 
(364.2)) also are independent of the time, then the expressions for 
T and also H (Sec. 366) are free from the time. If the first equa- 
tion of Eq. (366.10) is multiplied by p/ and the second by —qi 
and the two equations are added, and then summed with respect 
to the index i, there results 
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that is, since H does not contain t explicitly, 



.*.// = constant. 


But it is known already that, under these hypotheses, 

H = T - U 


is the expression for the energy. This merely reaffirms, in a new 
setting, the already familiar fact that the energy is constant. 

It can happen, even under the hypotheses of Sec. 367, that H 
is free from the time explicitly. When this is true, the equations 
in Eq. (367.7) admit the same integral as the equations in Eq. 
(366.10), namely, 

H = constant; 

but in this case H = — To — U is not the energy. It can, 

perhaps, be regarded as the energy relative to a moving set of 
axes, for which the potential energy is — (To + U) and T 2 is the 
kinetic energy. 


369. Constrained Motion. — If the particle is not free but is con- 
strained to move on a surface, and if the coordinates qi and 52 are 
suitably chosen, the equations of transformation become 

« = <Pi(Qh 32 ), y = ^ 2 ( 31 , 32 ), 2 == <ps(qh 52 ). ( 1 ) 

The equation of the surface is obtained by eliminating qi and q 2 
between these three equations. So far as mere form is concerned, 
the equations in Eq. (1) are the same as the equations in 
Eq. (364.2), in which q^ ^ 0. The functional determinant (hiq. 
(364.3)) vanishes identically since each element in the last col- 
umn is zero. But not all of the minors formed from the first two 
columns are zero; for if they were there would exist not merely one 
relation between x, y, z, but two such relations, and the particle 
would be constrained to move on a line. Assuming that the par- 
ticle is free upon a single surface then not all of the minors formed 
from the first two columns of Eq. (364.3) are zero. 

Let the minor of in Eq. (364.3) be 4»£3. The equations in 
Eq. (366.2) are reduced to 

Pi = m[((p\i + <pSi + fphOqi 

+ (^11^12 + + ^31^32)^2'] 

P2 = in[(ipiiipi 2 + ^ 21^22 + <pz\<Pz^q\ 

+ (^^12 + ^^22 + ^32)92T; 
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since there are now but two p’s instead of three. The determi- 
nant of the right member is equal to 

A = -j- ^ 

which cannot vanish, for by hypothesis, not all of the first minors 
of Eq. (364.3) are zero. Hence, Eq. (2) can be solved for qi and 
q 2 in terms of pi and p 2 . The remainder of the argument 
proceeds just as in Sec. 367, for nowhere else does the argu- 
ment depend upon the number of the coordinates. The equa- 
tions of motion for a constrained particle, therefore, can be put 
in the canonical form, just as they can for a free particle. 


370. An Equivalent Form of the Equations. — Suppose that the 
equations in Eq. (367.7) have been completely integrated. Then 
92 ) 9?i] Vu V 2 j Pz will be expressed as functions of t\ ai, ct 2 j «3, 
Qf4, «6, «6, where the a’s are the six constants of integration. The 
functional determinant of the p’s and (7’s with respect to the a’s is 
not zero, for if it were there would exist a relation between gi, q 2 y 
Qsl Ph Vh P^) independent of the a’s, and it would not be possi- 
ble to choose the initial values arbitrarily. If the values of the 
p’s and ^’s in terms of t and the a’s be substituted in 77, then ff , 
too, becomes a function of t and the a’s. Differentiating H with 
respect to any one of these constants, there results 


dH _ dH dpi , ^ dH dqi h ^ \ 

dak 


( 1 ) 


There exists also the identity 


dt^ 


If the values of p/ and qi' in Eq. (367.7) be substituted in the 
right member of Eq. (2), then, in view of Eq. (1), Eq. (2) becomes 

Thus, if the equations in Eq. (367.7) are true, the equations in 
Eq. (3) are true. 

Conversely, if the equations in Eq. (3) are true, then the 
equations in Eq. (367.7) arc true. For, the left members of Eq. 
(2) and (3) being identical, the right members are equal, that is. 




dH 

dcik 


= x 


dotk^' 




= 1, . • • , 6. (4) 
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On subtracting Eq. (1) from Eq. (4), there results 




dH\dqi 
dqi /dak 


= 0 


fc — 1, • • * , 6. (5) 


The equations in Eq. (5) are linear and homogeneous in 
{q/ ~ dH/dpi) and (p/ + dH/dq^, The determinant is the func- 
tional determinant of the p* and g* with respect to the a^s, and is 
not zero. Therefore, 



dH 

dq? 


i — 1, 2, 3, 


which are the equations in Eq. (367.7). 

It follows that Eqs. (367.7) and (5) are equivalent since each 
implies the other. 


371. Contact Transformations. — If a transformation is made 
from the variables p* and g* to a new set of variables Pi and Q*, 
and if the two sets of variables satisfy a relation of the form 

3 3 

= dS, 

1=1 i=l 

where dS is an exact differential, the transformation is called a 
contact transformation. 

Suppose, for example, 

Qi = Piy Pi — gt i = 1, 2, 3. 

Then 

= -^idQi - %QdPi 

= -diXPr<li) 

which is an exact differential. 

Suppose again that 

qi = VWi cos Pi, 32 = Qi, 33 = Q^; 

Pi = V 2 Q 1 sin Pi, p 2 = P 2 , p3 = P 3 . 


gidpi = 2Qi cos* PidPi + sin Pi cos PidQi, 
gidpi — QidPi = Qi cos 2PidPi + ^ sin 2PidQi, 



Then 
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Therefore, 

^(.q4pi — QdPx) = sin Pi^ 

which is exact. 

As a last example, let 

Qi — "f“ ttt2Q'2 + 

Pi = ^tiPi + bi2V2 + i = 1, 2, 3, 

where the coefficients at/, bn are constants. Let 

A = |at/|. At/ = minor of in A. 

Suppose further that the 6*/ are related to the a*/ in such a way 
that 

'^PiQi = 

which will be the case if 



Under these hypotheses it is evident that 

^Qidpi - ^Q.dP,- = 0, 
which also is an exact differential. 


372. Contact Transformations Leave the Canonical Form of 
the Differential Equations Unaltered. — Suppose the transforma- 
tion from the variables pi and g* to the variables Pi and Qi does 
not depend upon the time and is a contact transformation, that is, 

Xqxdpi - = dS ( 1 ) 

is an exact differential, and that the p* and Qi satisfy the canonical 
equations 

, _ dH , _ dH 

dpi dqi 

From Eq. (1) it follows that 

%w,' - XQf,' - f ■ 

and also 

— Vo ■ 

^^^dak dak 

Let the first of these equations be differentiated with respect 
to ajk and the second with respect to L The right members being 
identical, the left members are equal. Hence, 



388 STATICS AND THE DYNAMICS OF A PARTICLE 


By Eq. (370.3), the left member of Eq. (3) is equal to dH/duk. 
Hence, 

p ' = 

dt^^'doik dak 

But this is merely Eq. (370.3) in the new variables. It follows 
from Sec. 370 that 

r.. SH „ , dH 


Q’ = 

dPi 


Pi' = - 


and the change of variables is canonical. The only change that 
is necessary is to transform H from the variables pi and qi to the 
variables Pi and Qi, 

If the time occurs explicitly in the transformation, and if 
Eq. (1) still holds, the time also being regarded as a variable, 
then the transformation is canonical with the same Hamiltonian 
function. But if Eq. (1) holds only with the time regarded as a 
constant, the transformation is canonical, but the Hamiltonian 
function is altered. 

Suppose F{qij ^ 2 , Qiz^PhP^yP^ is any function of the six variables 
Q 2 i Qs] Ply P 2 y Pz» Let there be a transformation of variables 
which is defined by the relations 

Pt — ^ Qt — np > ^ 1) 2, 3. 


'^qidPi - "^QidPi = ^Qidpi + '^Pidqt - '^p4qi ~ '^QidPi 

= d{^p,q,) - dF; 
for 


Hence, 


= ^P^dqi + '^Q,dPi. 
f'^qdpi - '^QidPi = ~ 


is an exipi differential, and the change of variables is canonical, 
a theoryin which is due to Jacobi. 

^37^^'dlunilton’s Theorem. — Suppose that the equations in 
Eq. (367.7) 

, _dH , _ dH . , „ o 1 

" dp7 “ ~d~ql * - 1, 2, 3, I 

H=T2-To-U, j 
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have been completely integrated, and that 

QA ~ ) Ce), 

Pi = Pi{t; Cl, C2, • • • , Ce), 

where Ci, • • • , Ce are the six constants of integration, is the 
solution. If these values of pi and Qi are substituted in the 
expression for H it becomes a function of t and the six constants. 
That is, 

H = H{t; Cl, C2, • • * , Ce). 


Let c be any one of these constants of integration. Then 
dH __ ^ dH dpi , ^ dH dqi^ 

/dpi __ /d(?i 


- - x^. .0 

5 / d t 

- 

- + T.) - 


by Eq. (1), 
(identity), 
by Eq. (307.2). 


Hence, on replacing the value of H from Eq. (1), 

dx-N Oqi 


f 


(I- + v)dt ~ Xpf'‘ - Xf 


and therefore 
d 
dc, 

where p*o and qio are the values of pi and for t = to- 
Hamilton called the integral 


S 




{T + U)dt 


( 2 ) 


(3) 


the principal function. According to its definition it is a function 
of t, and the six constants of integration. Let these constants be 
given arbitrary, but infinitesimal, increments. These incre- 
ments are called variations and, in accordance with the notation 
of the calculus of variations, are denoted by the symbol 5. The 
variations of S and the qk due to the variations of the constants 
are given by the equations 






rA\ 


0 
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Let the letter c in Eq. (2) be given the subscript fc; then let 
the equation be multiplied through by Sc*. On giving k the values 
1, • • • , 6 in succession, six equations are thus derived from 
Eq. (2). Adding these six equations, there is obtained, in view 
of Eq. (4), 

== ^Pidqi - ^PioBqio, ( 5 ) 

Now 

Qi = Cl) C2, • • • , Ce), 

qio ~ qi(,^o] Cl, C2, * * * > Ce), z = 1, 2, 3. 

S = S(t] Cl, C2, • • • , Ce). 

Imagine the first six of these equations solved for Ci, • • • , Ce 

and the results substituted in the seventh. The result is 


S — S(t; gi, g 2 , gsj gio, 520 , gso). (6) 

If variations are given to the g* and gio in this expression, the 
variation of S takes the form (t and to are not varied) 

A comparison of Eqs. (5) and (7) shows that, since the varia- 
tions are arbitrary, 

dS _ _ • _ 1 o o /ON 

dqi dqio 


i = 1, 2, 3. 


If the constants ci, • • • , ce are imagined replaced by their 
values in terms of gio, g 2 o, gao; Pio, P 20 , Pao, it is evident that the 
equations in Eq. (8) form a complete system of integrals of the 
equations in Eq. (1) ; for the six equations in Eq. (8) could be 
solved for pi, p 2 , pz) gi, g 2 , ga in terms of t and the six initial values. 

From the manner in which the function has been derived, it 
would seem that the problem must first be solved before the 
function S can be found. There is another procedure, however, 
which shows that S satisfies a certain partial differential equation 
of the first order, as was discovered by Hamilton. 

On differentiating Eq. (6) totally with respect to the time, there 
results 

di dt Ldq?'’ 

no 

= qI + 2pi2i', by Eq. (8), 


dt 


+ 2T^ + r,, 


by Eq. (367.2). 
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But, from Eq. (3), 

JO 

+ + To +U. 

On taking the difference between these two expressions, there 
results 

^ + ^2 - T’o - c/ = 0; 

or, by Eq. (367. b), 

— + H{t\ qi, q2y qz] pi, P 2 , 1H) = 0. (9) 


The Hamiltonian function depends upon the letters p,- as 
well as the letters qi] but the pi can be replaced by dS/ dqifrom Eq. 
(8). If this is done, Eq. (9) becomes a partial differential equa- 
tion of the first order and second degree, namely, 




Ay 

dqi dq% dq^} 


+ 


dS 

dt 


= 0 . 


( 10 ) 


Since S is a function of the four variables t; gi, q 2 , qs, and three 
arbitrary constants gio, ^ 20 , qzo] it is a complete integral of the 
partial differential Eq. (10). 


374. Jacobi’s Theorem. — Hamilton discovered what is 
undoubtedly a remarkable t heorem, but J acobi improved it by 
proving thejsiumasc^ If any- complete integral whatever o f the 
partial differential Eq. (373.10) can be found, a complete set of 
integrals of Eq, (373.1) can be derived from it; and thereby 
the problem is completely solved. By a complete integral 
of Eq. (373.10} is meant a function S of the variables t; gi, g 2 , gs, 
and three arbitrary constants ai, a 2 , and as in addition to a 
fourth constant which is always directly additive to S, since S 
occurs in Eq, (373.10) only through its partial derivatives, which 
substituted in Eq. (373.10) reduces it to an identity. 

Let 

S = S{t; gi, g 2 , g,-j; ai, a 2 , as) (1) 

be any complete integral of Eq. (373.10), as just defined; and let 
dS dS _ ^ . 1 o *> 

dQi ~ ~ 

where the 3i are three new arbitrary constants. If the second 
set of equations in Eq. (2) are differentiated totally with respect 
to the time, there results 


d\S , d^S , , d^S , , dhS ^ ^ 

duidi datdq^^ daidq^^ dcLidqz * ’ 


1 = 1, 2, 3. (3) 
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On the other hand, Eq. (373.9) can be differentiated with respect 
to the constant ai. If the pi are replaced by dS/dqi, Eq. (373.9) 
becomes an identity in t] qi^ ^ 2 , q^t] ai, ao, « 3 . Since the constants 
ai, a 2 , and as occur in H only as they enter through pi, p 2 , Ps, it 
results that 


-L. dpi , dH dp2 , dff dps _ Q 
daidt dpi dai dp2 dai dps dai 


But from the first set of equations (Eq. (2)) 

dpi ^ d\S_^ dp2 ^ d^ ^ d^S 

dai dqidai dai dq^dai dai dq^dai 

therefore, Eq. (4) becomes 

d^S _d^ dH _d\S_ ^ d^^ dll ^ 

datdi daidqi dpi daidq^ dp2 da^dqz dps 


On subtracting Eq. (5) from Eq. (3), and then giving the index i the 
values 1, 2, 3 in succession, the following three equations result: 

d^S ( , dll\ d^S ( ( ] 

daidgiV^ dpi) daidq^^ dp2/ daidgsV^* dps/ ' | 

/ dg\ d^S / 

dasdgiV^^ dpi/ dQ: 2 d 52 \^^ dp2/ da2dq\^^ dp 

d^S ( , dH\ d^S ( J^Sj ,__d^\ 

dasd^^iV^^ dpi/ dazdq^^ dp2/ dasd^sV^^ dps/ 




( 6 ) 


These equations are linear and homogeneous in the quantities 
within the parentheses. The determinant is the functional 

dS dS dS 

determinant of the expressions - —y — ? and — with respect to 

oai da2 da^ 


Qiy Qiy Qi- If were zero there would exist a relation between 
dS dS dS 

the expressions — ; -r — ; and — The three constants ai,a 2 , and 
dai da2 da^ 


az would not be essentially distinct and S would not be a com- 
plete integral, which is contrary to the hypothesis. Since the 
determinant is not zero, each of the parentheses must be zero 
and, therefore. 


, dH 
q\ = 

d-pi 


, dH 
dpz 


33 


dH 

dpz 


( 7 ) 


The first set of equations (Eq. (373.1)), therefore, is satisfied. 
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Now let the first set of equations (2) be differentiated with 
respect to the time. Then 

dpi _ d^S , a^s , . a^s , 

<U aqM aq]aqi^^ dg.dg,®* ’ 

which, in view of Eq. (7), can be written 

dH d^S dH a\S dH 

dt dqidt dqidqi dpi Bq^dq^ dp2 dqidq^ dp^i ^ 

On differentiating Eq. (373.9) with respect to Qi, and bearing 
in mind that the p^s are functions of the there results 

0 = -i- 4- j- 4- ^ 

dqM dqi dpi * dqi dp^ ' dqi dp^ ’ d^»‘ ^ ^ 


From the first equation of Eq. (374.2) there is obtained 

dpi __ d^S ^ dpz _ ^ dp 3 _ d^S ^ 

dqi dq^dqx dqi dq^dq^ dqi dq^dq^ 

SO that Eq. (9) can be written 

dqidt dqi dgtdgi dpi dqidq2 dpi dqidqz dp^i' 


and on subtracting Eq. (10) from Eq. (8), there remains 


dpi _ dH^ 
dt dqi 


i == 1, 2, 3. 


The second set of equations (Eq, (373.1)), therefore, is satis- 
fied, and the equations in Eq. (374.2) are the general integrals of 
the given equations. If the second set of equations (Eq. 374.2), 


dS 

dai 




which contain only the letters q^ q^, q^] ai, ^ 2 , as; Ph 1 ^ 2 , 0z\tis 
solved for ^ 1 , ^ 2 , a complete solution of the differential 
equations, instead of a set of integrals, will be obtained. 


376. The Restricted Case. — If the time does not occur 
explicitly in the Hamiltonian function, it is sufficient to take 
instead of Eq. (373.10), 

/ dS dS dS\ . ..x 

»(,«'• «5.’ il„' S J (*) 

which would be the result of taking 

>S = — a.i X f + q2, qtt', ai, oti) 
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in Eq. (373.10), and then dropping the subscript on Si. The 
process can, however, be carried out in another manner, as 
was done by Poincar6. 

Suppose a complete solution of Eq. (1), 

S — S(^l, ^2, «2, «3), 

has been found. The substitution of this expression for S in 
Eq. (1) reduces the left member to a constant which will be a 
function of ari, « 3 . Hence, 

J dS dS dS\ 

H[g^, 53 , 53; ^ «2, as). ( 2 ) 


Regarding S as a function of the six variables gi, the differ- 
ential of S is 


dS = 


^ dqi+^—dai. 


As before, take 




^dai 


dS 

dQi 


Viy 


dS 

dai 




^ = 1, 2, 3, 


( 3 ) 


without, however, making any hypotheses as to the nature of the 
/3^s. Equations (3) furnish six relations between the twelve 
letters pt, qi, «», Pi- They can be regarded, therefore, as equa- 
tions of transformation from the letters pt, qi to the letters a*. Pi- 
Since 

dS = '^Ptdqi + ^Pidaij 

the relation 

^P^da^ ~ ^qidpi = d(^S - 

is an exact differential, and therefore, by Sec. 372, the transforma- 
tion of variables is canonical. Consequently, 

dPi _ dH^ dai _ dll . 

li ~ da! ^ dp! ^ ^ 


By Eq. (2), the transformed value of H is ip{a\, a 2 , az), which is 
independent of pi^ p^, Ps, Hence, 


dPi ^ dai ^ Q 

dt dai dt 


(5) 


and these equations are integrable at once, for 
ai = const, i = 1, 2, 3. 


( 6 ) 
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Therefore, ^(ai, of 2 , « 3 ) is a constant, and likewise so that 

dai 

= l~t + /3,o, i = 1, 2, 3, (7) 

where the i^io are three new constants of integration. 

The solution of the three equations 


dS 

dai 


dip 

dai 


t+fi 


id. 



will give qij q 2 , and qz as functions of t and the six constants ai, a 2 , 

OCs] PlQ, P20j ^30‘ 


376. The Trajectories are Perpendicular to the Surface S = C. 

Two displacements of a point, 

dXy dy, dz and 6a;, 6?y, 8Zf 

in rectangular coordinates, will be mutually perpendicular if, and 
only if, 

dx8x + dySy + dz8z = 0. 

On dividing this expression through by dt^ it is seen that the dis- 
placement 8x, 8y, 8z will be perpendicular to the velocity if, and 
only if, 

x'8x + y'^y + = 0. (1) 

In the generalized coordinates. 

X = <Pi(qu Qi, qd, y = <pi(qi, qi, qdt ^ = Mqi, qi, qz); 




' j- ' -1- 'V 

{ > -L > J- 'V 

■ U.*‘ ) 


( ' 


, d<p3 , , 

+ + 


y)’} 


If the values of x', y', z'; Sx, by, iz are substituted from Eq. (2) 
in Eq. (1), it will be found that the eondition for orthogonality 
(Eq. (1)) can be written 
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Now consider any displacement of a point along the surface 
^(^ 1 , 5 ' 2 , « 2 , « 3 ) = constant. 

It will satisfy the equation 


and therefore 


diS- , dS , dS ^ 


VMi + P25(2'2 + = 0; 


that is, the displacement is normal to the velocity. Hence, if a 
trajectory for which ai, a 2 , and as are constants passes through a 
point Qt, q 2 , Qs, the surface S which passes through the same point 
is normal to the trajectory. 


377. Plane Motion under a Central Force. — For a unit 
particle, the expression for the kinetic energy in polar coordinates 
for motion in a plane is 


T = ~(r'2 + r20'2); 


and if the force is a function of the distance only, the potential 
function is 

U 


the function /(r) depending upon the law of force which will be 
left undetermined. 

On taking 

r = gi, ^ = ^ 2 , 


rv = Ply 

the Hamiltonian function is 





The partial differential equation of Jacobi is obtained from H by 
setting 




in H and then equating the result to a constant. The result is 

+25, ■Cl) ® 

It will be observed that this equation involves q 2 only through its 
partial derivative. For this reason, let 

S = Si + 0£2^2, 
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where aSi is a function of qi alone, and a 2 is a constant. The par- 
tial differential equation then reduces to the ordinary differential 
equation 


(d^ 


a2" 


and therefore 




2f{q,) = 20; 


dS 

dq 




2C + 2/(r) 




If ai is the value of qi for which dSi/dqi vanishes, then 


C = 


2ai^ 




(1) 


d ‘ 

S = a,q, + X*‘V(^2 - + 2(/(</.) - /(«.)) • 


( 2 ) 


From this expression for S, it follows that: 

es^ 

da I 


[«l’ 


,df(aO 

da I 


q^ 


dq\ 


dS 

dui 


i. 


”2— „-J«=*“+2(/(</i)-/(«i)) 

(3) 


2 = 52 + 

The new variables satisfy the differential equations 


,) + 2(/((/,) -/(«,)) 


01 _ 


dai _ 

dC 

dt 

- , 
da: 

dt 

~d8i 

d8i 


da2 __ 

dC 

dt 

- , 
dai 

dt 

d8i 


since in these variables H is equal to 0. But inasmuch as 0 
(Eq. (1)) does not depend upon nor both ai and ai are 
constants. The equations f or |3 1 and /3 2 give 


where U and <2 are the two constants of integration. 


( 4 ) 
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On equating the two values of (Eqs. (3) and (4)), it is found 
that 


t - to 


± 


/’«■ dqi 

K ^ 

1/1 i> 

\«i® ?i®y 

|«2®+2(/(g,) -/(«0) 


(5) 


If this expression for t is multiplied by the left member 

differs from )32 only by an arbitrary constant. Hence, by sub- 
traction from the second of Eq. (3), there results 


^2 = ± 




cL^dqi 


ffiV 


-constant. (6) 


l«2^ + 2(/(9i)-/(ai)) 


Since Eq. (6) is independent of the time, it is the equation of the 
orbit. 


378. Simple Harmonic Motion. — If the force is attractive and 
directly proportional to the distance, 

f{r) = - 


where is the factor of proportionality. On multiplying through 
by A;, Eq. (377.5) becomes 


k{t — ^o) = ± 


L M ■ 


dqi 


gi*/ 


+ (' 


«i 


71®) 


One of the roots of the radicand is q\ = ai. Let a 2 ® be chosen 
so that gi = a is the other root, with ai > a. Then 


( 1 ) 

and the negative sign must be taken before the integral, since 
initially gi equals ai and decreases as t increases. Therefore, 


k{t — to) 



qidqi 

, V («i® — gi®)(gi* — a®) 


Similarly, Eq. (377.6) gives 


Qi ~ q2o 



*• au idgi 

, qi\/{ai^ — gi*)(gi* — a*) 
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These expressions are readily integrated, and give 

qi^ = cos^ k(t — to) + sin^ k(t — ^o), 


qi^ = 


a^ai^ 


cos 2 (52 — ^20) + oLi^ sin^ (qz — $20) 
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( 2 ) 


If it is remembered that qi is the radius vector and q 2 the polar 
angle, it will be seen that this last equation is the polar equation 
of an ellipse with the origin at the center; the major semiaxis is 
ai, and the minor semiaxis is a. In the customary notation 


qi = r, 


= e; 


ai — a, a 2 == b. 


The curves which are orthogonal to the family of ellipses which 
have a common center and the same values of ai and a 2 , that is, 
differing only by a rotation, are given by Eq. (377.2) 


S — Ot2q2 




Ia 2 * + — q^) dqi = constant. 


After substituting the value of as from Eq. (1) and then remov- 
ing a superfluous factor kai, this expression reduces to 


( 3 ) 


( 4 ) 


For the purpose of integration, let 

where w is a new parameter. In reality, a> does not differ from 
k{t — to), as is seen by comparison with Eq. (2). Then 

1 T" (ai^ — a^)^(cos^ 2« — l)do3 
Q2 720 2 a la Jq (ofi^ o?) COS 2 a) + (ai^ + o?) 

{a^ — a^) COS 2 a) — {a^ + a^) + 

4a iW 


1 

2a la 


(ai^ — a^) cos 2a) + (ai 

Hence, 

qz — q-to = 

2aia tan"’ 


■’ tan • 


( 5 ) 
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Equations (4) and (5) are the parametric equations of the 
orthogonal curve. If the major axis is twice the minor axis, the 
curve (Fig. 181) resembles an eight-leaved sunflower. 


Fia. 181 . 



379. The Spherical Pendulum. — The spherical pendulum, 
which was discussed in Sec. 340, will be used as a second illustra- 
tion of the use of canonical equations. In the problem of 
central forces (Sec. 377), the second method of Sec. 375 was 
employed. By way of contrast, the first method will be used 
in the present problem. 

For the sake of simplicity of notation, let the mass of the 
pendulum bob and the radius of the sphere be taken equal to 
unity. If spherical coordinates are used, the expressions for the 
kinetic energy and the potential function are 

T = + d"^ cos* <(>), U = -g sin v?; 

SO that 

T -V = H = + ^0'* cos* <p + g sin <p. 

For the purpose of expressing H in canonical variables, let 

„ dT dT 

0 = 52, v = ^ = P*: 

and therefore 

ip' = pi, e' = Pi sec* 51. 

The expression for H, therefore, in canonical variables is 

H = ^pi* + ^P2* sec* 5i + 0 sin 51. 


( 1 ) 
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On setting 

dS dS 

in Hy the partial differential equation of Hamilton and Jacobi 
(Eq. (375.1)) is found to be 

Udsy ,1/dsy 2 ^ 

2(aj;j + 2(5,;) + a (2) 

Inasmuch as the pendulum has but two degrees of freedom and 
one of the constants a 2 is already in evidence, it is necessary 
for a complete solution ,to find a function S of qi and q 2 which 
contains a single new arbitrary constant ai. Since the coordinate 
q 2 appears in Eq. (2) only through its derivative, it is sufficient 
to take 

S — a\q2 + >Si; 

where ai is an arbitrary constant, and Si is a function of qi alone. 
By means of this substitution the partial differential equation 
reduces to the ordinary differential equation 

^ + ai^ sec2 qi + 2g sin qi = 2a2, (3) 

the solution of which is 

Si = ±J^ y/ 2 a .2 — 2g sin qi — sec^ qidqi. 

The complete expression for Sy then, is 

S = — + aiq 2 ± ^y/2a2 — 2g sin qi — ai^ sec^ qidqi. (4) 

The expressions for pi and p 2 are not needed for the solution 
of the problem; but, since 

dS 

eq. = 


(J§L 
\ dQi 


is a constant, it is worthy of note that this is the integral 

d' cos^ ip — h (5) 

of Sec, 340. 

The solution of the problem is furnished by the two expressions 
dS 






f sec^ qi dqi 
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where jSi and ^2 are two new constants. The first equation is 
independent of the time, and is therefore the equation of the 
path of the pendulum. The second equation then gives the time. 
If it is borne in mind that 

qi = = Oj 

these results are easily identified with Eqs. (341.2) and (341.1). 


380. The Motion of a Planet in Three Dimensions. — If 

spherical coordinates are used, the expressions for the potential 
function and the kinetic energy for the motion of a planet about 
the sun, referred to the sun as the origin, as derived from Secs. 
293 and 308, are 

1 ^2 

T = Vr'2 + rV'" + cos^ cp • 6'^), U = 

Z T 


where tp is the latitude, 6 is the longitude, and is a factor of 
proportionality, the mass of the planet having been taken equal 
to unity, or divided out, as it is preferred. Let r, 6 play the 
role of qiy q^j qzf respectively; and let R, 0 play the r61e of 
Pi, P2, Pzy respectively. Then 


^ = n- / = ry 
dr ' 


$ = =rV, 


0 = QQ, = r® cos* <p • O'. 


cos^ 


OS^ (p f 
[ai 


r 


The expression for K then becomes 

= r - C7 = + \4>* , , , 

2y r cos^ 

Hence, the partial differential equation of Hamilton and Jacobi is 


+ W, (1) 


.,1 dS jy dS 

with = jB, ^ = 4>, 

dr ' dip 


dS 

dO 


= 0. 


Again it will be observed that the differential equation dofes 
not contain 6 explicitly. Let it be assumed that 

S ^ Sr S,p "b kcSy 


where Sr is a function of r alone, S^ is a function of (p alone, and 
c is an arbitrary constant. The equation then reduces to 


+ U(!^.y + _WT * + P) 
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Since the variable >p occurs only in the second term of the left 
member, it is necessary that 

dip ) COS^ ip 

shall be a positive constant, say and the differential equa- 
tion then reduces to an ordinary differential equation in r, namely, 

) - i + 7 + 2c). 

Let ai be a value of r for which the derivative vanishes. Then 



2<xi^ OLi 


1114. 

Likewise, let as be the value of ip for which the derivative of 


vanishes. Then 


c = a 2 cos as 


5^ = i ha 




cos^ as sec^ ipdip. 


The complete solution of the partial differential equation then is 

' + kai I V^i — cos* as sec* <pd<p + k0a2 cos as. (3) 

Jo 


The new variables and /Ss are 

d,S „ , ,ai - as* /»- 


= /3. = ± 


182 = ±k 


r'-- 

+ i‘ - i;) 

r ‘■(£ ~ _ 


V(i - i)“-’ + <? - 5.) 

+ k vr ~ cos^ as sec^ ipdip + k$ cos as, 

Jo 

. - . . , 7 sin as cos as sec^ ip , 

= /Ss = —kOa^ Sin as ± ka^ I — 

J 0 V 1 — cos^ as sec^ ip 


cos as sec^ ip 


COS'* as see'* ip 
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Also, by Eq. (375.7), 

Pi = + pio = - to), ) 

oai ai 

p 2 = + P20 = k^'^ii - <i), 

oa2 J 

Ps = — t + = 0 + /Sao* J 


( 5 ) 


On equating the right member of the first equation of Eq. (5) 
to the right member of the first equation of Eq. (4) and then 
removing the superfluous factor, there results 


k{t — to) = i 



(G) 


The factors of the radicand in this integral are 




- 2. 


By its definition, the constant ai is necessarily positive, since r 
is always positive. Consequently, the second factor can vanish 
if, and only if, ai ^ ^2^/2. If ai > a 2 ^J 2 , there is a second 
value of r for which the radicand vanishes, and the orbit is an 
ellipse. If ai = ^2^/2, this second value of r recedes to infinity, 
and the orbit is a parabola. If ai < ^2^/2, the radicand vanishes 
but once, and the orbit is an hyperbola. If the substitutions 

ai = a(l — e)j = u(l — 


are made, these three conditions are reduced to the three possi- 
bilities 


e 


< 

> 


+ 1 . 


With these values of the constants, Eq. (6) becomes 


k{t - U) 



which is essentially the same as Eq. (294.1) and can be integrated 
in the same manner. 
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Since ^3 is a constant, it can be chosen so that, after the factor 
ka 2 sin 0:3 is divided out, the third equation of Eq. (4) becomes 

Jo Vl — costas sec* ^ 


This expression is easily integrated, giving 


sin (6 — do) 


tan (p 
tan as 


In Fig. 182, let NPM be the intersection of the plane of the orbit 
on the unit sphere. Let the inclination of the orbit to the xy- 


2 



plane be i. Let P be the projection of the planet, and N the pro- 
jection of the node. Then 

Oq = xNj 6 — do = NQ. 

In the right spherical triangle NPQj the relations (Eq. (261.1)) 

cos U = cos {6 — 60) cos ipf \ 

sin u cos i = sin {B — ^ 0 ) cos <p, > (7) 

sin u sin i = sin ip^ ] 

hold, and therefore, 

A comparison of these two expressions for the sin {B — ^ 0 ) shows 
that the constant as can be identified with the inclination of the 
plane of the orbit. It is evident also, that ^0 is the longitude of 
the node. 
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By means of the relation which has just been derived between 
ip and By Eq. (8), the second integral of the second equation of 
Eq. (4) can be expressed in terms of (?, that is, 




cos^ ctz sec*-* (pd(p 


f 


sec as 


— cos as 


^^de. 


1 + tan^ as sin^ {6 — 0o) 

Therefore, 

\/l — cos^ as sec^ <pd<p + (^ — Bo) cos as j 

= k tan“^ (sec as tan (B — ^o)). 
Since as = i, it is found from Eq. (7) that 

tan u = sec as tan (B — ^o). 

Therefore, 


k J \/l — cos^ as sec^ (pd(p + (B — Bq) cos as = ku, 


(9) 


where u is measured from the node N, 

On substituting Eq. (9) in the second of Eq. (4), and bearing in 
mind (Eq. (6)) that 

= kdt, 

the second equation of P]q. (4) reduces to 

' i)'* + 


= k^—Jt - to) - k^a 


ai 


■X 


? + ku. 


But from the second of Eq. (5) 


therefore. 


= - <,); 


■*”’X? 


+ constant. 


Since the integral in this expression vanishes at the perihelion 
point, the constant^' is the arc u measured from the node to the 
projection of the perihelion point upon the unit sphere. It is 
usually denoted by the symbol and is called (really miscalled) 
the longitude of the perihelion from the node. It is measured in 
the plane of the orbit and not in the a;i/-plane. It is, therefore. 
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not a true longitude. The true anomaly v is measured in the 
plane of the orbit from the perihelion. Hence, 

V =u — -CD = ka2 

This completes the solution of the problem. It will be 
observed that the constants ai, a2, and az are functions of the 
classical elements a, e, and r, while the elements '^y and 

to = T enter only through the constants /3io, 1820, and 0zq, 



381. Variation of Parameters. — Let it be supposed that the 
differential equations are canonical and that 


dH^ 

dp! 


, dH 

Pi = — ^ 
dqi 


i = 1, 2, 3. (1) 


Suppose further that H is a function of a parameter /x, which can 
be written 

H =Ih + fxHu 


where Hi may or may not be a function of the parameter p, but 
Ho does not contain p. Suppose, finally, that it is known how to 
solve the equations 


Q 


dm 

dpi 



i = 1, 2, 3. (2) 


That is to say, a function ^(^i, q^y qz] ai, a2, olz) t) can be found in 
which the ai, 0:2, «3 are the three independent arbitrary constants, 
which satisfies the Hamilton-Jacobi differential equation 



Qh Q2y qz] 


dS dS dS. 

; -j - -, 

dqi dqz dqz 


') 


M+f .0. 


Then the integrals of Eq. (2) are 


Vi = 


dS^ 

dq! 



i = 1, 2, 3, 


(3) 


where the Pi arc three new constants of integration. 

The six equations (Eq. (3)) can be imagined as solved for the 
Pi and qi as functions of the constants at, Piy and t. That is. 

Pi = Pi(«i, a 2 , as; Ply P 2 , Pz; t)y 
qi = gt(«i, a 2 , as; Piy p 2 y Pz] t); ( 4 ) 

and these expressions substituted in Eq. (2) reduce the differ- 
ential equations to an identity. 

Equation (4) can be regarded, however, not as solutions of 
Eq. (2), but merely as equations of transformation of variables. 
Then, on account of the relations in Eq. (3) and the theorem of 
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Sec. 372, the transformation is a canonical one, and the differ- 
ential equations are 


/S.' = IX-. 


, dHi 


1, 2, 3. 


The term Ho disappears from the Hamiltonian function; as is 
evident from the fact that for fj, equal to zero the ai and are 
constants. 

This is the expression in canonical variables of the method of 
the variation of arbitrary parameters which has played such an 
important role in the theory of the planetary perturbations. 
It is evident that if the right members of Eq. (5) are very small, 
the ai and fii, although functions of the time, will vary very 
slowly, and will continue to vary slowly as long as the right 
members remain small. These conditions are satisfied in the 
astronomical case just mentioned, so that the elements of an 
orbit are not actually constants, on account of the perturbations 
of the planets; but, in general, they vary so slowly that for many 
purposes they can be regarded as constants. 


Problems XXIV 

1. Show that the change of variables from pi, qi to Pi, Qi by means of 
the relations 

qi = ^i(Pi, Qi), Pi = *pi{P h Qi) 
is canonical if the functional determinant 

Pi) ^ 1 
d(Qi,Pi) 

2. If the transformation of variables is linear with constant coefficients 
(Sec. 371) and if it is an orthogonal transformation, that is, 

3 3 

= 1 , = 0 , 

j=l 

the transformation of variables is canonical. 

8 . Prove in detail, if the problem is two dimensional, that the equation 
S(qij qi, ai, ai) = const, represents curves which are orthogonal to the 
trajectories. 

4. Solve the problems of central forces and planetary motion by the first 
method of Sec. 375. 

5. Solve the problem of the spherical pendulum by the second method. 

6. Solve the problem of a projectile in vacuo, and determine the orthog- 
onal curves. 

7 . Solve the problem of the simple pendulum by means of canonical 
equations. 

8 . Write and solve the canonical equations for the problem of Sec. 356. 



CHAPTER XVI 


THE GENERAL PRINCIPLES OF MECHANICS 

382. The Foundations of Mechanics. — All of the develop- 
ments and theorems of the preceding chapters have been built 
upon Newton's three laws of motion as a foundation. These 
three laws, together with one or two subsidiary propositions, 
such as that of the transmissibility of force, have sufficed. Since 
the time of Newton, mathematicians have shown a strong desire 
to find a single principle from which all of the theorems of 
mechanics could be drawn, and four of such principles have been 
developed. By combining d'Alembert's principle with the 
principle of virtual velocities, or virtual work, Lagrange pro- 
duced the first successful one, and he made it the foundation of 
his very famous Mecanique Analytique, The second one, the 
principle of least action, was proposed by Maupertuis in 1740, 
but was not firmly established before the time of Jacobi, and even 
then only in the domain of conservative forces. The third one 
is Hamilton's principle, and it seems to have grown out of the 
principle of least action. It is very widely known, and much 
used, although it is valid only when the constraints are integral, 
or if given in a differential form are integrable. The last one. 
Gauss' principle of least constraint, is valid under all circum- 
stances, but does not seem to have been widely used. 

In the discussion of these principles which follows, the applica- 
tion has been made to the motion of a single particle only, but 
it should be understood that each of these principles is equally 
applicable to systems of particles, with or without constraints. 

1. D^ALEMBERTS PRINCIPLE 

383. The Principle of Virtual Work. — In the section on 
Statics (Sec. 165), it was pointed out that if a particle is in 
equilibrium under the action of any system of forces, the com- 
ponents of the resultant of which are X, F, and Z, and if the 
particle be subjected to an arbitrary infinitesimal displacement, the 
components of which are by, and bz (a notation which is due 

409 
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to Lagrange), then the work done in this displacement is zero. 
This is what is called virtual work. This principle of equilibrium 
can be expressed by the equation (Sec. 58) 

X8x + Y8y + Z8z = 0. 

At the time of d’Alembert (1717 to 1783), two classes of forces 
were recognized, living forces (vis viva) and dead forces (vis 
mortua). Living forces produced an actual acceleration in a 
particle, while dead forces did not. Thus, for a particle in 
equilibrium, all the forces involved are dead. D’Alembert 
called the product of mass times acceleration the effective force 
(also commonly called the force of inertia) ^ its components being 
mx", my” y and mz” , D’Alembert’s principle is this: If a particle 
is not in equilibrium, the work done by all the forces which are 
acting, both living and dead, in any arbitrary displacement is 
equal to the work done by the effective forces in the same 
arbitrary displacement; or, expressed in an equation, 

Xhx + Y by + Zbz = mx”bx + my” by + mz”bz. 

If the right member is transferred to the left side, this equation 
becomes 

(X — mx”)bx + (F — my”) by + (Z — mz”)bz = 0, (1) 

which, expressed in words, states that if to the forces which are 
actually acting upon the particle the effective forces, reversed 
in direction, are added, the particle is in equilibrium. By this 
means, the problems of both statics and dynamics are reduced 
to the single principle of virtual work, equilibrium of the forces 
always existing. 

This principle was developed by d’Alembert in his Traite de 
Dynamique published in 1743. It was reduced to its general 
analytic form, as given above, by Lagrange, who made it, 
rather than Newton’s laws, the basis of his famous Mecanique 
Analytique, published in 1788. In this work a generalization 
of Eq. (1), or rather, an extension of Eq. (1) to all of the particles 
of a system, was made to serve as a starting point for the solu- 
tion of any problem whatever in dynamics. Lagrange’s work has 
excited universal admiration. On account of its unity and the 
elegance and beauty of its development. Sir William Hamilton 
called it ”b. kind of scientific poem.” This is a tribute to 
Lagrange, however, rather than to his subject, for with respect 
to beauty of mathematical form Lagrange is the Shakespeare 
of mathematicians. 
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It is not necessary that the variations be expressed in rectangu- 
lar coordinates. If another system, in which the coordinates 
are gi, g 2 , and gs, is chosen, and if 

a: = x{qi, q 2 , qs", t), y = yiq^, q^, qz] t), 2 = z{qi, qz, qz) t) 

express the relations between the two systems, then 


^ dz ^ . dz ^ . dz ^ 

52 = — 5gi + v 5g2 + j— ^gs; 
dqx ^ dq2 dqs 


( 2 ) 


and the variations of gi, g 2 , qs can be regarded as arbitrary, and 
those of Xy y, z as dependent. Inasmuch as these arbitrary vari- 
ations have no relation to the actual motion of the particle except 
that they must be compatible with the constraints, if there are 
any, the time t plays the role of a mere constant in making them. 
If there is one constraint, and the g's are properly chosen, the 
variation of gs will be zero; and if there are two constraints, the 
variations of g 2 and ga will be zero, and the motion is along a given 
curve. 

If Eq. (2) is substituted in Eq. (1), there results 


+ 

+ 


+ (1' - + (Z - 

+ (Z - 


(X 


5gi 

5g2 

5g3 = 0. 


Since the variations of the g's are arbitrary, their coefficients 
are zero. On equating these coefficients to zero, Eq. (3) of Sec. 347 
results. It was in this manner that Lagrange derived his equa- 
tions from d'Alembert's principle. 


II. THE PRINCIPLE OF LEAST ACTION 

384. Historical. — Influenced by certain metaphysical or theo- 
logical considerations, Maupertuis stated in 1740 that it was 
reasonable to suppose that the activities of nature are conducted 
with the least possible effort and that the integral 

imvds = action 
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is always a minimum; m being the mass of a particle, v its speed, 
and ds an element of the curve which the particle describes; the 
integral being taken along the curve between any two points of 
the curve. In 1744, Maupertuis published two memoirs in which 
he derived the laws of reflection and refraction of light, and of 
collisions of two bodies, by means of this principle, which he called 
the principle of least actio7i. 

In the same year, 1744, Euler published a proof, based upon 
purely mechanical considerations, that this integral for orbits 
described by a particle under the action of a central force was 
either a maximum or a minimum. Finally, in 1788 in his Mecan- 
ique AnalytiquBj Lagrange showed that in general this integral is 
either a maximum or a minimum for any actual motion, provided 
the force acting is a conservative one, and provided also that the 
constraints, if any, are independent of the time; otherwise, the 
integral may be neither a maximum nor a minimum. Lagrange 
regarded the principle as stated by Maupertuis as vague and 
lacking in precision; nevertheless, he retained the name which 
Maupertuis had given it, the principle of least action. 

In the Vorlesungen ilber Dynamik, Jacobi remarked that he 
could not understand the exposition of this principle by either 
Lagrange or Poisson, and constructed a new proof, thus for the 
first time establishing the principle upon a sound basis. 

386. Extremals in the Calculus of Variations. — I^et a particle 
of mass m, moving under the action of a force for which the poten- 
tial function is C/, describe the arc P 1 P 2 (Fig. 183) denoted by the 
letter L. Since the force is a conservative one, the energy is 
constant and, therefore, 

= U + H, 

where i?, a constant, is the total energy. Let Li be another 
curve joining the points A and B and lying everywhere infinitely 
near L, Let a second particle of mass m describe the curve Li in 
such a way that for its motion also 

~mv^ = U + H, (1) 

although, for such a motion, constraints would be necessary. 
It will be observed that for each point of the curve Li the speed of 
the particle is determined by Eq. (1), and therefore the time 
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required for describing the curve Li is not the same, in general, 
as that required for the curve L. 

The definite integral 



taken along any curve between the points Pi and P 2 , is called the 
actioUj and the change in the action from a given curve to another 
one in its immediate neighborhood is called the variation of the 
action^ and is written 

5A = 5 I mvds. 

Jp, 



Fig. 183. 


A curve which maximizes or minimizes a definite integral is 
called an extrem,al in the calculus of variations ; and the variation 
of the definite integral for an extremal is zero, as would be expected 
from the general principles of maxima and minima. The princi- 
ple of least action then, as formulated by Jacobi, is that the arc, 
which is described naturally between two given points by a par- 
ticle which is acted upon by a force, which is derived from a poten- 
tial function U which does not contain the time, is an extremal for 
the action, subject to the condition that the energy is a given con- 
stant along every curve. Hence, the curve which is followed by 
the particle is such that 

5A = 5 I mvds = 0. 

Jp, 

386. Jacobi’s Proof of the Principle of Least Action. — From 
the energy integral (Eq. 385.1), there is derived: 

mv = '\/2m(U + H)- 


Therefore, the action 


( 1 ) 
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A = rV2m(f7 + H)ds, 

JPl 

under the conditions which are given, is purely geometric in char- 
acter, the time having been eliminated altogether. 

The x-, y-y and 2:-coordinates of the particle which describes 
the curve L can be regarded as functions of a parameter X; say, 

^ = v?(X), y = ^(X), z = co(X). 

Let Xi and X2 be two values of the parameter which correspond to 
the points Pi and P2, so that the coordinates of Pi are ^(Xi), ^(Xi), 
and co(Xi), and the coordinates of P2 are ^(X2), ^(X2), and co(X2). 
The equations of any neighboring curve Li, which also passes 
through Pi and P2, can be written 

X = 99(X) + €(X “* Xi)(X2 — X)^i(X), 

y = ^(X) + 6(X - Xi)(X 2 - X)^i(X), 

2; = co(X) + 6 (X ~ Xi)(X 2 - X)coi(X); 

and the variations of Xy y, z are then 

== e(X Xi)(X 2 X)^i(X), 1 

by = €(X - Xi)(X2 - X)^i(X), V ( 2 ) 

bz = e(X — Xi)(X2 — X)wi(X); j 

where € is an infinitesimal parameter and ^1, ^1, and wi are func- 
tions of X of such a nature that bXy 5 i/, and bz are continuous for 
Xi ^ X ^ X2 and vanish for X equal to Xi and for X equal to X2. 

For the simplification of notation, let derivatives with respect 
to X be denoted by subscripts, so that 

dx dy dz 

dk ~ d\ ~ d\ ~ 

Then the expression for the arc element ds becomes 

ds = y / + zx* dX; (3) 

and the condition that the curve L shall be an extremal is that 

hA = 8 rV2m(t/ + ff) + 2/x* + = 0. (4) 

Jxi 

Again, for the simplification of notation, let 

A = V + y^? + zx^ 
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A , dU^ 

Jx. 
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■Jx. A 


+ I -(xxSx^ + yxSyx + ZxdzOdh. (5) 


It is evident from Eq. (2) that 

dx diSx) 

and, therefore, 

8x\d\ = d(dx); (6) 

and similarly with the other coordinates. On substituting Eq. (6) 
in the second integral of Eq. (5) and then integrating by parts, 
this second integral is seen to be equal to 


m 

A 


(arxJx + yxdy + z^Sz) 


■ X2 
_Xi 


- ■ "(a) + • '*(a)]- 

The integrated part of Eq. (7) vanishes, since the variations 
SXj Sy, and Sz vanish at both limits. If the integral in Eq. (7) 
is combined with the first integral in Eq. (5), it is found that 


SA 


-=r( 


+ 


dji 

dx' 

— md\ 


- K?)] 
(")]*» + [ 


bX 
dU 


AdX 




(8) 


Since this integral must vanish for every system of variations 
5a;, by, and 8z, it is necessary that the coefficient of each variation 
separately shall be zero. Therefore, 


<?) 


= ^AdX, 
dx 


dy 


AdK, 


= ^AdX. 
oz 


( 9 ) 


Now, by virtue of Eq. (1), 


= V2m{U + H), 
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and by Eq. (3) 


hence, 


and 


ds = \/ Xx^ + yx^ + ^x^dX; 




V2miU + h) 


AdX, 


5 ^ = 0 :' 


= v' 

A A 

Equations (9) now reduce to 


Zx 


= z . 


mx = — > 
dx 


my 


dU 

dz’ 


( 10 ) 


( 11 ) 


which are the equations of motion in rectangular coordinates. 

The equations of motion, therefore, can be derived from the 
principle of least action. The converse also is true; for, given 
the equations of motion and the energy integral, it is possible to 
go backward from Eq. (11) through Eqs. (10) and (9) to Eq. (8), 
and show that the curve described naturally is an extremal of A, 
The curves do not minimize the action in general, but Jacobi 
showed that they do minimize it if the arc P 1 P 2 is sufficiently 
short. 


in. HAMILTON'S PRINCIPLE 

387. Proof of Hamilton’s Principle. — Hamilton’s principle 
is strikingly similar to the principle of least action. There is 
scarcely any doubt that Hamilton encountered the same difficulty 
in understanding Lagrange’s discussion of the principle of least 
action that Jacobi did, but instead of developing a satisfactory 
proof for the principle of least action, he branched off from 
I^agrange’s discussion and developed a new principle, which is 
more comprehensive than that of least action in that it does not 
presuppose the existence of an energy integral; nor does it require 
that the constraints, if any, shall be free from the time. Appell, 
however, has shown that it does require that the constraints, if 
any, shall be independent of the velocities. 

Equation (1) of Sec. 383 can be written 
— m{x"8x + y''8y + z"3z) + (X8x + Y8y + Z8z) = 0. (1) 

Let L (Fig. 183) be the curve described naturally by the 
particle between any two points Pi and P 2 , and let Li be any 
neighboring curve through Pi and P 2 which is described by a 
second particle in the same time that is required for the curve L. 
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Then 

hx = €{t — 

8y = €(t - tl)(t2 - t)<P2{i)y 
dz = €{t — ti)(t 2 ““ t)(p 3 {t), 

where ^2, <ps are arbitrary functions of t subject to the condition 
that the variations are continuous and vanish at h and ^2, which 
are the values of t which correspond to the points Pi and P2. 
From these definitions, it is evident that 8x^ is the same thing 
as {8x)\ This being true, it is easily seen that 

x^^8x = (x'8xy — x\8x)\ 

= (x'SxY - Isx'^; 

similarly, 

y”sy = iy'Sy)' - y'^, 

and 

z"8z = (z'Sz)' - 
so that Eq. (1) becomes 

— mix'dx + y'8y + z'8z)' + ^nb{x^^ + y'^ + z'^) 

+ (Xbx + Y8y + Zbz) — 0. (2) 

If Eq. (2) is multiplied by dt and integrated from h to <2, the 
first term of the result 

— + y'8y + 

vanishes, since the variations 8Xj 8yy 8z are zero at both limits. 
On setting 

T = ^m(x'^ + y'^ + z'2), 

the integral of Eq. (2) can be written 

\8T -f- X8x + 4“ Z8z]dt = 0. (3) 

This is known as Hamilton's principle. Its expression can be 
simplified somewhat if there exists a force function U such that 
8U = X8x + F62/ 4“ Z8Zy 
for then Eq. (3) becomes 

r(5P + 8U)dt = 8 fV + U)dt = 0. 

Jtx Jtl 

This is the form in which it is usually encountered. 



( 4 ) 
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Since the potential function U is the negative of the potential 
energy F, and since 

is the average value with respect to the time of the difference 
between the kinetic and potential energies, it is seen that Hamil- 
ton’s principle asserts that in the motion which actually occurs 
between any two given points the time average of the difference 
between the kinetic and potential energies is either a maximum 
or a minimum when compared with any other infinitely near 
motion between the same two points provided the time interval 
and the potential function are the same for both motions. 


388. Equations of Lagrange Derived from Hamilton’s Princi- 
ple. — It is evident that Hamilton’s principle is independent of 
any particular coordinate system, since T is the kinetic energy 
while Xj F, and Z are the components of the force F which is 
acting upon the particle, so that the expression 

X8x -f- F3i/ -f” Zdz = F • A, 

or the work done by F in any infinitesimal displacement A. 

Let T, F, A be expressed in any desired system for which the 
coordinates are qi, and Then 



From the discussion in Sec. 387, it is evident that 

dqi-dt = d(5gt), 


5q/ = 


SO that 




( 1 ) 


On integrating the last integral of Eq. (1) by parts, it is found that 

Since the variations Sq, vanish at both limits, the integrated 
part of Eq. (2) is zero, and therefore Eq. (1) becomes 

r—rii-o-H-a- 
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If Qh Qi) and Qs are the components of F in the directions 
gi, g 2 , and qs, and Sqi, dq2, and dqs are the components of A, then 

X 8 x -h Yby Zbz = Qibqi + Q2bq2 + Qsbqs, 

for they represent the work done in the infinitesimal displacement 
in the two systems of coordinates. Hence, the expression (Eq. 
(387.3)) for Hamilton’s principle becomes 



+ 


dT 

dqi 


+ 



bqidt = 0 ; 


and since this expression vanishes whatever the variations 
bqi may be, the coefficient of each bqi separately is zero. Hence, 

These are the equations of Lagrange. 

If the time occurs explicitly in any of these expressions, it is, 
of course, to be regarded as a constant in making the variations. 


IV. GAUSS* PRINCIPLE OF LEAST CONSTRAINT 

389. statement and Proof of Gauss’ Principle. — Gauss’ 
principle of least constraint adds nothing to the knowledge of 
the motion of a free particle. Its purpose is to compare the 
position of a constrained particle with the position which the 
particle would have had if it had been free during the interval of 
time dt immediately preceding the instant of comparison. The 
difference between the two positions evidently is due to the 
constraints, and Gauss’ principle asserts that of all possible 
geometrical displacements which are compatible with the con- 
straints the smallest one is the one which actually occurs 
dynamically. 

Suppose the particle of mass m is at the point 0 at the instant 
L It is acted upon by a system of forces which has a resultant 
F, of which the components are X, Y, and Z; the 
resultant includes the friction, if there is any, but does not include 
the constraints. The coordinates of the particle at 0 are x, y, and 
z; its components of velocity are x'j «/', and z^; and its components 
of acceleration are x", y", and z'*] so that, in accordance with Tay- 



420 STATICS AND THE DYNAMICS OF A PARTICLE 

lor's theorem, its positional coordinates at the instant t + dt 
are 

a* ~ 4" x^dt 4“ 2 x^'dP 4“ • * • > 

(actual) Uy = ?/ + y'dt 4- 2 4“ * • * , 

a* = 2 4“ z'dt 4~ 2 ^'^dP 4" • * * , 

the terms of higher degree having no value for the purpose which 
is under consideration. 

Suppose, again, that the constraints had been released 
abruptly at the instant tj everything else remaining the same. 
Then the positional coordinates at the instant t + dt would 
have been 

hx = X x^dt 4“ K “ di“ 4" • * • > 

7fl 

1 Y 

(hypothetical) = y + i/dt + df + • • • ^ 

^ 7Yl 

hg == 2 z'dt 4“ o — 4“ * ' • . 

z m 


Let these two points be denoted by a and A, respectively. 
Then the projections of the line ah upon the axes of reference are 



Multiplied by m, these expressions are proportional to the 
components of the force due to the constraints. By d^Alembert’s 
principle (Eq. (383.1)), 


(Z - mx")bx + (E - mi/")% 4- {Z - mz'')dz = 0 (2) 

for every displacement bXy bijy 8z which is compatible with the 
constraints. 

Let p be any point which is compatible with the constraints 
and which is infinitely near a. Then ap is a displacement which 
is compatible with the constraints. From Eqs. (1) and (2), 
it is seen that the work done in this displacement is the work done 
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by a force which is proportional to the vector ha and, since 
the work done is zero, the factor of proportionality is inima^ 
terial. If 6 is the angle, therefore, between the force and the 
displacement, 

ha • ap cos ^ = 0. 

Therefore, 0 = 7r/2, and ha is one side of a right triangle of 
which hp is the hypothenuse. It is therefore shorter than hp, 
which is any other geometrically possible constrained displace- 
ment, and is therefore perpendicular to the constraining line or 
surface. Thus, Gauss^ principle is proved. 


390. Analytic Formulation of Gauss* Principle. — The com- 
ponents of ha are, according to Eq. (389.1), 


1/ // xrx dP 

2^ m 

Hence, 




1 dt^ 


2^iha = i [{mx" - Xy + (my" - YY + (mz" - ZY] 


is a minimum. This can be formulated in words as follows; 
For a given force F{X, Y, Z) and given constraints ^ the function 

\[(mx" - XY + (my" - YY + (mz" - ZYl 


at every instant t, is smaller for the motion that actually occurs than 
for any other geometrically possible motion. 



APPENDIX 

NOTE ON THE HYPERBOLIC FUNCTIONS 


It is assumed as known that the functions e*, cos x, sin x are 
expansible in powers of the argument x, and that these expansions 


/»«2 /jf«3 /j(»4 

C* = l+X + |j+|j+|j + 

x^ _,x* a:® 

cos X = 1 - 2| + 4 | - 65 + • • • 

sin x = x - ^ + g-j - . 


( 1 ) 


are convergent for all values of the argument. 

In the expression for the exponential, let x be replaced by 

i(Pj where i == \/—i. Then 


= 1 4 “ 


. iff . O iff 

3! 4! 


+ 


= 1+ ivc - 2, - * 3, + 4J + • • • , 

= " 2! + 4! ~ ■ • • ) + ~ 3! + 5"! " ' ’ ' )’ 

and therefore, since the expressions within the parentheses are 
the cos <p and sin <p, 

tp i sin ip\ 

similarly, 

g-iV — ^jQg ^p i sin 


The sum and the difference of these two expressions give 


cos ip = 


giV -f- g-iV 


sm (p == 




Q-iiP 


Now let <p be replaced by iip. Then 
6^ + e~^ 


cos iyp = 

The definitions of cosh ^ and sinh ^ are 
+ e~^ 


cosh ^ = 


sin = i 
\l/ are 
sinh ^ 


2i 

— 0-4f 




2 

e~^ 


( 2 ) 

(3) 

(4) 


422 
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so that 

sinh ^ ^ + . . . . 

A comparison of Eqs. (3) and (4) shows that 
cos i\f/ — cosh sin = i sinh 


, . , sin t sinh ^ ^ . 

tan i\p = — = +^ tanh \p, 
cos cosh ^ ’ 

sec iyp = — ^-T-r = - — ^—7 = sech 

cos cosh ^ ' 


. . , cos t\f/ cosh ^ . 

cot III/ = “ — , , = —i coth 
sin lip i sinh ip 

cosec tip = . ^ / = —icosech^. 

sm t smh ip 

If the expressions in Eq. (2) for sin <p and cos (p are squared 
and then added, it is found that 

cos^ <P + sin^ = 1. (7) 

In precisely the same way, it is found from Eq. (4) that 

cosh^ <p — sinh- (^ = 1; (8) 

but Eq. (8) could have been derived from Eq. (7) by changing 
ip into iip and then applying Eq. (6). 

On multiplying together the expressions for sin ip and cos ip in 
Eq. (2), it is found that 

__ g — 2iV 

2 cos ip sin <p = 2^; 

and similarly from Eq. (4) 

^2^ 0 — 2ip 

2 cosh ip sinh (p = ^ == sinh 2ip. 

Also, 


= sinh 2ip. 


g2tV -j- 0 — 2iV 

cos^ ip — sin^ p = 2 

cosh* <P + sinh* ^ ^ cosh 2<p. 


A little experimenting of this kind will soon convince the student 
that all of the formulas of trigonometry can be derived from Eq. 
(2), and corresponding expressions for the hyperbolic functions 
can be derived from Eq. (4). Furthermore, all of the expres- 
sions for the hyperbolic functions can be derived from the 
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corresponding expressions for the trigonometric functions by 
changing <p into i(p and then applying Eq. (6) ; and nothing more 
serious happens than an occasional change of sign. 

By differentiating either Eq. (4) or Eq. (5), it is found that 


dip 


cosh ^ + sinh ^ 


dp 


sinh p = + cosh p. 


No change of sign occurs, as for the corresponding trigonometric 
functions. Also, 


tanh p 
dp 


— sech^V’j 


-i coth 9 ? = — cosech^ p, 
dp 


j - sech p ~ — sech p tanh p, 

dp 


cosech ^ — cosech p coth p. 

dp 


As for integration, it will be verified readily that 


= sinh“^ 

= tanh~^ 

r — = — sech^^o;, 
J xy/l - 

By setting 

X = a cos pj 



C ^ ___ = cosh“^ Xf 

J I 

--ooih-^x, 

C — = — cosech”^ X, 

J xVl + 


2 / = a sin py 


a parametric representation of a circle is obtained, since 


x^ + 

Similarly, by setting 

X = a cosh py 


y = a sinh py 


a parametric representation of an equilateral hyperbola is 
obtained, since 

— r/2 = 

Thus the hyperbolic functions are related to the equilateral 
hyperbola in much the same way that the trigonometric functions 
are related to the circle. (See also Sec. 299.) 
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The following is a brief table of the hyperbolic functions: 


No . 

sink 

cosh 

tanh 

coth 

seek 

csch 

0.0 

0.00 

1.00 

0.00 

00 

1.00 

00 

0.1 

0.10 

1.01 

0.10 

10.0 

0.99 

10.0 

0.2 

0.20 

1.02 

0.20 

5.07 

0.98 

5.00 

0.3 

0.30 

1.05 

0.29 

3.43 

0.95 

3.33 

0.4 

0.41 

1.08 

0.38 

2.63 

0.92 

2.44 

0.5 

0.52 

1.13 

0.46 

2.16 

0.88 

1.92 

0.6 

0.64 

1.19 

0.54 

1.86 

0.84 

1.56 

0.7 

0.76 

1.26 

0.60 

1.65 

0.79 

1.32 

0.8 

0.89 

1.34 

0.66 

1.51 

0.75 

1.12 

0.9 

1.03 

1.43 

0.72 

1.40 

0.70 

0.97 

1.0 

1.18 

1.54 

0.76 

1.31 

0.65 

0.85 

1.5 

2.13 

2.35 

0.91 

1.10 

0.43 

0.47 

2.0 

3.63 

3.76 

0.96 

1.04 

0.27 

0.28 

2.5 

6.05 

6.13 

0.99 

1.01 

0.16 

0.17 

3.0 

10.0 

10 1 

1.00 

1.00 

0.10 

0.10 

4.0 

27.3 

27.3 

1.00 

1.00 

0.04 

0.04 

5.0 

74.2 

74.2 

1.00 

1.00 

0.01 

0.01 


Miscellaneous Constants 


1 inch = 
1 foot = 
1 mile = 
1 meter = 
1 pound (mass) = 
* 1 pound (weight) = 

1 kilogram = 
1 poundal = 
1 foot-pound = 
1 calorie (mean) = 
1 cubic foot water = 
1 cubic foot air = 

1 knot = 

Equatorial radius of the earth = 
Polar radius of the earth = 
Radius of sphere of equal volume = 
Mean density of earth = 
Mass of sun = 


2.540005 centimeters. 
30.480061 centimeters. 
1.609347 kilometers. 

39.37 inches. 

453.59243 grams. 

444,820 dynes. 

2.204622 pounds. 

13,825 dynes. 

13,5^8,200 ergs. 

4.186 X lO*^ ergs. 

62.4 pounds. 

0.0806 pound at 0°C., bar. 
30". 

6080.2 feet ( = 1 nautical 
mile), per hour. 

3963.34 miles, m 

3950.00 miles. ^ 

3958.89 miles. 

5.527 

332.000 times mass of earth. 
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Mass of moon 
Mean distance of sun 
Mean distance of moon 
Velocity of light 
Gravitational constant 

g 

TV = 3.14159265 
e = 2.71828183 
radian = 57.^29578 


= 0.01227 times mass of earth. 
= 92,800,000 miles. 

= 238,857 miles. 

= 186,284 miles per second. 

= 6.658 X 10"“® cm.^^.’“^sec.“2. 
= 32.174 - 0.085 cos 21 
log TT = 0.49714987. 
log 6 = 0.43429448. 
log = 1.75812263. 



INDEX 


A Center of gravity, 58 

Cent ral forces^ 265 

Acceleration, compound, centrifugal, “ ^Centrifugal acccl oration , 369 


369 

definition, 28 
derivative, 209 
of gravity, 31, 246 
Action, principle of least, 411 
Algebra, laws of, 6 
Angle of friction, 81 
Anomalies, 280 
Aphelion, 277 
Areal velocity, 269 
Arm, of a couple, 109 
Atwood’s machine, 216 
Axis, of a couple, 112 

B 

Ballistics, 254 
Beams, 188 

deflection of, 192 
Bending moment, 186 
Bent rods, equations of equilibrium, 
203 


Centroids, 11 
Clairaut’s equation, 336 
Coefficient of friction, 82 
Concealed mechanisms, 134 
Concepts, undefined, 36 
Confocal conicoids, 355 
Cyonservative forces, 229 
Constant, Gaussian, 297 
Constants, table of, 425 
Constrained motion, 305, 360, 384 
Constraint, degrees of, 305 
Constraints, linear, 306 
moving, 360 

Contact transformations, 386 
Cosines, direction, 51, 330 
Couple, axis of, 112 
Couples, 108 
Curvature, 192 
Curvilinear motion, 236 
Cycloids, 267, 319, 327 

D 


potential energy of, 201 
Binomial, 237 
Bodies, deformable, 153 
falling, 210 

Brachistochrone, 324, 327 
Bridge, suspension, 157 

C 

Cable, maximum span of, 166 
Calculus of variations, 325, 412 
Canonical equations, 377 
Catenaries, 159, 258 

differential equations of, 161, 172 
Catenary, elastic, 167 
ordinary, 162, 260 
uniform strength, 165 


D’Alembert’s principle, 409 
Damping factor, 228 
Deflection of loaded beams, 192 
Deformable bodies, 153 
Deformation of solids, 175 
Degrees of constraint, 305 
Differential equations, catenaries, 
161, 172 
bent rodsy 203^ 
brbita, 270 ^ 

Dimensions, theory of, 53 
Direction cosines, 51,^^330 
Displacement as a vector, 4 
of rigid bodies, 92 
Displacements, coplanar, 93 
Dynamics, 207 
Dyne, definition, 41 
427 
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E 

Earth’s rotation, rate of, 366 
Eastward deviation, 373 
Eccentric anomaly, 280 
Effect of earth’s rotation, 245 
Elastic curves, 197 
solids, 175 

strings, work of stretching, 45 
wires, 195 

Elasticity, modulus of, 78 
Elliptic coordinates, 355 
Elongation, homogeneous, 175 
Energy, 48 
Envelopes, 252 
Equations, canonical, 377 
differential, 161, 172 
intrinsic, 238, 321, 331 
Lagrange’s, 349 
of motion, 209 
Equilibrium, 73 
of rigid bodies, 118 
stability of, 137 
Equivalent forces, 96 
Erg, definition, 42 
Euler’s differential equation, 326 

F 

Factors, weighting, 12 
Falling bodies, 210 
Flexure, 185 

Foot-pound, definition, 42 
Force, 36 

Forces, central, 265 
conservative, 229 
and dissipative, 49 
equation, 209 
equivalent, 96 
function, 47 

Foucault’s pendulum, 373 
Frameworks, 144 
Free vectors, 113 
Friction, 81 
angle of, 81 
coefficient of, 82 
of curved surfaces, 86 
Function, Lagrangean, 358 
potential, 47 


Functional determinant, 378 
Funicular polygons, 153 

G 

Gauss, least constraint, 419 
Gaussian constant, 297 
Generalized coordinates, 347 
momenta, 379 
Geodesic curvature, 333 
Geodesics, 334 
Gram, definition, 41 
Gravitation, law of, 38 
Gravity, center of, 58 
Gyration, radius of, 69 

II 

Hamilton’s equations, 377 
principle, 416 
theorem, 388 

Harmonic motion, 223, 271 
damped, 227 
Helix, 308 
Hinged rods, 159 
Hodograph, 28, 236, 239 
Holonomic systems, 349 
Homogeneity, 54 
Homogeneous functions, 352 
Hooke’s law, 78 
generalized, 177 
Horizontal range, 253 
Hyperbola, 282 
Hyperbolic functions, 422 

I 

Imaginary time, 292 
Inertia, products of, 69 
Integrals, elliptic, 198, 200, 312 
Intrinsic equations, 238, 321, 331 
Inverse fifth power, 297 
Inverse square law, 217, 274, 276 

J 

Jacobi’s proof of least action, 414 
theorem, 391 
Joule, definition, 42 
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K 

Kepler’s equation, 280 
laws, 275 
Kinetic energy, 52 
potential, 350 

L 

Lagrangean function, 358 
Lagrange’s equations, 349 
expansion formula, 287 
Lami’s theorem, 74 
Least action, principle of, 411 
Legendre, 256 

Legendre’s elliptic integrals, 198, 
200, 312 

Linear constraints, 306 
M 

Mass, 35 

Maximum span of a cable, 166 
Mean anomaly, 280 
Mechanisms, concealed, 134 
Meusnier’s theorem, 333 
Modulus of rigidity, 177 
Moment of a force, 105 
of momentum, 266 
Moments of inert ia^ 67 ^ 

'^bfTe^bre, 101 

Momentum, 35 

Motion, constrained, 305, 360, 384 
curvilinear, 236 
cycloidal, 267' 

Newton’s laws of, ,36/^ 
uniform, 36, 207 
uniform circular, 31, 244 
Moving constraints, 360 

N 

Newtonian law with fixed center, 274 
Newton’s laws of motion, 36 



Orthocenter, 16 

Orthogonal systems, 357, 395, 400 
Osculating plane, 237 

P 


Parallelogram law, 2 
Parameters, variation of, 407 
Particle, constrained, 132 
definition, 35 

Pe ndulum, cycloidal, 319 

FoucaSt’s, 373 
resisting medium, 315 
simple, 310 
spherical, 337, 400 
Perihelio n, 277 
Periods of planets, 296 
Perpetual motion, 49 
Pitch of a screw, 135 
Plane, osculating, 237 
Planetary motion, laws of, 275 
Planets, table of, 223 
Plumb line, 371 
Polar coordinates, 237, 268 
Polygons, funicular, 153 
Potential function, 47 
Poundal, definition, 40 
Power, 46 

Principal normal, 237 
direction cosines of, 240 
Principle of least action, 411 
Products of inertia, 69 
Projectile, in vacuo, 249 
Projectiles, 220 


^dius of ^yratioii, 69 
Raindrops, falling, 213 
Rate of earth’s rotation, 366 
Relative motion, 366 
Repellant force, 290 
Resisting medium, 254 
Rigid bodi e^ 91 
Rods, bent, see Bent rods. 

hinged, 159 
Rotation, 91 
effect of earth’s, 245 
rate of earth’s, 366 

S ■ 


Pappus, theorems of, 64 Scalar, definition, 1 

Parabola, 157, 162, 250, 261 Screw, 134 



430 STATICS AND THE DYNAMICS OF A PARTICLE 


Shearing strain, 176 
stress, 177 
Sliding vectors, 113 
Speed, 18 

Spherical coordinates, 241, 355 
acceleration, 244 
velocity, 243 
Spherical triangles, 242 
Spiral springs, 184 
Stability, 137 
Statics, 73 

Straight-line motion, 207 
Strains, 175 
Stress, 176 
diagram, 144 
Stretch of a wire, 169 
Surface constraints, 329 
Suspension bridge, 157 
Synchronous curve, 252 

T 

Tautochrone, 225, 322 
Tension of strings and chains, 77 
Tensions and thrusts, 176 
table of breaking, 177 
Theorem, of Lami, 74 
Time, imaginary, 292 
Torque, 1 13 
Torsion, 182 

Transformation of coordinates, 347 
Transformations, contact, 386 
Translations, 91 
Transmissibility of force, 93 
Trihedron, 91 
True anomaly, 280 
Two-body problem, 292 


U 

Undefined concepts, 36 
Unit vectors, 75 
Units, systems of, 39 

V 

Variation of parameters, 407 
Variations, calculus of, 325, 412 
Vector equation of a straight line, 8 
notation, 5 
products, 43 
sum and difference, 5 
Vectors, composition and resolution, 
2 

definition, 2 
sliding, 113 
Velocity, areal, 269 
definition, 20 
formula, 208 
of escape, 221 
rules for composition, 21 
to infinity, 218 
Virtual work, 132 
Vis Mortua, 207 
Viva, 207 

W 

Weierstrass, pi function, 298 
Weight, definition, 38 
Weighting factors, 12 
Work, definition, 42 
of bending, 187 
of raising bodies, 99 
Wrench, 117 

Y 

Young^s modulus, 177 









